Adaptive Signal Processing Based on Discrete Vilenkin{Chrestenson Transform

V. N. Malozemov^{1)}, S. M. Masharsky^{2)} St. Petersburg State University Bibliotechnaya pl. 2, Staryi Peterhof, 198504 St. Petersburg, Russia 1) malv@gamma.math.spbu.ru, http://www.math.spbu.ru/user/malv 2) smash@scientist.com, http://www.math.spbu.ru/user/dmp/smash

Abstract: In a space of discrete N -periodic signals with N = n^s, two recurrent sequences of orthogonal bases related with discrete Vilenkin–Chrestenson transform are constructed. These constructions allow to form generalized wavelet packets that can be effectively used in adaptive signal processing.

Keywords: – Adaptive signal processing, wavelet packets, Vilenkin–Chrestenson transform.

1. DISCRETE VILENKIN{CHRESTENSON FUNCTIONS

We deal with a linear space C_N of complexvalued discrete N -periodic functions x = x(j),

j ∈ Z. Elements of C N are called signals. The

notions of scalar product and norm in C_N are introduced as usual: ⟨x, y⟩ = N−1∑ j=0 x(j) y(j), ‖x‖ = ⟨x, x⟩^{1/2}. The unit N -periodic impulse δ_N (j) is a signal which is equal to 1 when j is divisible by N and is equal to 0 on the others j ∈ Z. The system of shifts δ_N (j), δ_N (j − 1), . . . , δ_N (j − N + 1) forms an orthonormal basis in C_N .

We consider the case of N = n^s, where n, s ≥ 2. For any k ∈ {0, 1, . . ., N −1} we can write its n-adic code: k = (k_{s−1}, k_{s−2}, . . . , k_0)_n. Let as well j be from {0, 1, . . ., N − 1}, j = (j_{s−1}, j_{s−2}, . . . , j_0)_n. Denote {k, j}_s = s−1∑ ν=0 k_ν j_ν. The signals v_k(j) = ω^{{k,j}s}_n , k = 0, 1, . . ., N − 1, where ω_n = exp(2πi/n), are called the discrete Vilenkin–Chrestenson functions [1–3]. The set of signals v_0, v_1, . . . , v_{N−1} forms an orthogonal basis

in C N ._{2. TWO SEQUENCES OF ORTHOGONAL}

BASES

We construct two sequences of orthogonal bases

in C N that evolve recurrently from the shifts of

a unit N -periodic impulse to discrete Vilenkin– Chrestenson functions [4].

Denote N_ν : = N/n^ν = n^{s−ν}, Δ_ν = n^{ν−1}. The first recurrent sequence {f_ν (k; j)}^{N−1}_{k=0} , ν = = 0, 1, . . ., s, is formed as follows: f_0(k) = δ_N (· − k), k = 0, 1, . . ., N − 1; f_ν (l+σΔ_ν +pΔ_{ν+1}) = n−1∑ τ=0 ω^{στ}_n f_{ν−1} ( l+(np+τ )Δ_ν ) , (1) l = 0, 1, . . ., Δ_ν − 1, p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . ., s. The final signals are the discrete Vilenkin–Chrestenson functions: f_s(k; j) = v_k(j), k = 0, 1, . . ., N − 1. For every ν ∈ {0, 1, . . ., s} the signals f_ν (0), f_ν (1), . . . , f_ν (N − 1) form an orthogonal basis in a space C_N , and ‖f_ν (k)‖^2 = n^ν for all k = 0, 1, . . ., N − 1. Let’s clarify the scheme (1). It is assumed that the basis f_{ν−1} is divided into Δ_ν blocks; these blocks are marked with index l. Every block contains N_{ν−1} elements with inner indexing np+τ . According to (1) the l-th block of the basis f_{ν−1} generates n blocks of the basis f_ν with indices l +σΔ_ν , σ = 0, 1, . . ., n − 1; every new block contains N_ν elements with inner index p. Fig. 1 illustrates the subdivision scheme (1) when N = 3^2. Blocks are shown with squares. A number inside a square indicates the amount of signals contained in the block.

The second recurrent sequence of orthogonal bases {g_ν(k; j)}^{N−1}_{k=0} , ν = 0, 1, . . ., s, is formed as follows: g_0(k) = δ_N (· − k), k = 0, 1, . . ., N − 1; g_ν ( (nl+σ)N_ν +p ) = n−1∑ τ=0 ω^{στ}_n g_{ν−1}(lN_{ν−1}+τ N_ν +p), (2) l = 0, 1, . . ., Δ_ν − 1, p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . ., s. As in the previous case, the final signals are the discrete Vilenkin–Chrestenson functions: g_s(k; j) =

= v_k(j), k = 0, 1, . . ., N − 1. The intermediate signals g_ν (k), of course, differ from the corresponding signals f_ν (k). For every ν ∈ {0, 1, . . ., s} the signals g_ν (0), g_ν(1), . . . , g_ν(N − 1) form an orthogonal basis in a space C_N , and ‖g_ν(k)‖^2 = n^ν for all k = 0, 1, . . ., N − 1.

1 1 1

3

1 1 1

3

1 1 1

3

9

Fig. 1. Subdivision scheme

Let’s clarify the scheme (2). It is assumed that the basis g_{ν−1} is divided into Δ_ν blocks; these blocks are marked with inner index l. Every block contains N_{ν−1} elements with indexing τ N_ν +p. According to (2) the l-th block of the basis g_{ν−1} generates n blocks of the basis g_ν with inner indexing nl +σ, σ = 0, 1, . . ., n−1; every new block contains N_ν elements with index p. Fig. 1 above illustrates the subdivision scheme (2) when N = 3^2.

The key property of constructed bases is their block structure. The remarkable fact is that all signals inside a selected block are formed by the shifts of one signal. To be more precise, the following identities are valid:

f_ν (l + pΔ_{ν+1}; j) = f_ν (l; j − pΔ_{ν+1}),

g_ν(lN_ν + p; j) = g_ν(lN_ν ; j − p), l = 0, 1, . . ., Δ_{ν+1} − 1, p = 0, 1, . . ., N_ν − 1, ν = 1, . . ., s. 3. FAST VILENKIN{CHRESTENSON TRANSFORMS

Every signal x can be expanded over an orthogonal basis f_ν (0), f_ν (1), . . . , f_ν (N − 1) with every ν ∈ {0, 1, . . ., s}: x = N−1∑ k=0 x_ν(k) f_ν (k). Here x_ν(k) = n^{−ν} ⟨x, f_ν(k)⟩. Taking (1) into account we can easily deduce the recurrent relation for the coefficients x_ν(k): x_0(k) = x(k), k = 0, 1, . . ., N − 1;

x_ν(l+σΔ_ν +pΔ_{ν+1}) = 1 n n−1∑ τ=0 ω^{−στ}_n x_{ν−1} ( l+(np+τ )Δ_ν ) , (3) l = 0, 1, . . ., Δ_ν − 1, p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . ., s. When ν = s, we obtain the expansion of the signal x over the Vilenkin–Chrestenson basis x(j) = N−1∑ k=0 x_s(k) v_k(j). (4)

By the way we compute the expansion coefficients for all intermediate bases f_ν .

Formula (3) can be inverted: x_{ν−1} ( l+(np+τ )Δ_ν ) = n−1∑ σ=0 ω^{στ}_n x_ν (l+σΔ_ν +pΔ_{ν+1}), (5) l = 0, 1, . . ., Δ_ν − 1, p = 0, 1, . . ., N_ν − 1, τ = 0, 1, . . ., n − 1, ν = s, s − 1, . . . , 1. The principal role of formula (5) is that it is used to evaluate the samples of the signal x given in the form (4) on the basic period, namely, x(k) = x_0(k), k = 0, 1, . . ., N − 1. Similarly, the signal x can be expanded over an orthogonal basis g_ν(0), g_ν (1), . . . , g_ν(N − 1) with every ν ∈ {0, 1, . . ., s}: x = N−1∑ k=0 y_ν (k) g_ν(k). (6)

Here y_ν (k) = n^{−ν}⟨x, g_ν(k)⟩. Taking (2) into account we can easily deduce the recurrent relation for the coefficients y_ν (k): y_0(k) = x(k), k = 0, 1, . . ., N − 1; y_ν ( (nl+σ)N_ν +p ) = 1 n n−1∑ τ=0 ω^{−στ}_n y_{ν−1}(lN_{ν−1}+τ N_ν +p), (7) l = 0, 1, . . ., Δ_ν − 1, p = 0, 1, . . ., N_ν − 1, σ = 0, 1, . . ., n − 1, ν = 1, . . ., s. In case ν = s we obtain x(j) = N−1∑ k=0 y_s(k) v_k(j), thus y_s(k) = x_s(k) for all k = 0, 1, . . ., N − 1. By the way we compute the expansion coefficients for all intermediate bases g_ν which, of course, differ from those for intermediate bases f_ν .

Formula (7) can be inverted:

y_{ν−1}(lN_{ν−1} +τ N_ν +p) = n−1∑ σ=0 ω^{στ}_n y_ν ( (nl+σ)N_ν +p ) , (8) l = 0, 1, . . ., Δ_ν − 1, p = 0, 1, . . ., N_ν − 1, τ = 0, 1, . . ., n − 1, ν = s, s − 1, . . ., 1. Using (8) one can evaluate the samples of the signal x given in the form (6) with some ν ∈ {1, . . ., s} on the basic period.

The computational schemes (3) and (7) we call the fast Vilenkin–Chrestenson transforms related with, respectively, subsampling in frequency and subsampling in time.

In [3, 4] it is stated that the frequency of a discrete Vilenkin–Chrestenson function v_k is equal to rev_s(k), where rev_s is a permutation that maps a number k = (k_{s−1}, k_{s−1}, . . . , k_0)_n to a number rev_s(k) = (k_0, k_1, . . . , k_{s−1})_n. Denote Pal_k(j) = = v rev_{s(k)}(j). It is clear that the frequency of function Pal_k is equal to k. Let’s rewrite formula (4) in the form x(j) = N−1∑ k=0 x_s ( rev_s(k) ) Pal_k(j). (9)

It is the expansion (9) that should be used for the digital signal processing, because the basic Vilenkin–Chrestenson functions in this expansion are ordered by frequency.

4. WAVELET PACKETS

Fig. 1 has showed how orthogonal bases f_0, f_1, . . . , f_s and g_0, g_1, . . . , g_s are formed consecutively on horizontal levels ν = 0, 1, . . ., s. We can significantly increase the number of orthogonal bases in

C N if we use the vertical constituent [4]. This is

demonstrated in Fig. 2 with N = 3^3. In all four examples given, the signals in hanging blocks form orthogonal bases. Indeed, the orthogonality of the signals of the ν-th level is known. The signals in every hanging block of the (ν + 1)-th level are the linear combinations of signals of some block of the ν-th level, and therefore they are orthogonal to the signals from the other blocks of the ν-th level.

Orthogonal bases in C_N that are gathered from the blocks of all levels ν = 1, . . . , s we call the generalized wavelet bases. For example, the ramification scheme (a) in Fig. 2 corresponds to Haar– Chrestenson wavelet basis. The set of all wavelet bases is called a wavelet packet.

5. ADAPTIVE SIGNAL PROCESSING Wavelet packets allow to retrieve detailed timefrequency portraits of signals varying resolution in time and frequency. At that sense a wavelet packet analysis can be considered as a powerful extension of the traditional Fourier analysis. On the other hand, using all bases in wavelet packet produces highly redundant representation of a signal. It provides the opportunities of selecting the orthogonal basis adapted to the class of signals or even to a single signal (see [5–7]).

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3

9 9 9 27

(a) (b)

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 3 3 3 9 9 27

(c) (d)

Fig. 2. Ramification patterns

REFERENCES [1] N. Ya. Vilenkin. On a class of complete orthogonal systems, Izv. AN SSSR. Ser. matem. 11 (1947), pp. 363–400 (in Russian).

[2] H. E. Chrestenson. A class of generalized Walsh functions, Pacific J. Math. 5 (1955), pp. 17–31. [3] A. M. Trakhtman, V. A. Trakhtman. Fundamentals of the theory of discrete signals on finite intervals. Sov. radio, Moscow, 1975 (in Russian). [4] V. N. Malozemov, S. M. Masharsky. Generalized wavelet bases related with discrete Vilenkin– Chrestenson transform, Algebra i analiz 13 (1) (2001), pp. 111–157 (in Russian).

[5] R. R. Coifman, I. Meyer, M. V. Wickerhauser. Adapted waveform analysis, wavelet packets and applications. Proceedings of the ICIAM’91, Philadelphia, 1992, pp. 41–50. (Paper is available at

ftp://pascal.math.yale.edu/pub/wavelets/
papers/adaptwave1.tex)

[6] R. R. Coifman, M. V. Wickerhauser. Entropybased algorithms for best basis selection, IEEE Trans. Inform. Theory 38 (2) (1992), pp. 712–718. [7] M. V. Wickerhauser. Adapted wavelet analysis from theory to software. IEEE Press, New York, 1994.