ŚĂŊŁŠ-ŔĚŠĚŘĄŞŘČŚŁĹĽ ČŐŚŞĎĂŘŚŠĆĚŊŊŻĽ ŞŊĹĆĚŘŚĹŠĚŠ

Ňăâěňăâĺłő-ňěåăŋĺçěáłĺľ äăłãńìâěâ łăäěďàă ĺááńěďőćăŋĺï őŕěàăæĺľ

ŐŘŠŐČŐŊĂŃĲŊŻĚ ŇŊŐČŐŮŃĚŊŻ ŊĂ ŘĂĆŊŐŇĚŘŊŐĽ ŚĚŠŁĚ Ĺ ĹŢ ŔŘĹŇĚŊĚŊĹĚ Ć ŇĚŠŐĎĚ ŊĂĹŇĚŊĲŸĹŢ ŁĆĂĎŘĂŠŐĆ

Ďĺŕńőňŋăï àăąőâă áâãďěŋâă 5-čő łãàáă Ňăèăàáłőčő Śěàčěï Ňĺåăľńőćĺçă

Ŋăãçŋëľ àãłőćőďĺâěńì ŕàőä. Ňăńőğěňőć Ć. Ŋ.

Řěæěŋğěŋâ ŕàőä. Ďăãčăćěâ Ĺ. Ł.

Ďőŕãáâĺâì ł ğăéĺâě:

Ğăć. łăäěďàőľ ŕàőä. Ŕěâàőć Ŋ. Ŋ.

Śăŋłâ-Ŕěâěàąãàč

1998

ŚŐĎĚŘĘĂŊĹĚ Ććěďěŋĺě . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 Č ń ă ć ă 1. İńěňěŋâăàŋëě áćőľáâćă őàâőčőŋăńìŋëå ňŋőčőçńěŋőć 3 §1. Őáŋőćŋëě őŕàěďěńěŋĺï . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 §2. Šěőàěňă áãéěáâćőćăŋĺï ĺ łàĺâěàĺľ őàâőčőŋăńìŋőáâĺ . . . . . . . . . . . 4 §3. Řěłãààěŋâŋőě áőőâŋőèěŋĺě . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 §4. Ăŕŕàőłáĺňăæĺőŋŋëě áćőľáâćă. Ćâőàőľ łàĺâěàĺľ őàâőčőŋăńìŋőáâĺ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 §5. Śćőľáâćă ŋãńěľ őàâőčőŋăńìŋëå ňŋőčőçńěŋőć . . . . . . . . . . . . . . . . . . .12

Č ń ă ć ă 2. Śńãçăľ ěďĺŋĺçŋőčő ćěáă 14 §1. Řăğŋőáâŋőě ãàăćŋěŋĺě . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 §2. Ťőàňãńă Řőďàĺčă|Ůěąëèěćă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 §3. Řăğńĺçŋëě äőàňë őàâőčőŋăńìčëå ňŋőčőçńěŋőć . . . . . . . . . . . . . . . . 21

Č ń ă ć ă 3. Ňěâőď ŋăĺňěŋìèĺå łćăďàăâőć 25 §1. Łàãč ĺďěľ Ŕ. Ń. Ůěąëèěćă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .25 §2. Ďăńìŋěľèěě àăğćĺâĺě . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 §3. Ůĺáńěŋŋëě íłáŕěàĺňěŋâë . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 Ďőąăćńěŋĺě . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 Ńĺâěàăâãàă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .36 Ŕàĺńőęěŋĺě 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 Ŕàĺńőęěŋĺě 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Ććěďěŋĺě

Ŕàĺąńĺęěŋĺě ňŋőčőçńěŋăňĺ íłáŕěàĺňěŋâăńìŋëå ďăŋŋëå ŕő àăćŋőőâáâőïéĺň ãğńăň | çăáâő ćőğŋĺłăîéăï ğăďăçă ćő ňŋőčĺå ŕàĺńőęěŋĺïå. Űěńìî ďăŋŋőľ àăąőâë ïćńïěâáï ŕőáâàőěŋĺě íääěłâĺćŋőčő ňěâőďă ŋăåőęďěŋĺï ňŋőčőçńěŋă ŋăĺńãçèěčő áàěďŋěłćăďàăâĺçěáłőčő ŕàĺąńĺęěŋĺï. Ŕőď íääěłâĺćŋőáâìî ňěâőďă ŕőŋĺňăěâáï ãáâőľçĺćőáâì ĺ ćëáőłăï áłőàőáâì ğăďěľáâćőćăŋŋëå ć ŋěň ćëçĺáńěŋĺľ. Őâŕàăćŋőľ âőçłőľ ć ĺááńěďőćăŋĺĺ ŕőáńãęĺńă àăąőâă Ŕ. Ń. Ůěąëèěćă [1], łńîçěćőľ ĺďěěľ ć łőâőàőľ ïćńïěâáï àăğńőęěŋĺě ĺáłőňőčő ňŋőčőçńěŋă ŋăĺńãçèěčő ŕàĺąńĺęěŋĺï ŕő ąăğĺáã ĺğ ďĺáłàěâŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć.

Šěőàĺï ŋěŕàěàëćŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć ďőâăâőçŋő åőàőèő àăğćĺâă [2]. Ďĺáłàěâŋëľ ęě áńãçăľ ŋě ŋăèěń èĺàőłőčő őâàăęěŋĺï ć ńĺâěàăâãàě. Ŕőíâőňã ćâőàőľ æěńìî ďăŋŋőľ àăąőâë ïćĺńőáì ŕőáâàőěŋĺě ăďěłćăâŋőľ âěőàĺĺ ďĺáłàěâŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć ŕő ăŋăńőčĺĺ á ŋěŕàěàëćŋëň áńãçăěň. İâă æěńì ŕěàěłńĺłăěâáï á ŕěàćőŋăçăńìŋőľ, ŕőáłőńìłã ĺňěŋŋő ĺáŕőńìğőćăŋĺě áćőľáâć ďĺáłàěâŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć, ŋě ğăďěľáâćőćăŋŋëå ć [1], ŕőğćőńïěâ ğŋăçĺâěńìŋő ãńãçèĺâì ćëçĺáńĺâěńìŋãî áåěňã, ŕàěďńőęěŋŋãî Ůěąëèěćëň.

Ďĺŕńőňŋăï àăąőâă áőáâőĺâ ĺğ âàěå čńăć, àăğąĺâëå ŋă 11 ŕăàăčàăäőć, ďőąăćńěŋĺï ĺ ďćãå ŕàĺńőęěŋĺľ. Ć ŕěàćőľ čńăćě àăááňăâàĺćăěâáï őąéĺľ áńãçăľ őàâőčőŋăńìŋëå ňŋőčőçńěŋőć ŋă àăćŋőňěàŋőľ áěâłě á ŕàőĺğćőńìŋëň ćěáőň. Ŕàĺćőďĺâáï âěőàěňă áãéěáâćőćăŋĺï ĺ ěďĺŋáâćěŋŋőáâĺ ďĺáłàěâŋëå őàâőŋőàňĺàőćăŋŋëå ňŋőčőçńěŋőć, łàĺâěàĺĺ őàâőčőŋăńìŋőáâĺ, ăńčěąàăĺçěáłĺě ĺ ăŕŕàőłáĺňăæĺőŋŋëě áćőľáâćă. Ŕőáńěďőćăâěńìŋőáâì ĺğńőęěŋĺï ňăâěàĺăńă ŕőğăĺňáâćőćăŋă ĺğ âěőàĺĺ ŋěŕàěàëćŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć [3].

Ćő ćâőàőľ čńăćě àăááňăâàĺćăěâáï áńãçăľ ěďĺŋĺçŋőčő ćěáă ĺ ĺğãçăîâáï ąőńěě áŕěæĺăńìŋëě áćőľáâćă ďĺáłàěâŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć. Ćěďãéãî àőńì ğďěáì ĺčàăěâ äőàňãńă Řőďàĺčă|Ůěąëèěćă. Ś ěě ŕőňőéìî ŋăåőďĺâáï ïćŋőě ćëàăęěŋĺě ďńï ďĺáłàěâŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć, ćëçĺáńïěâáï ĺå ŋőàňă ĺ â. ď. Ŕő-ćĺďĺňőňã, ŋőćëň äăłâőň ïćńïěâáï àăğŋőáâŋőě ãàăćŋěŋĺě ďńï ďĺáłàěâŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć.

Šàěâìï čńăćă ŕőáćïéěŋă ğăďăçě ŕőńĺŋőňĺăńìŋőľ ăŕŕàőłáĺňăæĺĺ ňěâőďőň ŋăĺňěŋìèĺå łćăďàăâőć. Ğďěáì ĺğńőęěŋă (ć ňőďĺäĺæĺàőćăŋŋőň ćĺďě) ćëçĺáńĺâěńìŋăï áåěňă Ůěąëèěćă ďńï àěèěŋĺï íâőľ ğăďăçĺ [1]. Ŕàěďńőęěŋă ăńìâěàŋăâĺćŋăï áåěňă, őáŋőćăŋŋăï ŋă ĺďěě àěłãààěŋâŋëå ćëçĺáńěŋĺľ [4]. Ŕàĺćěďěŋë àěğãńìâăâë çĺáńěŋŋëå íłáŕěàĺňěŋâőć ŕő ŕàĺňěŋěŋĺî àăğńĺçŋëå ćëçĺáńĺâěńìŋëå áåěň ĺ ĺå ăŋăńĺğ.

Őáŋőćŋëě àěğãńìâăâë ŕő ňěâőďã ŋăĺňěŋìèĺå łćăďàăâőć, ŕőńãçěŋŋëě ć ďăŋŋőľ àăąőâě, őŕãąńĺłőćăŋë ć [10].

Č Ń Ă Ć Ă 1

İńěňěŋâăàŋëě áćőľáâćă őàâőčőŋăńìŋëå ňŋőčőçńěŋőć

x1. Őáŋőćŋëě őŕàěďěńěŋĺï

Őąőğŋăçĺň çěàěğ 0 : n ňŋőęěáâćő ãğńőć {0, 1, . . . , n}, ă çěàěğ F(0 : n) | ňŋőęěáâćő ćáěå äãŋłæĺľ, ğăďăŋŋëå ŋă 0 : n ĺ ŕàĺŋĺňăîéĺå ćěéěáâćěŋŋëě ğŋăçěŋĺï. Ŋăąőà çĺáěń P = {p_0, p_1, . . . , p_n} ŋăğëćăěâáï ćěáőň ŋă ňŋőęěáâćě 0 : n, ěáńĺ ćëŕőńŋïîâáï ãáńőćĺï

p_j > 0, j ∈ 0 : n . (1.1)

Ŕő ğăďăŋŋőňã ćěáã P ňőęŋő őŕàěďěńĺâì ěčő áâěŕěŋŋëě ňőňěŋâë:

h_k = n∑ j=0 p_jj^k , k = 0, 1, 2, . . . (1.2) Ťĺłáĺàãěň ŋă ňŋőęěáâćě 0 : n ŋěłőâőàëľ ćěá P ĺ ććěďěň ć F(0 : n) áłăńïàŋőě ŕàőĺğćěďěŋĺě áńěďãîéĺň őąàăğőň: ⟨f, g⟩ = n∑ j=0 p_j f(j)g(j) , f, g ∈ F(0 : n) . (1.3) Ńĺŋěľŋőě ňŋőęěáâćő F(0 : n) á ććěďěŋŋëň áłăńïàŋëň ŕàőĺğćěďěŋĺěň (1.3) ŕàěćàăéăěâáï ć čĺńìąěàâőćő ŕàőáâàăŋáâćő, łőâőàőě ňë őąőğŋăçĺň l^2_P (0 : n).

Őâňěâĺň, çâő ćáïłãî äãŋłæĺî f ∈ l^2_P (0 : n) ňőęŋő ğăďăâì ďćãňï áŕőáőąăňĺ: ŋăąőàőň ğŋăçěŋĺľ {f(0), f(1), . . . , f(n)} ĺ ăŋăńĺâĺçěáłĺ. Ćâőàőľ áŕőáőą ŕőďàăğãňěćăěâ, çâő ã ŋăá ĺňěěâáï ăŋăńĺâĺçěáłőě ćëàăęěŋĺě äãŋłæĺĺ f(x) ďńï ŋěŕàěàëćŋőčő ăàčãňěŋâă x, ĺ ňë àăááňăâàĺćăěň áńěď íâőľ äãŋłæĺĺ ŋă ňŋőęěáâćě 0 : n. Ŕàĺ íâőň, àăğãňěěâáï, àăğŋëň ğăďăŋŋëň ăŋăńĺâĺçěáłĺ äãŋłæĺïň ňőęěâ áőőâćěâáâćőćăâì őďĺŋ ĺ âőâ ęě ŋăąőà ğŋăçěŋĺľ ŋă 0 : n.

Ćő ĺğąěęăŋĺě ŕőďőąŋőľ ŋěőďŋőğŋăçŋőáâĺ ććěďěň ŕőŋïâĺě íłćĺćăńěŋâŋőáâĺ. Ăŋăńĺâĺçěáłĺ ğăďăŋŋëě äãŋłæĺĺ f(x) ĺ g(x) ąãďěň ŋăğëćăâì íłćĺćăńěŋâŋëňĺ, ěáńĺ ŋăąőàë ĺå ğŋăçěŋĺľ ŋă 0 : n áőćŕăďăîâ. Šăłĺň őąàăğőň, ŕőď ćëàăęěŋĺěň f ∈ l^2_P (0 : n) ąãďěň ŕőŋĺňăâì łńăáá íłćĺćăńěŋâŋëå äãŋłæĺľ á ŋăąőàőň ğŋăçěŋĺľ {f(0), f(1), . . . , f(n)}. Ďńï łàăâłőáâĺ őąőğŋăçăâì łńăáá ąãďěň ãłăğăŋĺěň łăłőčő-ŋĺąãďì ěčő ŕàěďáâăćĺâěńï.

Ŕãáâì ğăďăŋă áĺáâěňă ňŋőčőçńěŋőć

P_0(x), P_1(x), . . . , P_n(x), (1.4) ć łőâőàőľ łăęďëľ ňŋőčőçńěŋ P_k(x) ĺňěěâ áâěŕěŋì k. Őâňěâĺň, çâő àăááňăâàĺćăâì ňŋőčőçńěŋë ąőńěě ćëáőłĺå áâěŕěŋěľ ć l^2_P (0 : n) ŋě ĺňěěâ áňëáńă, ŕőáłőńìłã ńĺŋěľŋëě łőňąĺŋăæĺĺ íńěňěŋâőć áĺáâěňë (1.4) ĺáçěàŕëćăîâ ćáě ňŋőęěáâćő F(0 : n).

Ěáńĺ ďńï ńîąëå ďćãå ňŋőčőçńěŋőć áĺáâěňë (1.4) ćëŕőńŋïěâáï ãáńőćĺě ⟨P_k, P_m⟩ = 0, k ≠ m, âő ňŋőčőçńěŋë (1.4) ŋăğëćăîâáï őàâőčőŋăńìŋëňĺ ć l^2_P (0 : n).

Śĺáâěňă őàâőčőŋăńìŋëå ňŋőčőçńěŋőć (1.4) ŋăğëćăěâáï őàâőŋőàňĺàőćăŋŋőľ, ěáńĺ łăęďëľ ňŋőčőçńěŋ ĺňěěâ ŕőńőęĺâěńìŋëľ áâăàèĺľ łőíääĺæĺěŋâ ĺ ěčő ŋőàňă ć ŕàőáâàăŋáâćě l^2_P (0 : n) àăćŋă ěďĺŋĺæě, â.ě. ‖P_k‖ := ⟨P_k, P_k⟩^{1/2} = 1 , k = 0, 1, . . . , n. Šăłĺň őąàăğőň, ãáńőćĺě őàâőŋőàňĺàőćăŋŋőáâĺ áĺáâěňë ňŋőčőçńěŋőć (1.4) ĺňěěâ ćĺď ⟨P_k, P_m⟩ = δ_{km} = { 1, k = m, 0, k ≠ m. (1.5) x2. Šěőàěňă áãéěáâćőćăŋĺï ĺ łàĺâěàĺľ őàâőčőŋăńìŋőáâĺ

Ńěňňă 1.1. Ěáńĺ ć áĺáâěňě m + 1 ňŋőčőçńěŋőć F_0(x), F_1(x), . . . , F_m(x), m ≤ n (2.1) łăęďëľ ňŋőčőçńěŋ F_k(x) ĺňěěâ áâěŕěŋì k, âő ćáïłĺľ ňŋőčőçńěŋ Q_m(x) áâěŕěŋĺ m ňőęŋő ěďĺŋáâćěŋŋëň áŕőáőąőň ŕàěďáâăćĺâì ć ćĺďě Q_m(x) = a_0F_0(x) + a_1F_1(x) + . . . + a_mF_m(x). (2.2) Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŕãáâì F_k(x) = c^{(k)}_0 + c^{(k)}_1 x + . . . + c^{(k)}_k x^k, c^{(k)}_k ≠ 0, Q_m(x) = c_0 + c_1x + . . . + c_mx^m, c_m ≠ 0.

Ďńï őŕàěďěńěŋĺï ŋěĺğćěáâŋëå łőíääĺæĺěŋâőć {a_k} ŕőńãçĺň áĺáâěňã ãàăćŋěŋĺľ c_m = a_mc^{(m)}m , c_{m−1} = a_mc^{(m)}_{m−1} + a_{m−1}c^{(m−1)}_{m−1} , c_{m−2} = a_mc^{(m)}_{m−2} + a_{m−1}c^{(m−1)}_{m−2} + a_{m−2}c^{(m−2)}_{m−2} , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . c_1 = a_mc^{(m)}_1 + a_{m−1}c^{(m−1)}_1 + . . . + a_1c^{(1)}_1 , c_0 = a_mc^{(m)}_0 + a_{m−1}c^{(m−1)}_0 + . . . + a_1c^{(0)}_1 + a_0c^{(0)}_0 .

Őŕàěďěńĺâěńì íâőľ áĺáâěňë àăćěŋ c^{(m)}m c^{(m−1)}_{m−1} · · · c^{(0)}_0 ≠ 0, áńěďőćăâěńìŋő, çĺáńă {a_k} ć äőàňãńě (2.2) őŕàěďěńïîâáï őďŋőğŋăçŋő. Ńěňňă ďőłăğăŋă.

Ńěňňă 1.2. Ŕãáâì ˘m(x) | ňŋőčőçńěŋ áâěŕěŋĺ m, čďě 1 ≤ m ≤ n. Šőčďă ćëŕőńŋïěâáï ãáńőćĺě n∑ j=0 p_j ˘^2_m(j) > 0 .

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ć áĺńã (1.1),

p_j˘_m(j)^2 ≥ 0 , j ∈ 0 : n .

Ŕőáłőńìłã ˘_m(x) | ňŋőčőçńěŋ áâěŕěŋĺ m, âő őŋ ŋě ňőęěâ őąàăéăâìáï ć ŋãńì ć n + 1 âőçłăå. Śńěďőćăâěńìŋő, áãéěáâćãěâ ãğěń j_0 ∈ 0 : n âăłőľ, çâő p_{j0} ˘^2_m(j_0) > 0, ă ğŋăçĺâ, ãâćěàęďěŋĺě ńěňňë ďőłăğăŋő.

Šěŕěàì ďőłăęěň őáŋőćŋãî âěőàěňã ő áãéěáâćőćăŋĺĺ ĺ ěďĺŋáâćěŋŋőáâĺ áĺáâěňë őàâőŋőàňĺàőćăŋŋëå ňŋőčőçńěŋőć ć l^2_P (0 : n).

Šěőàěňă 1.1. Ďńï ćáïłőčő ćěáă P áãéěáâćãěâ ěďĺŋáâćěŋŋăï áĺáâěňă ňŋőčőçńěŋőć { P_k(x) }_n k=0, ĺňěîéĺå ŕőńőęĺâěńìŋëľ áâăàèĺľ łőíääĺæĺěŋâ ĺ ãďőćńěâćőàïîéĺå ãáńőćĺî őàâőŋőàňĺàőćăŋŋőáâĺ (1.5).

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Őąőğŋăçĺň çěàěğ μ_m áâăàèĺľ łőíääĺæĺěŋâ ňŋőčőçńěŋă P_m(x) ĺ ąãďěň ďőłăğëćăâì âěőàěňã ŕő ĺŋďãłæĺĺ. Ŕőáłőńìłã P_0(x) ≡ μ_0 > 0, âő ãáńőćĺě (1.5) ğďěáì ĺňěěâ ćĺď

1 = ⟨P_0, P_0⟩ = μ^2_0 n∑ j=0 p_j , ĺ ć áĺńã (1.1) ňŋőčőçńěŋ P_0(x) őŕàěďěńěŋ.

Ďăńěě, ŕãáâì őŕàěďěńěŋë ňŋőčőçńěŋë P_0(x), P_1(x), . . . , P_{m−1}(x), (2.3) ãďőćńěâćőàïîéĺě ãáńőćĺïň (1.5). Ŕőáłőńìłã łăęďëľ ňŋőčőçńěŋ P_k(x) ĺğ áĺáâěňë (2.3) ĺňěěâ áâěŕěŋì k, âő, ďőąăćńïï ł áĺáâěňě (2.3) ňŋőčőçńěŋ x^m, ňőęŋő ŋěĺğćěáâŋëľ ŕőłă ňŋőčőçńěŋ P_m(x) ć áĺńã ńěňňë 1.1 ěďĺŋáâćěŋŋëň őąàăğőň ŕàěďáâăćĺâì ć ćĺďě

P_m(x) = μ_mx^m + m−1∑ l=0 c^{(m)}_l P_l(x) , (2.4)

čďě çĺáńă μ_m ĺ { c^{(m)}_l } ŋăďő ćëąàăâì âăł, çâőąë ćëŕőńŋïńĺáì ãáńőćĺï (1.5).

Ŋő ŕő ĺŋďãłæĺőŋŋőňã ŕàěďŕőńőęěŋĺî íâĺ ãáńőćĺï ćëŕőńŋïîâáï ďńï áĺáâěňë (2.3), ŕőíâőňã ŕàĺ k < m ďőńęŋő ąëâì

⟨P_m, P_k⟩ = n∑ j=0 p_j [ μ_mj^m + m−1∑ l=0 c^{(m)}_l P_l(j) ] P_k(j) =

= μ_m n∑ j=0 p_j j^mP_k(j) + c^{(m)}_k = μ_mb_{mk} + c^{(m)}_k = 0,

čďě çěàěğ b_{mk} őąőğŋăçěŋă áãňňă ŕàĺ μ_m. Śńěďőćăâěńìŋő, ěáńĺ ć àăğńőęěŋĺĺ (2.4) ŕőńőęĺâì c^{(m)}_l = −μ_mb_{ml}, âő âő ãáńőćĺï (1.5) ąãďãâ ćëŕőńŋïâìáï ŕàĺ k < m. Šăłĺň őąàăğőň, ćňěáâő (2.4) ĺňěěň äőàňãńã

P_m(x) = μ_m [ x^m − m−1∑ l=0 b_{ml}P_l(x) ] , (2.5)

łőâőàăï őŕàěďěńïěâ őàâőčőŋăńìŋëľ ňŋőčőçńěŋ áâěŕěŋĺ m á ŕàőĺğćőńìŋëň ňŋőęĺâěńěň μ_m. İâőâ ňŋőčőçńěŋ ïćńïěâáï őàâőčőŋăńìŋëň łő ćáěň ňŋőčőçńěŋăň áĺáâěňë (2.3). Őáâăěâáï ćëąàăâì μ_m âăł, çâőąë ćëŕőńŋïńőáì ãáńőćĺě (1.5) ŕàĺ k = m. Ŕőďáâăćńïï (2.5) ć (1.5), ŕőńãçăěň àăćěŋáâćő

μ^2_m n∑ j=0 p_j [ j^m − m−1∑ l=0 b_{ml}P_l(j) ]_2 = 1 ,

łőâőàőě ďěľáâćĺâěńìŋő ěďĺŋáâćěŋŋëň őąàăğőň őŕàěďěńïěâ łőíääĺæĺěŋâ μ_m > 0, âăł łăł ćŋěèŋïï áãňňă ć ńěćőľ çăáâĺ àăćěŋáâćă ć áĺńã ńěňňë 1.2 ŕőńőęĺâěńìŋă. Šěőàěňă ďőłăğăŋă.

Śńěďáâćĺě. Őàâőčőŋăńìŋëľ ňŋőčőçńěŋ ěďĺŋáâćěŋěŋ á âőçŋőáâìî ďő ŕőáâőïŋŋőčő ňŋőęĺâěńï. Ďàãčĺňĺ áńőćăňĺ, ěáńĺ ĺňěîâáï ďćě áĺáâěňë őàâőčőŋăńìŋëå ňŋőčőçńěŋőć ŕőáńěďőćăâěńìŋő ćőğàăáâăîéĺå áâěŕěŋěľ {Q_0(x), Q_1(x), . . . , Q_n(x)} ĺ {R_0(x), R_1(x), . . . , R_n(x)}, âő áŕàăćěďńĺćő áőőâŋőèěŋĺě R_m(x) = α_mQ_m(x), m = 0, 1, . . . , n. Şáâăŋőćĺň âěŕěàì ŋěőąåőďĺňőě ĺ ďőáâăâőçŋőě ãáńőćĺě őàâőčőŋăńìŋőáâĺ ňŋőčőçńěŋă P_m(x), łőâőàőě ŋăğëćăěâáï ŕěàćëň łàĺâěàĺěň őàâőčőŋăńìŋőáâĺ.

Šěőàěňă 1.2. Ďńï âőčő, çâőąë ňŋőčőçńěŋ Pm(x) áâěŕěŋĺ m ąëń őàâőčőŋăńìŋëň ć l^2_P (0 : n), ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë ďńï ćáïłőčő ňŋőčőçńěŋă Q_k(x) áâěŕěŋĺ k < m ćëŕőńŋïńőáì ãáńőćĺě ⟨P_m, Q_k⟩ = 0 , k < m. (2.6)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŕãáâì ňŋőčőçńěŋ P_m(x) ïćńïěâáï őàâőčőŋăńìŋëň, â.ě. ćåőďĺâ ć áĺáâěňã ňŋőčőçńěŋőć { P_k(x) } , őàâőčőŋăńìŋëå ć l^2_P (0 : n). Ŕő ńěňňě 1.1 ďńï ŕàőĺğćőńìŋőčő ňŋőčőçńěŋă Q_k(x) ĺňěěň àăğńőęěŋĺě

Q_k(x) = c_0P_0(x) + c_1P_1(x) + . . . + c_kP_k(x) .

Šěŕěàì àăćěŋáâćő (2.6) áâăŋőćĺâáï őçěćĺďŋëň.

Őąàăâŋő, ŕãáâì ŋěłĺľ ňŋőčőçńěŋ P_m(x) ãďőćńěâćőàïěâ ãáńőćĺî (2.6). Šőčďă ćňěáâő Q_k(x) ňőęŋő ŕőáâăćĺâì ńîąőľ ňŋőčőçńěŋ áĺáâěňë (2.3), ĺ, áńěďőćăâěńìŋő, ďńï ňŋőčőçńěŋă P_m(x) ąãďěâ ĺňěâì ňěáâő äőàňãńă (2.5). Ğŋăçĺâ, íâőâ ňŋőčőçńěŋ âőńìłő ňŋőęĺâěńěň ňőęěâ őâńĺçăâìáï őâ őàâőŋőàňĺàőćăŋŋőčő ňŋőčőçńěŋă áâěŕěŋĺ m, ă ĺňěŋŋő íâő ĺ ãâćěàęďăěâáï ć ďőáâăâőçŋőáâĺ ãáńőćĺï (2.6). Šěőàěňă ďőłăğăŋă.

Śńěďáâćĺě. Ďńï âőčő, çâőąë ňŋőčőçńěŋ Pm(x) áâěŕěŋĺ m ąëń őàâőčőŋăńìŋëň ć l^2_P (0 : n), ŋěőąåőďĺňő ĺ ďőáâăâőçŋő ćëŕőńŋěŋĺï àăćěŋáâć n∑ j=0 p_j P_m(j) j^k = 0 , k = 0, 1, . . . , m − 1. Ďńï ãáâăŋőćńěŋĺï ěéě őďŋőčő áćőľáâćă őàâőčőŋăńìŋëå ňŋőčőçńěŋőć ŋăň ŕőŋăďőąĺâáï áńěďãîéěě őŕàěďěńěŋĺě. Ćěá P ąãďěň ŋăğëćăâì çěâŋëň, ěáńĺ ćëŕőńŋïěâáï ãáńőćĺě p_j = p_{n−j} , j ∈ 0 : n. (2.7) Šěőàěňă 1.3. Ěáńĺ ćěá P | çěâŋëľ, âő ćáïłĺľ őàâőčőŋăńìŋëľ ć l^2_P (0 : n) ňŋőčőçńěŋ P_m(x) ãďőćńěâćőàïěâ âőęďěáâćã

P_m(n − x) ≡ (−1)^mP_m(x). (2.8)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ć áĺńã âěőàěňë 1.2 ŋěőąåőďĺňőě ĺ ďőáâăâőçŋőě ãáńőćĺě őàâőčőŋăńìŋőáâĺ ĺňěěâ ćĺď n∑ j=0 p_j P_m(j)Q_k(j) = 0 , k = 0, 1, . . . , m − 1. Ğăňěŋőľ i := n − j, á ãçěâőň (2.7), íâő ãáńőćĺě ŕàĺćőďĺâáï ł ćĺďã n∑ i=0 p_iP_m(n − i)Q_k(n − i) = 0 . Šăł łăł ňŋőčőçńěŋ Q_k(x) | ŕàőĺğćőńìŋëľ, âő ĺ Q_k(n − x) âăłęě ŕàőĺğćőńìŋëľ ňŋőčőçńěŋ áâěŕěŋĺ k. Ŕőíâőňã ć áĺńã âőľ ęě âěőàěňë 1.2 ňŋőčőçńěŋ P_m(n − x) ïćńïěâáï őàâőčőŋăńìŋëň ĺ ňőęěâ âőńìłő ňŋőęĺâěńěň őâńĺçăâìáï őâ ňŋőčőçńěŋă P_m(x), â.ě. P_m(n − x) = cP_m(x).

Śàăćŋĺćăï áâăàèĺě łőíääĺæĺěŋâë íâĺå ďćãå ňŋőčőçńěŋőć, ŋăåőďĺň, çâő c = (−1)^m. Šěőàěňă ďőłăğăŋă.

x3. Řěłãààěŋâŋőě áőőâŋőèěŋĺě

Šěőàěňă 1.4. Ďńï őàâőŋőàňĺàőćăŋŋëå ňŋőčőçńěŋőć ć l^2_P (0 : n) áŕàăćěďńĺćă âàěåçńěŋŋăï àěłãààěŋâŋăï äőàňãńă μ_m μ_{m+1} P_{m+1}(x) = (x−α_m)P_m(x)− μ_{m−1} μ_m P_{m−1}(x) , m = 1, 2, . . . , n−1, (3.1) čďě α_m | ŋěłőâőàăï łőŋáâăŋâă.

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ć áĺńã ńěňňňë 1.1 ĺňěěň àăğńőęěŋĺě

xP_m(x) = c_0P_0(x) + . . . + c_mP_m(x) + μ_m μ_{m+1} P_{m+1}(x) . (3.2)

Şňŋőęĺň (3.2) áłăńïàŋő ŋă P_k(x) ŕàĺ k < m − 1. Ŕőáłőńìłã xP_k(x) ěáâì ňŋőčőçńěŋ áâěŕěŋĺ k + 1, ŕàĺçěň k + 1 < m, âő ć áĺńã âěőàěňë 1.2 ńěćăï çăáâì őąàăâĺâáï ć ŋãńì, ĺ, áńěďőćăâěńìŋő, ŕőńãçĺň c_k⟨P_k, P_k⟩ = 0 , k = 0, 1, . . . , m − 2. Ŕőíâőňã ć (3.2) ŕěàćëě m − 1 łőíääĺæĺěŋâőć ąãďãâ àăćŋë ŋãńî, ĺ íâă äőàňãńă ŕàĺňěâ ćĺď

xP_m(x) = c_{m−1}P_{m−1}(x) + c_mP_m(x) + μ_m μ_{m+1} P_{m+1}(x) . (3.3)

Ďńï őŕàěďěńěŋĺï łőíääĺæĺěŋâă c_{m−1} ãňŋőęĺň (3.3) áłăńïàŋő ŋă P_{m−1}(x), ć àěğãńìâăâě çěčő ŕőńãçĺň

c_{m−1} = n∑ j=0 p_jjP_{m−1}(j)P_m(j) = μ_{m−1} μ_m n∑ j=0 p_j [ μ_mj^m + . . . ] P_m(j) = μ_{m−1} μ_m . Ŕěàěőąőğŋăçĺć c_m = α_m, ĺğ (3.3) ŕàĺåőďĺň ł äőàňãńě (3.1). Šěőàěňă ďőłăğăŋă.

Řěłãààěŋâŋőě áőőâŋőèěŋĺě (3.1) ňőęŋő ğăŕĺáăâì ć ąőńěě ãďőąŋőľ äőàňě:

λ_mP_{m+1}(x) = (x − α_m)P_m(x) − λ_{m−1}P_{m−1}(x) , (3.4)

čďě ďńï łàăâłőáâĺ ŕőńőęěŋő

λ_m = μ_m μ_{m+1} , m = 0, 1, . . . , n − 1. (3.5)

Ŋăàïďã á ňŋőčőçńěŋăňĺ { P_k(x) } , őàâőŋőàňĺàőćăŋŋëňĺ ć l^2_P (0 : n), ňőęŋő àăááňőâàěâì őàâőčőŋăńìŋëě ňŋőčőçńěŋë á ěďĺŋĺçŋëň áâăàèĺň łőíääĺæĺěŋâőň

~P_k(x) = 1 μ_k P_k(x) , k = 0, 1, . . . , n , (3.6) ďńï łőâőàëå àěłãààěŋâŋőě áőőâŋőèěŋĺě ĺňěěâ ćĺď

~P_{m+1}(x) = (x − α_m) ~P_m(x) − μ^{2m−1} μ^2_m

~P_{m−1}(x) . (3.7)

Ńěňňă 1.3. Śŕàăćěďńĺćă őæěŋłă 0 < λ_m ≤ n, m = 0, 1, . . . , n − 1. (3.8) Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ĺğ őçěćĺďŋőčő àăćěŋáâćă μ_m μ_{m+1} = n∑ j=0 p_jjP_m(j)P_{m+1}(j) , ŕàĺňěŋïï ŋěàăćěŋáâćő Łőèĺ|Ąãŋïłőćáłőčő, ŕőńãçăěň

λ^2_m = μ^2_m μ^2_{m+1} ≤ (_n ∑ j=0 p_jj^2P^2_m(j) )(_n ∑ j=0 p_j P^2_{m+1}(j) ) . (3.9)

Ć ŕěàćőľ áãňňě ćěńĺçĺŋă j^2 ŋě ŕàěćőáåőďĺâ n^2. Ŕőáńě ćëŋěáěŋĺï ňŋőęĺâěńï n^2 őąě áãňňë ĺğ (3.9) áâăŋőćïâáï àăćŋëňĺ ěďĺŋĺæě. İâĺň ńěňňă 1.3 ďőłăğăŋă.

x4. Ăŕŕàőłáĺňăæĺőŋŋëě áćőľáâćă. Ćâőàőľ łàĺâěàĺľ őàâőčőŋăńìŋőáâĺ

Ŕãáâì ã ŋăá ĺňěěâáï { P_k(x) }_n k=0 | áĺáâěňă őàâőŋőàňĺàőćăŋŋëå ňŋőčőçńěŋőć ć l^2_P (0 : n). Šőčďă ďńï łăęďőľ äãŋłæĺĺ f ∈ l^2_P (0 : n) ňőęŋő őŕàěďěńĺâì łőíääĺæĺěŋâë Ťãàìě ŕő íâőľ áĺáâěňě a_k = ⟨f, P_k⟩ , k = 0, 1, . . . , n (4.1) ĺ àăááňăâàĺćăâì çăáâĺçŋëě áãňňë Ťãàìě s_m(x, f) = m∑ k=0 a_kP_k(x) , m = 0, 1, . . . , n. (4.2)

Ůăáâĺçŋëě áãňňë (4.2) ïćńïîâáï ć ŋěłőâőàőň áňëáńě ŋăĺńãçèĺňĺ ŕàĺąńĺęěŋĺïňĺ äãŋłæĺĺ f(x) ć ňěâàĺłě ŕàőáâàăŋáâćă l^2_P (0 : n).

Ć áăňőň ďěńě, ďńï ŕàőĺğćőńìŋőčő ňŋőčőçńěŋă áâěŕěŋĺ m Q_m(x) = c_0P_0(x) + c_1P_1(x) + . . . + c_mP_m(x) (4.3) ĺňěěň ‖f − Q_m‖^2 = ⟨f − Q_m , f − Q_m⟩ = ⟨f − m∑ k=0 c_kP_k , f − m∑ k=0 c_kP_k⟩ çâő ć áĺńã őàâőŋőàňĺàőćăŋŋőáâĺ ňŋőčőçńěŋőć { P_k(x) } áćőďĺâáï ł ‖f‖^2 − 2 m∑ k=0 c_ka_k + m∑ k=0 c^2_k = ‖f‖^2 − m∑ k=0 a^2_k + m∑ k=0 (c_k − a_k)^2 , őâłãďă ŕőńãçăěň őæěŋłã ‖f − Q_m‖^2 ≥ ‖f‖^2 − m∑ k=0 a^2_k . (4.4)

Ć çăáâŋőáâĺ, ďńï çăáâĺçŋëå áãňň (4.2) ŕőńãçăěâáï àăćěŋáâćő ‖f − s_m‖^2 = ‖f‖^2 − m∑ k=0 a^2_k , (4.5)

ĺğ łőâőàőčő ć áĺńã (4.4) ŋăåőďĺň ‖f − s_m‖ ≤ ‖f − Q_m‖ . (4.6) Šăłĺň őąàăğőň, ŕàĺ łăęďőň m çăáâĺçŋăï áãňňă (4.2) ďăěâ ŋăĺńãçèěě áàěďŋěłćăďàăâĺçěáłőě ŕàĺąńĺęěŋĺě äãŋłæĺĺ f(x) ŕő áàăćŋěŋĺî áő ćáěňĺ ňŋőčőçńěŋăňĺ (4.3) áâěŕěŋĺ ŋě ćëèě m.

Ąőńěě âőčő, ĺňěěâ ňěáâő áńěďãîéăï âěőàěňă.

Šěőàěňă 1.5. Ůăáâĺçŋăï áãňňă Ťãàìě ŕőàïďłă n äãŋłæĺĺ f(x) ŕàĺŋăďńěęĺâ łńăááã íłćĺćăńěŋâŋőáâĺ, ŕàěďáâăćĺâěńěň łőâőàőčő ïćńïěâáï f(x), â.ě. s_n(j, f) = f(j), j ∈ 0 : n. (4.7) Ď ő ł ă ğ ă â ě ń ì á â ć ő . Řăááňőâàĺň ňŋőčőçńěŋ Q_n(x) = c_0 + c_1x + . . . + c_nx^n ĺ ŕőâàěąãěň ćëŕőńŋěŋĺï àăćěŋáâć Q_n(j) = f(j), j ∈ 0 : n.

Šăłőľ ňŋőčőçńěŋ áãéěáâćãěâ, âăł łăł ňăâàĺæă áĺáâěňë ńĺŋěľŋëå ãàăćŋěŋĺľ őâŋőáĺâěńìŋő łőíääĺæĺěŋâőć { c_k } c_0 + c_1j + . . . + c_nj^n = f(j), j ∈ 0 : n

ŋěćëàőęďěŋă, ŕőáłőńìłã ěě őŕàěďěńĺâěńì ěáâì őŕàěďěńĺâěńì Ćăŋďěàňőŋďă. Šăłĺň őąàăğőň, ĺğ (4.6) ĺňěěň 0 ≤ ‖f − s_n‖ ≤ ‖f − Q_n‖ = 0 . Šěőàěňă ďőłăğăŋă.

Śńěďáâćĺě. Ĺğ (4.5) ŕàĺ m = n ŕőńãçăěň à ă ć ě ŋ á â ć ő Ŕ ă à á ě ć ă ń ï

‖f‖^2 = n∑ k=0 a^2_k . (4.8)

Řăááňőâàĺň őďŋő íłáâàěňăńìŋőě áćőľáâćő őàâőčőŋăńìŋőčő ňŋőčőçńěŋă, łőâőàőě ïćńïěâáï åăàăłâěàĺáâĺçěáłĺň ĺ ŋăğëćăěâáï ćâőàëň łàĺâěàĺěň őàâőčőŋăńìŋőáâĺ.

Őąőğŋăçĺň ~˝_m ňŋőęěáâćő ćáěå ňŋőčőçńěŋőć áâěŕěŋĺ m á ěďĺŋĺçŋëň áâăàèĺň łőíääĺæĺěŋâőň. Řăááňőâàĺň ğăďăçã ő ňĺŋĺňĺğăæĺĺ äãŋłæĺőŋăńă ℑ( ~Q_m) = ⟨Q_m, Q_m⟩ = ‖Q_m‖^2 (4.9) ŋă ňŋőęěáâćě ~˝_m.

Šěőàěňă 1.6. Ňĺŋĺňãň äãŋłæĺőŋăńă (4.9) ŋă ňŋőęěáâćě ~˝m ďőáâĺčăěâáï âőčďă ĺ âőńìłő âőčďă, łőčďă

~Q_m(x) ≡ ~P_m(x) ≡ 1 μ_m P_m(x) , (4.10)

ŕàĺçěň íâőâ ňĺŋĺňãň àăćěŋ μ^{−2}_m .

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Šăł łăł ćáïłĺľ ňŋőčőçńěŋ ~Q_m(x) ĺğ ňŋőęěáâćă ~˝_m ĺňěěâ ěďĺŋĺçŋëľ áâăàèĺľ łőíääĺæĺěŋâ, âő ďńï ŋěčő áŕàăćěďńĺćő àăğńőęěŋĺě

~Q_m(x) = c_0P_0(x) + c_1P_1(x) + . . . + c_{m−1}P_{m−1}(x) + 1 μ_m P_m(x) , á ŕőňőéìî łőâőàőčő, ĺáŕőńìğãï àăćěŋáâćő Ŕăàáěćăńï, ŋăåőďĺň

ℑ( ~Q_m) = m−1∑ k=0 c_k + 1 μ^2_m ≥ 1 μ^2_m . Śńěďőćăâěńìŋő, ňĺŋĺňãň äãŋłæĺőŋăńă (4.9) ďőáâĺčăěâáï âőčďă ĺ âőńìłő âőčďă, łőčďă ćáě c_k ≡ 0. Šěőàěňă ďőłăğăŋă.

x5. Śćőľáâćă ŋãńěľ őàâőčőŋăńìŋëå ňŋőčőçńěŋőć

Ňë ŕő-ŕàěęŋěňã àăááňăâàĺćăěň { P_k(x) }_n k=0 | áĺáâěňã őàâőčőŋăńìŋëå ňŋőčőçńěŋőć ć l^2_P (0 : n). İâĺ ňŋőčőçńěŋë, łăł äãŋłæĺĺ ŋěŕàěàëćŋőčő ăàčãňěŋâă x, őąńăďăîâ áńěďãîéĺňĺ áćőľáâćăňĺ.

Šěőàěňă 1.7. Ćáě ŋãńĺ őàâőčőŋăńìŋőčő ňŋőčőçńěŋă Pm(x) ŕàĺ m ∈ { 1, 2, . . . , n } ďěľáâćĺâěńìŋë, àăğńĺçŋë ĺ àăáŕőńőęěŋë ć őâłàëâőň ĺŋâěàćăńě ( 0, n ) . Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ďőáâăâőçŋő ŕőłăğăâì, çâő ňŋőčőçńěŋ P_m(x) ć ĺŋâěàćăńě ( 0, n ) ňěŋïěâ ğŋăł m àăğ. Ďőŕãáâĺň ŕàőâĺćŋőě, çâő ňŋőčőçńěŋ P_m(x) ňěŋïěâ ğŋăł ć âőçłăå ξ_1, ξ_2, . . . , ξ_k, čďě k < m. Šőčďă ňŋőčőçńěŋ

Q_k(x) = (x − ξ_1)(x − ξ_2) · · · (x − ξ_k)

âăłęě ňěŋïěâ ğŋăł ć âěå ęě áăňëå âőçłăå. Śńěďőćăâěńìŋő, ŕàőĺğćěďěŋĺě P_m(x)Q_k(x) áőåàăŋïěâ ğŋăł ŋă ĺŋâěàćăńě ( 0, n ) . Řăááňőâàĺň ňŋőčőçńěŋ

˘_{m+k}(x) = cP_m(x)Q_k(x)

čďě ŕőáâőïŋŋëľ ňŋőęĺâěńì c ćëąĺàăěâáï âăłĺň őąàăğőň, çâőąë ˘_{m+k}(x) ąëń ŋěőâàĺæăâěńìŋëň ŕàĺ x ∈ ( 0, n ) . Ňŋőčőçńěŋ ˘_{m+k} (x) ňőęěâ ĺňěâì ŋě ąőńěě m àăğńĺçŋëå ŋãńěľ, ŕőáłőńìłã ěčő áâěŕěŋì ć âőçŋőáâĺ àăćŋă m + k, ă âőçłĺ ξ_1, ξ_2, . . . , ξ_k | ěčő ŋãńĺ çěâŋőľ łàăâŋőáâĺ. Ğŋăçĺâ, ŋăľďěâáï ãğěń j_0 ∈ 0 : n âăłőľ, çâő ˘_{m+k}(j_0) > 0. Ć áĺńã (1.1), 0 < n∑ j=0 p_j ˘_{m+k}(j) = c n∑ j=0 p_j P_m(j)Q_k(j) . Ŋő, á ďàãčőľ áâőàőŋë, ŕő âěőàěňě 1.2 ŕàĺ ãáńőćĺĺ k < m ŕőáńěďŋïï áãňňă àăćŋă ŋãńî. İâĺň ŕàőâĺćőàěçĺěň âěőàěňă 1.8 ďőłăğăŋă.

Ć áĺńã ďőłăğăŋŋőľ âěőàěňë ďńï ŋãńěľ { x^{(m)}_k } őàâőčőŋăńìŋőčő ňŋőčőçńěŋă P_m(x) ĺňěěîâ ňěáâő ŋěàăćěŋáâćă

0 < x^{(m)}_1 < x^{(m)}_2 < . . . < x^{(m)}_k < . . . < x^{(m)}_m < n . (5.1)

Šăł łăł áâăàèĺľ łőíääĺæĺěŋâ őàâőŋőàňĺàőćăŋŋőčő ňŋőčőçńěŋă P_m(x) ŕőńőęĺâěńěŋ, ĺ x^{(m)}m | ŕőáńěďŋĺľ ŋãńì íâőčő ňŋőčőçńěŋă, âő ć ńîąőň áńãçăě ĺňěěň P_m(n) > 0. (5.2)

Ăŋăńőčĺçŋő áŕàăćěďńĺćë ŋěàăćěŋáâćă

P_{2k}(0) > 0, P_{2k+1}(0) < 0. (5.3)

Ńěňňă 1.4. Ŕàĺ ńîąőň m ĺğ { 0, 1, . . . , n − 1 } ďćă áőáěďŋĺå ňŋőčőçńěŋă P_m(x) ĺ P_{m+1}(x) ŋě ňőčãâ ĺňěâì őąéĺå ŋãńěľ.

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ďőŕãáâĺň ŕàőâĺćŋőě, çâő íâĺ ňŋőčőçńěŋë ĺňěîâ őąéĺľ ŋãńì x_0. Šőčďă ć áĺńã àěłãààěŋâŋőľ äőàňãńë (3.1) x_0 ïćńïěâáï ŋãńěň ĺ ňŋőčőçńěŋă P_{m−1}(x).

Řăááãęďăï ăŋăńőčĺçŋő, ŕàĺďěň ł àăćěŋáâćăň

P_{m−2}(x_0) = 0, . . . , P_1(x_0) = 0, P_0(x_0) = 0,

ŕőáńěďŋěě ĺğ łőâőàëå ŋěćőğňőęŋő. İâő ŕàőâĺćőàěçĺě ďőłăğëćăěâ ńěňňã 1.4.

Ńěňňă 1.5. Ěáńĺ x^{(m)}_k ěáâì ŋãńì ňŋőčőçńěŋă Pm(x), âő ňŋőčőçńěŋë

P_{m−1}(x) ĺ P_{m+1}(x) ĺňěîâ ć âőçłě x^{(m)}_k ğŋăçěŋĺï àăğŋëå ğŋăłőć.

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ĺğ âőľ ęě àěłãààěŋâŋőľ äőàňãńë ĺňěěň μ_m μ_{m+1} P_{m+1}(x^{(m)}_k ) = − μ_{m−1} μ_m P_{m−1}(x^{(m)}_k ) , (5.4)

ĺ ŕőáłőńìłã ćáě μ_k > 0, k = 0, 1, . . . , n, ńěňňă 1.5 ďőłăğăŋă.

Šěőàěňă 1.8. Ďńï ŋãńěľ ďćãå áőáěďŋĺå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć

P_m(x) ĺ P_{m+1}(x) ĺňěîâ ňěáâő ŋěàăćěŋáâćă

0 < x^{(m+1)}_1 < x^{(m)}_1 < x^{(m+1)}_2 < . . . < x^{(m)}_k < x^{(m+1)}_{k+1} < x^{(m)}_{k+1} < . . .

. . . < x^{(m)}_{m−1} < x^{(m+1)}m < x^{(m)}m < x^{(m+1)}_{m+1} < n .

(5.5)

Ĺŋëňĺ áńőćăňĺ, ŋãńĺ ňŋőčőçńěŋőć P_m(x) ĺ P_{m+1}(x) ŕěàěňěęăîâáï.

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Šăł łăł P_0(x^{(1)}_1 ) > 0, âő P_2(x^{(1)}_1 ) < 0 ć áĺńã ńěňňë 1.5. Ŕőíâőňã, ãçĺâëćăï (5.2) ĺ (5.3), ŋăåőďĺň, çâő ŋă łőŋæăå őâàěğłőć [ 0, x^{(1)}_1 ] ĺ [ x^{(1)}_1 , n ] ňŋőčőçńěŋ P_2(x) ĺňěěâ ğŋăçěŋĺï àăğŋëå ğŋăłőć.

Śńěďőćăâěńìŋő, ćŋãâàĺ łăęďőčő ĺğ íâĺå őâàěğłőć P_2(x) ĺňěěâ ŕő őďŋőňã ŋãńî, ĺ ďńï m = 1 âěőàěňă ďőłăğăŋă.

Ďăńìŋěľèěě ďőłăğăâěńìáâćő ŕàőćěďěň ŕő ĺŋďãłæĺĺ. Ďőŕãáâĺň, çâő ŋěàăćěŋáâćő (5.5) áŕàăćěďńĺćő. Ďńï őąőáŋőćăŋĺï ĺŋďãłæĺőŋŋőčő ŕěàěåőďă őâ m ł m + 1 ďőáâăâőçŋő ďőłăğăâì, çâő ňŋőčőçńěŋ P_{m+2}(x) ĺňěěâ ŋãńĺ ć łăęďőň ĺğ ĺŋâěàćăńőć ( 0, x^{(m+1)}_1 ) , ( x^{(m+1)}

1 , x^{(m+1)}_2 ) , . . . , ( x^{(m+1)} k , x^{(m+1)}_{k+1} ) , . . . , ( x^{(m+1)} m+1 , n ) . (5.6)

Ć áĺńã (5.3) ĺ (5.4) ňŋőčőçńěŋë P_{m+2}(x) ĺ P_m(x) ĺňěîâ ğŋăçěŋĺï őďĺŋăłőćëå ğŋăłőć ć ŋãńě ĺ àăğŋëå | ć âőçłě x^{(m+1)}_1 . Ŋő ňŋőčőçńěŋ P_m(x) ć áĺńã (5.5) ŋě ĺňěěâ ŋãńěľ ć ĺŋâěàćăńě ( 0, x^{(m+1)}_1 ) . Śńěďőćăâěńìŋő, ňŋőčőçńěŋ P_{m+2}(x) ŋă łőŋæăå őâàěğłă [ 0, x^{(m+1)}_1 ] ĺňěěâ ğŋăçěŋĺï àăğŋëå ğŋăłőć, ĺ ćŋãâàĺ íâőčő őâàěğłă ã ŋěčő ěáâì ŕő łàăľŋěľ ňěàě őďĺŋ ŋãńì. Ăŋăńőčĺçŋő ďőłăğëćăěâáï áãéěáâćőćăŋĺě ŋãńï ňŋőčőçńěŋă P_{m+2}(x) ć ŕőáńěďŋěň ĺğ ĺŋâěàćăńőć (5.6).

Ďăńěě, ć áĺńã (5.5) ňŋőčőçńěŋ P_m(x) ĺňěěâ ć ĺŋâěàćăńě ( x^{(m+1)} k , x^{(m+1)}_{k+1} ) őďĺŋ ŕàőáâőľ ŋãńì, ă ŋă łőŋæăå | ğŋăçěŋĺï àăğŋëå ğŋăłőć. Ŕőíâőňã ŕő ńěňňě 1.5 ňŋőčőçńěŋ P_{m+2}(x) ĺňěěâ ć âőçłăå x^{(m+1)}_k ĺ x^{(m+1)}_{k+1} ğŋăçěŋĺï àăğŋëå ğŋăłőć, ĺ, áńěďőćăâěńìŋő, ćŋãâàĺ íâőčő ĺŋâěàćăńă őŋ őąàăéăěâáï ć ŋãńì åőâï ąë őďĺŋ àăğ. Šăłĺň őąàăğőň, ňŋőčőçńěŋ P_{m+2}(x) ĺňěěâ ć łăęďőň ĺğ m + 2 ĺŋâěàćăńőć (5.6) ŕő őďŋőňã ŋãńî, ĺ âěőàěňă 1.9 ďőłăğăŋă.

Č Ń Ă Ć Ă 2

Śńãçăľ ěďĺŋĺçŋőčő ćěáă

Ć íâőľ čńăćě àăááňőâàĺň çăáâő ćáâàěçăîéĺľáï ć ŕàĺńőęěŋĺïå çăáâŋëľ áńãçăľ, łőčďă P = { 1, 1, . . . , 1 } . Ŕàőáâàăŋáâćő l^2_P (0 : n) á âăłĺň ćěáőň ąãďěň őąőğŋăçăâì l^2(0 : n). Ňŋőčőçńěŋë, őàâőčőŋăńìŋëě ć l^2(0 : n), ć ďăńìŋěľèěň ąãďěň ŋăğëćăâì ŕàőáâő őàâőčőŋăńìŋëňĺ ňŋőčőçńěŋăňĺ.

x1. Řăğŋőáâŋőě ãàăćŋěŋĺě

Ŕőłăęěň, çâő őàâőčőŋăńìŋëě ňŋőčőçńěŋë ãďőćńěâćőàïîâ ŋěłőâőàőňã ńĺŋěľŋőňã őďŋőàőďŋőňã àăğŋőáâŋőňã ãàăćŋěŋĺî ćâőàőčő ŕőàïďłă á ŕěàěňěŋŋëňĺ łőíääĺæĺěŋâăňĺ. Ďńï íâőčő ŋăň ŕőŋăďőąïâáï ŋěáłőńìłő ćáŕőňőčăâěńìŋëå áćěďěŋĺľ, łăáăîéĺåáï áćőľáâć łőŋěçŋëå àăğŋőáâěľ. Ŋăŕőňŋĺň, çâő łőŋěçŋőľ àăğŋőáâìî äãŋłæĺĺ f ć âőçłě x ŋăğëćăěâáï ćěńĺçĺŋă

´f(x) = f(x + 1) − f(x) . (1.1)

Łőŋěçŋëě àăğŋőáâĺ ćëáèĺå ŕőàïďłőć őŕàěďěńïîâáï àěłãàáĺćŋő ŕő äőàňãńě ´^kf(x) =´ [ ´^{k−1}f(x) ] k = 1, 2, . . . . (1.2) Ŕàĺ íâőň áçĺâăěâáï ŕő őŕàěďěńěŋĺî ´^0f(x) = f(x).

Ńěňňă 2.1. Ŕãáâì f ĺ g | ŋěłőâőàëě äãŋłæĺĺ, C ≠ 0 | ŕàőĺğćőńìŋăï łőŋáâăŋâă. Śŕàăćěďńĺćë áńěďãîéĺě àăćěŋáâćă: ´ ( f(x) + g(x) ) = ´f(x) + ´g(x) , (1.3) ´ ( Cf(x) ) = C ´f(x) , (1.4) ´ ( f(x)g(x) ) = f(x) ´g(x) + g(x + 1) ´f(x) . (1.5)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ć áĺńã őçěćĺďŋőáâĺ àăćěŋáâć (1.3) ĺ (1.4) őčàăŋĺ-

çĺňáï ďőłăğăâěńìáâćőň àăćěŋáâćă (1.5). Ŕőńìğãïáì őŕàěďěńěŋĺěň łőŋěçŋőľ

àăğŋőáâĺ, ŋăåőďĺň ´ ( f(x)g(x) ) = f(x +1)g(x +1)− f(x)g(x) = f(x +1)g(x +1)− f(x)g(x +1)+ +f(x)g(x + 1) − f(x)g(x) = g(x + 1) ´f(x) + f(x) ´g(x) . Ńěňňă ďőłăğăŋă.

Ńěňňă 2.2. Ŕãáâì f ĺ g | ŋěłőâőàëě äãŋłæĺĺ. Ĺňěîâ ňěáâő ä ő à ň ã ń ë á ã ň ň ĺ à ő ć ă ŋ ĺ ï ŕ ő ç ă á â ï ň n∑ j=0 f(j) ´g(j) = f(j)g(j) | | |^{j=n+1} j=0 − n∑ j=0 g(j + 1) ´f(j) , (1.6) n∑ j=0 f(j) ´g(j) = f(j − 1)g(j) | | |^{j=n+1} j=0 − n∑ j=0 g(j) ´f(j − 1) , (1.7) Ď ő ł ă ğ ă â ě ń ì á â ć ő . Űěŕőçłă àăćěŋáâć n∑ j=0 f(j)´g(j) = n∑ j=0 f(j) ( g(j + 1) − g(j) ) =

= n∑ j=0 f(j)g(j + 1) − n−1∑ j=−1 f(j + 1)g(j + 1) =

= f(n + 1)g(n + 1) − f(0)g(0) + n∑ j=0 ( f(j) − f(j + 1) ) g(j + 1) =

= f(j)g(j) | |^{j=n+1} j=0 − n∑ j=0 g(j +1) ´f(j) ŕőłăğëćăěâ áŕàăćěďńĺćőáâì àăćěŋáâćă (1.6). Ăŋăńőčĺçŋő, n∑ j=0 f(j)´g(j) = n∑ j=0 f(j) ( g(j + 1) − g(j) ) = n+1∑ j=1 f(j − 1)g(j) − n∑ j=0 f(j)g(j) =

= f(n)g(n + 1) − f(−1)g(0) + n∑ j=0 ( f(j − 1) − f(j) ) g(j) =

= f(j − 1)g(j) | | |^{j=n+1} j=0 − n∑ j=0 g(j) ´f(j − 1) . Ńěňňă ďőłăğăŋă.

Ć ďăńìŋěľèěň ŋăň ŕőŋăďőąïâáï âăł ŋăğëćăěňëě äăłâőàĺăńìŋëě ňŋőčőçńěŋë ĺńĺ őąőąéěŋŋëě áâěŕěŋĺ

x^{[m]} = x(x − 1) · · · (x − m + 1) = ( x m ) m! , x^{[0]} = 1 . (1.8)

Ťăłâőàĺăńìŋëľ ňŋőčőçńěŋ ŕőàïďłă m ňőęŋő őåăàăłâěàĺğőćăâì łăł ňŋőčőçńěŋ á ěďĺŋĺçŋëň áâăàèĺň łőíääĺæĺěŋâőň, őąàăéăîéĺľáï ć ŋãńì ć âőçłăå 0, 1, . . . , m − 1.

Ŕàĺňěŋěŋĺě äăłâőàĺăńìŋëå ňŋőčőçńěŋőć ŋă àăćŋőňěàŋőľ áěâłě őąãáńőćńěŋő áåőďáâćőň ĺå áćőľáâć áő áćőľáâćăňĺ őąëçŋëå áâěŕěŋěľ x^m ć ŋěŕàěàëćŋőň áńãçăě. Ć çăáâŋőáâĺ, ńěčłő ćëçĺáńïîâáï łőŋěçŋëě àăğŋőáâĺ äăłâőàĺăńìŋőčő ňŋőčőçńěŋă:

´x^{[m]} = (x+1)^{[m]}−x^{[m]} = x(x−1) · · · (x−m+2) [ (x+1)−(x−m+1) ] = m x^{[m−1]}. Ŕàĺňěŋïï íâã äőàňãńã ł ćëçĺáńěŋĺî ćâőàëå, âàěâìĺå ĺ â.ď. àăğŋőáâěľ, ŋăåőďĺň, çâő ćőőąéě

´^μx^{[m]} = m(m − 1) · · · (m − μ + 1) x^{[m−μ]} = m^{[μ]} x^{[m−μ]} . (1.9) Ńěňňă 2.3. Ŕãáâì Qk(x) | ňŋőčőçńěŋ áâěŕěŋĺ k. Šőčďă ěčő łőŋěçŋăï àăğŋőáâì ´Q_k(x) ěáâì ňŋőčőçńěŋ áâěŕěŋĺ k − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ć áĺńã ńěňňë 1.1 ĺňěěň àăğńőęěŋĺě

Q_k(x) = c_0 + c_1x + c_2x^{[2]} + . . . + c_kx^{[k]} .

Śőčńăáŋő (1.3) ĺ (1.4),

´Q_k(x) = c_1´x + c_2´x^{[2]} + . . . + c_k´x^{[k]} = c_1 + 2c_2x + . . . + kc_kx^{[k−1]} .

Ńěňňă ďőłăğăŋă.

Ŕàěďáâăćńěŋŋëå ćëèě áćěďěŋĺľ ćŕőńŋě ďőáâăâőçŋő, çâőąë ďőłăğăâì âěőàěňã | æěńì íâőčő ŕăàăčàăäă. Ĺâăł,

Šěőàěňă 2.1. Őàâőčőŋăńìŋëľ ňŋőčőçńěŋ Pm(x) ïćńïěâáï àěèěŋĺěň őďŋőàőďŋőčő àăğŋőáâŋőčő ãàăćŋěŋĺï

x(n + 1 − x) ´^2y(x − 1) + (n − 2x) ´y(x) + m(m + 1) y(x) = 0 . (1.10)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ćőğìňěň y = P_m(x) ĺ àăááňőâàĺň äãŋłæĺî

z(x) = x(n + 1 − x) ´^2y(x − 1) + (n − 2x) ´y(x) .

Śőčńăáŋő ńěňňě 2.3, z(x) ïćńïěâáï ňŋőčőçńěŋőň áâěŕěŋĺ m. Ŕőłăęěň, çâő íâőâ ňŋőčőçńěŋ őàâőčőŋăńìŋëľ. Ğăňěâĺň, çâő ć áĺńã (1.5) ´ [ x(n + 1 − x) ´y(x − 1) ] = x(n + 1 − x) ´^2y(x − 1) + (n − 2x) ´y(x) = z(x) .

Ŕãáâì Q_k(x) | ňŋőčőçńěŋ áâěŕěŋĺ k, čďě k < m. Ŕőńìğãïáì äőàňãńőľ áãňňĺàőćăŋĺï ŕő çăáâïň (1.7), ĺňěěň ⟨z, Q_k⟩ = n∑ j=0 Q_k(j)z(j) = n∑ j=0 Q_k(j)´ [ j(n + 1 − j) ´y(j − 1) ] =

= Q_k(j −1) j(n+1−j) ´y(j −1) | | |^{j=n+1} j=0 − n∑ j=0 j(n+1−j) ´y(j −1) ´Q_k(j −1) . Šăł łăł j(n + 1 − j) = 0 ŕàĺ j = 0 ĺ j = n + 1, âő çńěŋ, áâőïéĺľ ćŋě ğŋăłă áãňňë, őąàăéăěâáï ć ŋãńì. Ŕőńìğãïáì ŋă íâőâ àăğ äőàňãńőľ (1.6), ŋăåőďĺň ⟨z, Q_k⟩ = − n∑ j=0 [ j(n + 1 − j) ´Q_k(j − 1) ] ´y(j − 1) =

= − [ j(n+1−j) y(j−1) ´Q_k (j−1) ]| |^{j=n+1} j=0 + n∑ j=0 ´ [ j(n+1−j) ´Q_k(j−1) ] y(j) . Śőčńăáŋő ńěňňě 2.3, äãŋłæĺï´ [ x(n + 1 − x) ´Q_k(x − 1) ] ïćńïěâáï ňŋőčőçńěŋőň áâěŕěŋĺ k. Ŋő y = P_m(x) | őàâőčőŋăńìŋëľ ňŋőčőçńěŋ, ŕőíâőňã ć áĺńã âěőàěňë 1.2 ŕőáńěďŋïï áãňňă àăćŋïěâáï ŋãńî. Őłőŋçăâěńìŋő ĺňěěň ⟨z, Q_k⟩ = 0 . Šăł łăł Q_k(x) | ŕàőĺğćőńìŋëľ ňŋőčőçńěŋ áâěŕěŋĺ k < m, âő ć áĺńã âőľ ęě âěőàěňë 1.2 ğăłńîçăěň, çâő z(x) ňőęěâ âőńìłő ňŋőęĺâěńěň őâńĺçăâìáï őâ őàâőčőŋăńìŋőčő ňŋőčőçńěŋă P_m(x). Ůâőąë ŋăľâĺ íâőâ ňŋőęĺâěńì, ŕàĺàăćŋïěň áâăàèĺě łőíääĺæĺěŋâë ňŋőčőçńěŋőć P_m(x) ĺ z(x).

Ŕãáâì áâăàèĺľ łőíääĺæĺěŋâ ňŋőčőçńěŋă P_m(x) àăćěŋ s. Šőčďă áâăàèĺľ łőíääĺæĺěŋâ z(x) àăćěŋ −m(m − 1)s − 2ms = −m(m + 1)s . Šăłĺň őąàăğőň,

x(n + 1 − x) ´^2y(x − 1) + (n − 2x) ´y(x) = −m(m + 1) y(x) .

Šěőàěňă ďőłăğăŋă.

Ŕőńìğãïáì őŕàěďěńŋĺěň łőŋěçŋëå àăğŋőáâěľ, äőàňãńã (1.10) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě (x+1)(n−x) y(x+1)− [ 2x(n−x)+n−m(m+1) ] y(x)+x(n+1−x) y(x−1) = 0 . Őâáîďă ŕőńãçăěň áńěďãîéĺľ àěğãńìâăâ.

Ŕàěďńőęěŋĺě. Ŕãáâì ĺğćěáâŋë ğŋăçěŋĺï őàâőčőŋăńìŋőčő ňŋőčőçńěŋă P_m(x) ć âőçłăå x = 0 ĺ x = 1. Šőčďă ěčő ğŋăçěŋĺï ć őáâăńìŋëå âőçłăå ňŋőęěáâćă 0 : n ňőęŋő ćőááâăŋőćĺâì ŕő äőàňãńě

P_m(j) =

2(j − 1)(n + 1 − j) + n − m(m + 1) j(n + 1 − j) P_m(j − 1)−

− (j − 1)(n + 2 − j) j(n + 1 − j) P_m(j − 2) , j ∈ 2 : n. (1.11)

x2. Ťőàňãńă Řőďàĺčă|Ůěąëèěćă

Śńěďãîéăï âěőàěňă ŕàěďáâăćńïěâ áőąőľ ăŋăńőč äőàňãńë Řőďàĺčă ďńï łńăááĺçěáłĺå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć.

Šěőàěňă 2.2. Ďńï őàâőčőŋăńìŋëå ňŋőčőçńěŋőć ć l^2(0 : n) ĺňěěâ ňěáâő ŕàěďáâăćńěŋĺě

P_m(x) = C_m ´^m ( x^{[m]}(n + m − x)^{[m]} ) , m = 0, 1, . . . , n, (2.1) čďě { C_m } | ŋěłőâőàëě łőíääĺæĺěŋâë.

Ď ő ł ă ğ ă â ě ń ì á â ć ő (áà. [1]). Ŕàĺ m = 0 ãâćěàęďěŋĺě âěőàěňë âàĺćĺăńìŋő, ŕőíâőňã àăááňőâàĺň áńãçăľ m > 0. Ććěďěň ďńï łàăâłőáâĺ őąőğŋăçěŋĺě ˘_m(x) = x^{[m]}(n + m − x)^{[m]} . (2.2)

Šăł łăł ˘_m(x) = 0 ŕàĺ x = 0, 1, . . . , m−1 ĺ x = n+m, n+m−1, . . . , n+1, âő ćáě ćëàăęěŋĺï ˘_m(j), ˘_m(j + 1), . . . , ˘_m(j + m − 1) őąàăéăîâáï ć ŋãńì ŕàĺ j = 0 ĺ j = n + 1. Śńěďőćăâěńìŋő, őŕàěďěńïěňëě ŕő íâĺň ćěńĺçĺŋăň àăğŋőáâĺ ´^{m−1}˘_m(j), ´^{m−2}˘_m(j + 1), . . . , ´˘_m(j + m − 2) âăłęě őąàăéăîâáï ć ŋãńì ŕàĺ j = 0 ĺ j = n + 1.

Ŕãáâì F (x) | ŕàőĺğćőńìŋăï äãŋłæĺï. Ŕàĺňěŋĺň ł ćëàăęěŋĺî n∑ j=0 F (j) ´^m˘_m(j)

ŕőáńěďőćăâěńìŋő m àăğ äőàňãńã áãňňĺàőćăŋĺï ŕő çăáâïň (1.6). Ć àěğãńìâăâě ŕőńãçĺň n∑ j=0 F (j) ´^m˘_m(j) = [ F (j) ´^{m−1}˘_m(j)−´F (j) ´^{m−2}˘_m(j +1)+. . .

. . . + (−1)^{m−1}˘_m(j + m − 1) ´^{m−1}F (j) ]| |^{j=n+1} j=0 +

+(−1)^m n∑ j=0 ˘_m(j + m) ´^mF (j) .

Ŋő ŕő ćëèěáłăğăŋŋőňã őâŋőáĺâěńìŋő äãŋłæĺĺ ˘_m(j + m − 1) ĺ àăğŋőáâěľ ´^{m−1}˘_m(j), ´^{m−2}˘_m(j + 1), . . . , ´˘_m(j + m − 2), ćáě çńěŋë, áâőïéĺě ćŋě ğŋăłă áãňňë, őąàăéăîâáï ć ŋãńì. Śńěďőćăâěńìŋő n∑ j=0 F (j) ´^m˘_m(j) = (−1)^m n∑ j=0 ˘_m(j + m) ´^mF (j) .

Ğăňěâĺň, çâő ˘_m(j +m) = 0 ŕàĺ j = n, n−1, . . . , n−m+1, ŕőíâőňã ćěàåŋĺň ŕàěďěńőň áãňňĺàőćăŋĺï ňőęŋő ŕőńőęĺâì j = n − m. Őłőŋçăâěńìŋő ĺňěěň_n ∑ j=0 F (j) ´^m˘_m(j) = (−1)^m n−m∑ j=0 ˘_m(j + m) ´^mF (j) . (2.3)

Ŕãáâì Q_k(x) | ŕàőĺğćőńìŋëľ ňŋőčőçńěŋ áâěŕěŋĺ k, čďě k < m. Ć áĺńã ńěňňë 2.3 łőŋěçŋăï àăğŋőáâì ŕőàïďłă m őâ Q_k(x) ěáâì âőęďěáâćěŋŋëľ ŋãńì, ŕőíâőňã, ŕőďáâăćńïï ć äőàňãńã (2.3) F (x) = Q_k(x), ŕőńãçăěň

⟨´^m˘_m, Q_k⟩ = n∑ j=0 Q_k(j) ´^m˘_m(j) = 0 .

Ć áĺńã âěőàěňë 1.2 ňŋőčőçńěŋ ´^m˘_m(x) âőńìłő ňŋőęĺâěńěň őâńĺçăěâáï őâ őàâőčőŋăńìŋőčő ňŋőčőçńěŋă P_m(x). Šěőàěňă ďőłăğăŋă.

Ććěďěň őąőğŋăçěŋĺě

φ_m(x) = ´^m˘_m(x) = ´^m ( x^{[m]}(n + m − x)^{[m]} ) . (2.4)

Ťőàňãńã (2.1) á ãçěâőň (2.4) ňőęŋő ğăŕĺáăâì ć ćĺďě P_m(x) = C_mφ_m(x) , m = 0, 1, . . . , n. (2.5) Ŋăľďěň ąěğàăğŋőáâŋőě ćëàăęěŋĺě ďńï ňŋőčőçńěŋă φ_m(x).

Ńěňňă 2.4. Śŕàăćěďńĺćă äőàňãńă

φ_m(x) = n^{[m]}m! m∑ k=0 (−1)^k n^{[k]} ( m k )( m + k k ) x^{[k]} . (2.6)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ĺğ çĺáńěŋŋőčő ăŋăńĺğă ĺğćěáâŋő [5], çâő ńîąőľ ňŋőčőçńěŋ Q_m(x) áâěŕěŋĺ ŋě ćëèě m ňőęŋő ŕàěďáâăćĺâì ć äőàňě Ŋìîâőŋă:

Q_m(x) = Q_m(x_0) + x − x_0 1 ´Q_m(x_0) +

(x − x_0)(x − x_0 − 1) 1 · 2

´^2Q_m(x_0) + . . .

. . . + (x − x_0)(x − x_0 − 1) · · · (x − x_0 − m + 1) 1 · 2 · . . . · m ´^mQ_m(x_0) , ĺńĺ, á ŕőňőéìî őąőąéěŋŋëå áâěŕěŋěľ,

Q_m(x) = m∑ k=0 (x − x_0)^{[k]} k! ´^kQ_m(x_0) . (2.7)

Ŕàĺňěŋĺň (2.7) ł Q_m(x) = (n + m − x)^{[m]} ŕàĺ x_0 = m. Ğăňěçăï, çâő ŕő (1.9)

´^kQ_m(x) = ´^k ( (−1)^m(x − n − 1)^{[m]} ) = = (−1)^m m^{[k]} (x − n − 1)^{[m−k]} = (−1)^k m^{[k]} (n + m − k − x)^{[m−k]} , ŋăåőďĺň

(n + m − x)^{[m]} = m∑ k=0 (−1)^k m^{[k]} (n − k)^{[m−k]} k! (x − m)^{[k]} .

Ğŋăçĺâ,

˘_m(x) = x^{[m]} (n + m − x)^{[m]} = m∑ k=0 (−1)^k m^{[k]} (n − k)^{[m−k]} k! x^{[m+k]} . Őâáîďă, áŋőćă ŕőńìğãïáì (1.9), ŕőńãçăěň

φ_m(x) = ´^m˘_m(x) = m∑ k=0 (−1)^k m^{[k]} (n − k)^{[m−k]} k! (m + k)^{[m]} x^{[k]} .

Şçĺâëćăï, çâő m^{[k]}(n − k)^{[m−k]}(m + k)^{[m]} k! = m! (n − k)! (m + k)! (m − k)! (n − m)! (k!)^2

= m! n^{[m]} n^{[k]} ( m k )( m + k k ) , ŕàĺåőďĺň ł äőàňãńě (2.6). Ńěňňă ďőłăğăŋă.

Ŕěàćëě çěâëàě ňŋőčőçńěŋă áĺáâěňë { φ_m }_n m=0 ćëčńïďïâ áńěďãîéĺň őąàăğőň: φ_0(x) = 1 , φ_1(x) = n − 2x , φ_2(x) = 2n(n − 1) − 12(n − 1) x + 12 x^{[2]} = 2n(n − 1) − 12nx + 12x^2, φ_3(x) = 6n(n − 1)(n − 2) − 72(n − 1)(n − 2) x + 180(n − 2) x^{[2]} − 120 x^{[3]} = = 6n(n − 1)(n − 2) − 12(6n^2 − 3n + 2)x + 180nx^2 − 120x^3.

Ńěňňă 2.5. Ďńï ŋőàňë ňŋőčőçńěŋă φm(x) ĺňěěâ ňěáâő äőàňãńă

‖φ_m‖^2 =

(m!)^2 2m + 1

(n + m + 1)^{[2m+1]} . (2.8)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŕőńìğãïáì äőàňãńőľ (2.3) ŕàĺ F = φ_m, ŕőńãçăěň

‖φ_m‖^2 = n∑ j=0 φ_m(j) ´^m˘_m(j) = (−1)^m n−m∑ j=0 ˘_m(j + m) ´^mφ_m(j) .

Šăł łăł ´^mφ_m(j) = ´^{2m}˘_m(j) ≡ (−1)^m(2m)! , âő

‖φ_m‖^2 = (2m)! n−m∑ j=0 (j + m)^{[m]}(n − j)^{[m]} = (2m)! (m!)^2 n−m∑ j=0 ( j + m m )( n − j m ) . Ć Ďőąăćńěŋĺĺ ąãďěâ ďőłăğăŋă äőàňãńă áãňňĺàőćăŋĺï ąĺŋőňĺăńìŋëå łőíääĺæĺěŋâőć_{n−m} ∑ j=0 ( n − j m )( s + j s ) = ( n + s + 1 m + s + 1 ) . (2.9)

Ŕőńìğãïáì (2.9) ŕàĺ s = m, ŕőńãçăěň

‖φ_m‖^2 = (2m)! (m!)^2 ( n + m + 1 2m + 1 ) = (m!)^2

(2m)!

(2m + 1)!

(n + m + 1)^{[2m+1]} ,

őâłãďă áńěďãěâ (2.8). Ńěňňă ďőłăğăŋă.

x3. Řăğńĺçŋëě äőàňë őàâőčőŋăńìŋëå ňŋőčőçńěŋőć

Ć íâőň ŕăàăčàăäě ňë àăááňőâàĺň âàĺ ćáâàěçăîéĺåáï ć ńĺâěàăâãàě ŋőàňĺàőćłĺ ďĺáłàěâŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć [3, 5, 6]: ňŋőčőçńěŋë P_m(x), ãďőćńěâćőàïîéĺě ãáńőćĺî P_m(0) = 1, őàâőŋőàňĺàőćăŋŋëě ňŋőčőçńěŋë ^P_m(x) ĺ őàâőčőŋăńìŋëě ňŋőčőçńěŋë á ěďĺŋĺçŋëň áâăàèĺň łőíääĺæĺěŋâőň ~P_m(x).

Ŕőáłőńìłã φ_m(0) = n^{[m]} m! , âő ĺňěěâ ňěáâő áćïğì

P_m(x) = 1 n^{[m]} m!

φ_m(x) . (3.1)

Őâáîďă á ãçěâőň (2.6) ŕőńãçăěň ïćŋőě ćëàăęěŋĺě ďńï P_m(x):

P_m(x) = m∑ k=0 (−1)^k n^{[k]} ( m k )( m + k k ) x^{[k]} . (3.2)

Šăąńĺæë ğŋăçěŋĺľ ňŋőčőçńěŋőć (3.2) ŕàĺ àăğńĺçŋëå n ŕàĺćěďěŋë ć [6].

Śâăàèĺľ łőíääĺæĺěŋâ ňŋőčőçńěŋă φ_m(x) àăćěŋ (−1)^m (2m)^{[m]}, ŕőíâőňã ďńï ~P_m(x) ŕőńãçăěň ~P_m(x) = (−1)^m (2m)^{[m]} φ_m(x) , (3.3) ĺńĺ, ć ïćŋőň ćĺďě,

~P_m(x) = n^{[m]}( 2m m ) m∑ k=0 (−1)^{m−k} n^{[k]} ( m k )( m + k k ) x^{[k]} . (3.4)

Ś ãçěâőň (2.8) ďńï őàâőŋőàňĺàőćăŋŋëå ňŋőčőçńěŋőć ĺňěěň

^P_m(x) = (−1)^m m! √ 2m + 1 (n + m + 1)^{[2m+1]} φ_m(x) , (3.5)

ĺńĺ, ć ïćŋőň ćĺďě,

^P_m(x) = √ (2m + 1) n^{[m]} (n + m + 1)^{[m+1]} m∑ k=0 (−1)^{m−k} n^{[k]} ( m k )( m + k k ) x^{[k]} . (3.6)

Ś ŕőňőéìî áőőâŋőèěŋĺľ (3.1) ĺ (3.3) ĺğ (2.8) ňőęŋő ŕőńãçĺâì ğŋăçěŋĺě ŋőàňë ňŋőčőçńěŋőć P_m(x) ĺ ~P_m(x):

‖P_m‖^2 =

(n + m + 1)^{[m+1]} (2m + 1) n^{[m]}

, (3.7)

‖ ~P_m‖^2 = ( m! (2m)^{[m]}

)_2

(n + m + 1)^{[2m+1]} 2m + 1

. (3.8)

Ŋăľďěň àěłãààěŋâŋőě áőőâŋőèěŋĺě ďńï ňŋőčőçńěŋőć (3.4). Śâăàèĺľ łőíääĺæĺěŋâ őàâőŋőàňĺàőćăŋŋőčő ňŋőčőçńěŋă ^P_m(x) àăćěŋ

μ_m = √ (2m + 1) n^{[m]} (n + m + 1)^{[m+1]} ( 2m m )

n^{[m]} = (2m)! (m!)^2 √ 2m + 1 (n + m + 1)^{[2m+1]} . Őâáîďă μ^2_{m−1} μ^2_m = ( (2m − 2)!

(2m)!

)_2 ( m! (m − 1)!

)_4 2m − 1 2m + 1

(n + m + 1)^{[2m+1]} (n + m)^{[2m−1]} =

= m^2 ( (n + 1)^2 − m^2 ) 4 (4m^2 − 1) . Ŕőďáâăćńïï ŋăľďěŋŋőě ğŋăçěŋĺě ć äőàňãńã (3.7) ŕàěďëďãéěľ čńăćë, ŕőńãçăěň

~P_{m+1}(x) = (x − α_m) ~P_m(x) − m^2 ( (n + 1)^2 − m^2 ) 4(4m^2 − 1) ~P_{m−1}(x) .

Ďńï őâëáłăŋĺï łőíääĺæĺěŋâă α_m ŕőďáâăćĺň ć íâã äőàňãńã ğŋăçěŋĺě x = 0. Šăł łăł

~P_m(0) = (−1)^m n^{[m]} ( 2m m ) = (

−1)^m n! (m!)^2 (2m)! (n − m)! ,

âő ć àěğãńìâăâě ŕőďáâăŋőćłĺ ŕőńãçĺň (−1)^{m+1} n! ( (m + 1)!

)_2

(2m + 2)! (n − m − 1)! =

= (−α_m)

(−1)^m n! (m!)^2 (2m)! (n − m)! − m^2 ( (n + 1)^2 − m^2 ) 4(4m^2 − 1)

(−1)^{m−1} n! ( (m − 1)!

)_2

(2m − 2)! (n − m + 1)! , őâłãďă ŕőáńě ŋěğŋăçĺâěńìŋëå ăńčěąàăĺçěáłĺå ŕàěőąàăğőćăŋĺľ ŋăľďěň

α_m = n 2 . Šăłĺň őąàăğőň, àěłãààěŋâŋőě áőőâŋőèěŋĺě ďńï ňŋőčőçńěŋőć ~P_m(x) ĺňěěâ ćĺď ~P_{m+1}(x) = (x − n 2 ) ~ P_m(x) − m^2 ( (n + 1)^2 − m^2 ) 4(4m^2 − 1)

~P_{m−1}(x) . (3.9)

Ŋăçăńìŋëňĺ ďăŋŋëňĺ ďńï (3.9) áńãęăâ ňŋőčőçńěŋë ~P_0(x) = 1 ,

~P_1(x) = x − n 2 . Ğŋăï ğŋăçěŋĺě łőíääĺæĺěŋâă α_m, ĺğ äőàňãńë (3.1) ŕàěďëďãéěľ čńăćë ňőęŋő ŕőńãçĺâì àěłãààěŋâŋőě áőőâŋőèěŋĺě ďńï őàâőŋőàňĺàőćăŋŋëå ňŋőčőçńěŋőć:

m + 1 2 √ (n + 1)^2 − (m + 1)^2 (2m + 1)(2m + 3)

^P_{m+1}(x) =

= ( x − n 2 ) ^ P_m(x) − m 2 √ (n + 1)^2 − m^2 (2m − 1)(2m + 1) ^P_{m−1}(x) , ĺńĺ ^P_{m+1}(x) = 1

m + 1 √ (2m + 3)(2m + 1) (n + m + 2)(n − m) (2x−n) ^P_m(x)−

− m m + 1 √ (2m + 3)(n + m + 1)(n − m + 1) (2m − 1)(n + m + 2)(n − m)

^P_{m−1}(x) , (3.10) á ŋăçăńìŋëňĺ ďăŋŋëňĺ ^P_0(x) = √ 1 n + 1 , ^P_1(x) = √ 3 n(n + 1)(n + 2) (2x − n) . Ĺğ (3.9) ĺ (3.3) ňőęŋő ŕőńãçĺâì àěłãààěŋâŋőě áőőâŋőèěŋĺě ďńï ňŋőčőçńěŋőć φ_m(x):

φ_{m+1}(x) = (2m + 1)(n − 2x)φ_m(x) − m^2 ( (n + 1)^2 − m^2 ) φ_{m−1}(x) , (3.11)

φ_0(x) = 1 , φ_1(x) = n − 2x , ă ĺğ (3.11) ĺ (3.1) | ďńï P_m(x):

P_{m+1}(x) =

2m + 1 (m + 1)(n − m) (n−2x)P_m(x)− m(n + m + 1) (m + 1)(n − m)

P_{m−1}(x) , (3.12)

P_0(x) = 1 ,

P_1(x) = 1 − 2 n x . Ć ğăłńîçěŋĺě ŕăàăčàăäă ãłăęěň ŕàőáâãî äőàňãńã ďńï áâăàèěčő ňŋőčőçńěŋă áĺáâěňë (3.2)

Ńěňňă 2.6. Śŕàăćěďńĺćë àăćěŋáâćă

P_n(j) = (−1)^j ( n j ) , j ∈ 0 : n . (3.13)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ŕãáâì j ∈ 0 : n. Ğăŕĺèěň äőàňãńã (3.2) ŕàĺ m = n ĺ x = j:

P_n(j) = n∑ k=0 (−1)^k n^{[k]} ( n k )( n + k k ) j^{[k]} .

Ğăňěâĺň, çâő j^{[k]} = 0 ŕàĺ k > j, ŕőíâőňã àěăńìŋő áãňňĺàőćăŋĺě ŕàőćőďĺâáï ŕő ĺŋďěłáăň k = 0, 1, . . . , j. Řăáŕĺèěň íâã äőàňãńã ŕőďàőąŋěě:

P_n(j) = j∑ k=0 (−1)^k (n − k)! n! n! k! (n − k)! (n + k)! n! k! j! (j − k)! . Ŕàőĺğćőďï áőłàăéěŋĺï ĺ ŕěàěčàãŕŕĺàőćëćăï ňŋőęĺâěńĺ, ŕőńãçĺň

P_n(j) = j∑ k=0 (−1)^k ( n + k n )( j k ) .

Ć Ďőąăćńěŋĺĺ ąãďěâ ďőłăğăŋă äőàňãńă áãňňĺàőćăŋĺï ąĺŋőňĺăńìŋëå łőíääĺæĺěŋâőć j∑ k=0 (−1)^k ( s + k n )( j k ) = (−1)^j ( s n − j ) . (3.14)

Ŕàĺňěŋïï äőàňãńã (3.14) ŕàĺ s = n ĺ ãçĺâëćăï àăćěŋáâćő ( n n − j ) = ( n j ) , ãąěęďăěňáï ć áŕàăćěďńĺćőáâĺ àăćěŋáâćă (3.13). Ńěňňă ďőłăğăŋă.

Ğăňěçăŋĺě. Ŕãáâì m ∈ { 0, 1, . . . , n − 1 } ĺ Q_m(x) = x^m. Šőčďă

0 = ´^nQ_m(0) = n∑ j=0 (−1)^{n−j} ( n j ) Q_m(j) = n∑ j=0 (−1)^{n−j} ( n j ) j^m . İâĺň őąêïáŋïěâáï őàâőčőŋăńìŋőáâì ňŋőčőçńěŋă (3.13) ćáěň ňŋőčőçńěŋăň áâěŕěŋĺ ŋě ćëèě n − 1.

Č Ń Ă Ć Ă 3

Ňěâőď ŋăĺňěŋìèĺå łćăďàăâőć

x1. Łàãč ĺďěľ Ŕ. Ń. Ůěąëèěćă

Ŕőńĺŋőňĺăńìŋăï ăŕŕàőłáĺňăæĺï íłáŕěàĺňěŋâăńìŋëå ďăŋŋëå ŕő àăćŋőőâáâőïéĺň ãğńăň | çăáâő ćőğŋĺłăîéăï ğăďăçă ćő ňŋőčĺå ŕàĺńőęěŋĺïå. Őďŋă ĺğ ćőğňőęŋëå ŕőáâăŋőćőł íâőľ ğăďăçĺ ćëčńïďĺâ áńěďãîéĺň őąàăğőň.

Őąőğŋăçĺň çěàěğ ˝_s ňŋőęěáâćő ăńčěąàăĺçěáłĺå ňŋőčőçńěŋőć áâěŕěŋĺ ŋě ćëèě s. Ŕãáâì ğăďăŋă ďĺáłàěâŋăï äãŋłæĺï {f(0), f(1), . . . , f(n)}. Šàěąãěâáï ŋăľâĺ ňŋőčőçńěŋăň ĺğ ˝_s (s ≤ n), ŋăĺńãçèĺň őąàăğőň ăŕŕàőłáĺňĺàãîéĺľ äãŋłæĺî f ć ňěâàĺłě ŕàőáâàăŋáâćă l^2(0 : n):

‖f − π_s‖^2 := n∑ j=0 [f(j) − π_s(j)]^2 −→ min_{πs∈Πs} . (1.1)

Ć íâőň ŕăàăčàăäě ŕàěďáâăćńěŋ ŕőďåőď Ŕ. Ń. Ůěąëèěćă ł ďăŋŋőľ ŕàőąńěňăâĺłě, ĺğńőęěŋŋëľ ć àăąőâě [1].

Śńěďãï [1], ąãďěň ĺáłăâì àěèěŋĺě ğăďăçĺ (1.1) ć ćĺďě

π_s(x) = a_0φ_0(x) + a_1φ_1(x) + . . . + a_sφ_s(x) , (1.2) čďě { φ_m(x) } | őàâőčőŋăńìŋëě ňŋőčőçńěŋë, ććěďěŋŋëě ć §2 čńăćë 2. Šőčďă, áőčńăáŋő §4 čńăćë 1, łőíääĺæĺěŋâë { a_m } ěáâì ŋě çâő ĺŋőě, łăł łőíääĺæĺěŋâë Ťãàìě äãŋłæĺĺ f, łőâőàëě ŋăľďãâáï ŕő äőàňãńě

a_m = 1 ‖φ_m‖^2 n∑ j=0 φ_m(j)f(j) , m = 0, 1, . . . , s. (1.3) Ćáŕőňĺŋăï, çâő φ_m(x) = ´^m˘_m(x), ĺ ŕőńìğãïáì äőàňãńőľ (2.3) ŕàěďëďãéěľ čńăćë, ŋăåőďĺň n∑ j=0 φ_m(j)f(j) = (−1)^m n−m∑ j=0 (j + m)^{[m]} (n − j)^{[m]} ´^mf(j) ,

ĺńĺ, ŕěàěåőďï ł ąĺŋőňĺăńìŋëň łőíääĺæĺěŋâăň, n∑ j=0 φ_m(j)f(j) = (−1)^m ( m! )_2^{n−m}∑ j=0 ( j + m m )( n − j m ) ´^mf(j) . Ćŋőáï íâã ćěńĺçĺŋã ć äőàňãńã (1.3) ĺ ŕőďáâăćńïï ĺğćěáâŋőě ğŋăçěŋĺě ŋőàňë ňŋőčőçńěŋă φ_m(x) (ńěňňă 2.5), ŕőńãçăěň

a_m = (−1)^m

2m + 1 (n + m + 1)^{[2m+1]} n−m∑ j=0 ( j + m m )( n − j m ) ´^mf(j) . Ććěďěň áńěďãîéěě őąőğŋăçěŋĺě:

F_m = (−1)^m

2m + 1 n + 1 n−m∑ j=0 ( j + m m )( n − j m ) ´^mf(j) ( n + m + 1 m ) . (1.4)

Šőčďă ďńï łőíääĺæĺěŋâőć (1.3) ĺňěěň

a_m = F_m n^{[m]} m! . Šăłĺň őąàăğőň, ňë ŕàĺåőďĺň ł áńěďãîéěňã ćëàăęěŋĺî ďńï ĺáłőňőčő ňŋőčőçńěŋă ŋăĺńãçèěčő áàěďŋěłćăďàăâĺçěáłőčő ŕàĺąńĺęěŋĺï:

π_s(x) = s∑ m=0 F_m n^{[m]} m!

φ_m(x) , (1.5) čďě łőíääĺæĺěŋâë F_m ŋăåőďïâáï ĺğ äőàňãńë (1.4), ă ąăğĺáŋëě ňŋőčőçńěŋë φ_m(x) | ĺğ äőàňãńë (2.6) ŕàěďëďãéěľ čńăćë.

Ğăŕĺèěň ňŋőčőçńěŋ π_s(x) ć äőàňě Ŋìîâőŋă (äőàňãńă (2.7) ŕàěďëďãéěľ čńăćë) ŕàĺ x_0 = 0:

π_s(x) = s∑ μ=0 ´^μπ_s(0) μ! x^{[μ]} . (1.6)

Ćěńĺçĺŋë π_s(0), ´π_s(0), . . . , ´^sπ_s(0), łăł ąãďěâ ŕőłăğăŋő ŋĺęě, ńěčłő ćëçĺáńïîâáï.

Ŋăľďěň àăğŋőáâì ´^μπ_s(x), čďě μ ∈ {0, 1, . . . , s}:

´^μπ_s(x) = s∑ m=0 F_m n^{[m]} m!

´^μφ_m(x) ,

´^μφ_m(x) = n^{[m]} m! m∑ k=0 (−1)^k n^{[k]} ( m k )( m + k k ) ´^μx^{[k]} .

Ğăňěâĺň, çâő ´^μφ_m(x) ≡ 0 ŕàĺ m < μ, ŕőíâőňã ŋĺęŋĺľ ŕàěďěń áãňňĺàőćăŋĺï ć ŕěàćőľ äőàňãńě ňőęŋő ğăňěŋĺâì ŋă m = μ. Ďăńěě, áőčńăáŋő äőàňãńě (1.9) ŕàěďëďãéěľ čńăćë, ´^μx^{[k]} = k^{[μ]} x^{[k−μ]} , çâő ŕàĺ x = 0 ďăěâ

k^{[μ]} 0^{[k−μ]} = { μ! , ěáńĺ k = μ , 0, ěáńĺ k ≠ μ .

Śńěďőćăâěńìŋő, ć áãňňě, ŕàěďáâăćńïîéěľ ćěńĺçĺŋã ´^μφ_m(x), ŕàĺ x = 0 őáâăěâáï âőńìłő őďŋő áńăčăěňőě, áőőâćěâáâćãîéěě k = μ. Ŕőńãçăěň

´^μφ_m(0) = (−1)^μ n^{[m]} m! n^{[μ]} ( m μ )( m + μ μ ) μ! , ´^μπ_s(0) = s∑ m=μ (−1)^μ μ! n^{[μ]} ( m μ )( m + μ μ ) F_m . Ŕěàěåőďï ł äăłâőàĺăńăň, ćëćěďěŋŋãî äőàňãńã ňőęŋő ğăŕĺáăâì âăł:

´^μπ_s(0) = s∑ m=μ (−1)^μ

(n − μ)! (m + μ)! F_m n! μ! (m − μ)! . (1.7)

Ďńï ãŕàőéěŋĺï ćëçĺáńěŋĺľ ŕő äőàňãńě (1.7) ććěďěň áńěďãîéěě őąőğŋăçěŋĺě:

(μ, m) = (−1)^μ

(n − μ)! (m + μ)! n! μ! (m − μ)! .

Řăááňőâàĺň ŕőďàőąŋěě áćőľáâćă (μ, m). Ğăňěâĺň, çâő ŕàĺ μ = 0 ćëàăęěŋĺě

(n − μ)! (m + μ)! n! μ! (m − μ)! őąàăéăěâáï ć 1, ă ŕőâőňã

(0, m) = 1 , m = 0, 1, 2, . . . (1.8)

Ďăńěě,

(μ + 1, m) (μ, m) = − (n − μ − 1)! (n − μ)! (m + μ + 1)!

(m + μ)! μ! (μ + 1)! (m − μ)! (m − μ − 1)! = = − (m + μ + 1)(m − μ) (n − μ)(μ + 1) , őâłãďă áńěďãěâ, çâő

(μ + 1, m) = − m(m + 1) − μ(μ + 1) (n − μ)(μ + 1) (μ, m) . (1.9) Řěłãààěŋâŋőě áőőâŋőèěŋĺě (1.9) ć áőćőłãŕŋőáâĺ á ŋăçăńìŋëňĺ ãáńőćĺïňĺ (1.8) ďăěâ ćőğňőęŋőáâì ńěčłő ćëçĺáńïâì ćáě ğŋăçěŋĺï ňŋőęĺâěńěľ (μ, m) ć äőàňãńě

´^μπ_s(0) = s∑ m=μ (μ, m)F_m . Ŋă őáŋőćăŋĺĺ ćëèě áłăğăŋŋőčő ğăłńîçăěň, çâő ĺáłőňëľ ňŋőčőçńěŋ ŋăĺńãçèěčő áàěďŋěłćăďàăâĺçěáłőčő ŕàĺąńĺęěŋĺï ňőęěâ ąëâì ŕàěďáâăćńěŋ ć ćĺďě (1.6), čďě ćěńĺçĺŋë π_s(0), ´π_s(0), . . . , ´^sπ_s(0) ŋăľďãâáï ŕő äőàňãńăň

π_s(0) = F_0 + F_1 + F_2 + F_3 + . . . + F_s , ´π_s(0) = (1, 1)F_1 + (1, 2)F_2 + (1, 3)F_3 + . . . + (1, s)F_s , ´^2π_s(0) = (2, 2)F_2 + (2, 3)F_3 + . . . + (2, s)F_s , ´^3π_s(0) = (3, 3)F_3 + . . . + (3, s)F_s , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ´^sπ_s(0) = (s, s)F_s , (1.10) ć łőâőàëå ćěńĺçĺŋë F_0, F_1 . . . , F_s őŕàěďěńïîâáï äőàňãńőľ (1.4), ă ňŋőęĺâěńĺ (1, 1) , (1, 2) , (1, 3) . . . (1, s) ,

(2, 2) , (2, 3) . . . (2, s) , ... (s, s) ćëćőďïâáï őďĺŋ ĺğ ďàãčőčő á ŕőňőéìî àěłãààěŋâŋőčő áőőâŋőèěŋĺï (1.9) á ŋăçăńìŋëňĺ ďăŋŋëňĺ (1.8). İâă áåěňă, ŕő áãéěáâćã, ĺ ąëńă ŕàěďńőęěŋă Ŕ. Ń. Ůěąëèěćëň [1].

Ćëçĺáńěŋĺě ğŋăçěŋĺľ ňŋőčőçńěŋă π_s(x), ŕàěďáâăćńěŋŋőčő ć ćĺďě (1.6), æěńěáőőąàăğŋő ŕàőćőďĺâì ŕő áåěňě Čőàŋěàă ďńï ňŋőčőçńěŋőć ć äőàňě Ŋìîâőŋă [7].

x2. Ďăńìŋěľèěě àăğćĺâĺě

Ŋěáňőâàï ŋă âő, çâő ğăďăçă ő ŋăĺňěŋìèĺå łćăďàăâăå (1.1) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě, áãéěáâćãěâ èĺàőłĺľ âćőàçěáłĺľ ŕàőáâőà ďńï ćëąőàă łőŋłàěâŋőľ ćëçĺáńĺâěńìŋőľ áåěňë. Ć ŕàěďëďãéěň ŕăàăčàăäě ąëń ŕàőďěňőŋáâàĺàőćăŋ ŕőďåőď, ŕàěďńőęěŋŋëľ Ŕ. Ń. Ůěąëèěćëň. Ğďěáì ęě ňë àăááňőâàĺň ăńìâěàŋăâĺćŋëľ ćăàĺăŋâ, őáŋőćăŋŋëľ ŋă áőćàěňěŋŋőľ ĺďěőńőčĺĺ àěłãààěŋâŋëå ćëçĺáńěŋĺľ [7].

Šěőàěňă 3.1. Ŕãáâì ňŋőčőçńěŋ πs(x) ŕàěďáâăćńěŋ ć ćĺďě

π_s(x) = s∑ m=0 a_mQ_m(x) , čďě ňŋőčőçńěŋë Q_m(x) ãďőćńěâćőàïîâ àěłãààěŋâŋőňã áőőâŋőèěŋĺî

Q_{m+1}(x) = A_m(x − α_m)Q_m(x) + B_mQ_{m−1}(x) . (2.1)

Ććěďěň ŕ ő á ń ě ď ő ć ă â ě ń ì ŋ ő á â ì Ł ń ĺ ŋ è ő ã { b_m }_{s+2} m=0 áńěďãîéĺň őąàăğőň:

b_{s+2} = b_{s+1} = 0 , b_m − A_m(x − α_m)b_{m+1} − B_{m+1}b_{m+2} = a_m , m = s, s − 1, . . . , 0. Šőčďă ğŋăçěŋĺě ňŋőčőçńěŋă π_s ć âőçłě x ňőęŋő ćëçĺáńĺâì ŕő äőàňãńě

π_s(x) = b_0Q_0(x) + b_1 [ Q_1(x) − A_0(x − α_0)Q_0(x) ] . (2.2)

Ď ő ł ă ğ ă â ě ń ì á â ć ő . Ğăňěŋïï ć ŕàěďáâăćńěŋĺĺ ňŋőčőçńěŋë π_s(x) łăęďëľ łőíääĺæĺěŋâ a_m ŋă áőőâćěâáâćãîéãî łőňąĺŋăæĺî b_m, b_{m+1} ĺ b_{m+2}, ŕőńãçĺň:

π_s(x) = s∑ m=0 a_mQ_m(x) = s∑ m=0 [ b_m − A_m(x − α_m)b_{m+1} − B_{m+1}b_{m+2} ] Q_m(x) =

= s∑ m=0 b_mQ_m(x) − s+1∑ m=1 A_{m−1}(x − α_{m−1})b_mQ_{m−1}(x) − s+2∑ m=2 B_{m−1}b_mQ_{m−2}(x) .

Ćëďěńïï ĺğ ŕěàćőľ áãňňë ďćă ŕěàćëå çńěŋă (ŕàĺ m = 0 ĺ m = 1), ă ĺğ ćâőàőľ áãňňë | őďĺŋ (ŕàĺ m = 1), ĺ ãçĺâëćăï b_{s+2} = b_{s+1} = 0, ŕőńãçĺň:

π_s(x) = b_0Q_0(x) + b_1Q_1(x) − A_0(x − α_0)b_1Q_0(x)+ + s∑ m=2 b_m [ Q_m(x) − A_{m−1}(x − α_{m−1})Q_{m−1}(x) − B_{m−1}Q_{m−2}(x) ] . Ćëàăęěŋĺě ć łćăďàăâŋëå áłőąłăå, áőčńăáŋő (2.1), ěáâì âőęďěáâćěŋŋëľ ŋãńì, áńěďőćăâěńìŋő, àăćěŋáâćő (2.2) áŕàăćěďńĺćő. Šěőàěňă ďőłăğăŋă.

Šěőàěňă 3.1 ïćńïěâáï ňőďĺäĺłăæĺěľ àěłãààěŋâŋőľ áåěňë Łńĺŋèőã [4]. Ĺáŕőńìğőćăŋĺě íâőľ áåěňë, łăł áńěďãěâ ĺğ àěğãńìâăâőć çĺáńěŋŋëå íłáŕěàĺňěŋâőć, ğŋăçĺâěńìŋő ãŕàőéăěâ ŕàőæěďãàã ćëçĺáńěŋĺï ğŋăçěŋĺľ ňŋőčőçńěŋă π_s(x), çâő ŕàĺćőďĺâ ł áőłàăéěŋĺî ćàěňěŋĺ ĺ ãćěńĺçěŋĺî âőçŋőáâĺ ćëçĺáńěŋĺľ.

Ŋăľďěň ŕőáńěďőćăâěńìŋőáâĺ Łńĺŋèőã ďńï çěâëàěå áĺáâěň őàâőčőŋăńìŋëå ňŋőčőçńěŋőć, àăááňőâàěŋŋëå ć ŕàěďëďãéěľ čńăćě.

Ďńï áĺáâěňë { φ_m(x) } ĺňěěň:

b_m − (2m + 1)(n − 2x)b_{m+1} + (m + 1)^2 ( (n + 1)^2 − (m + 1)^2 ) b_{m+2} = a_m , (2.3)

π_s(x) = b_0φ_0(x) + b_1 [ φ_1(x) − (n − 2x)φ_0(x) ] = b_0 ; (2.4) ďńï { ^ P_m(x) } : ^b_m − 1

m + 1 √ (2m + 3)(2m + 1) (n + m + 2)(n − m)

(2x − n)^b_{m+1}+

+ m + 1 m + 2 √ (2m + 5)(n + m + 2)(n − m) (2m + 1)(n + m + 3)(n − m − 1)

^b_{m+2} = ^a_m , (2.5)

π_s(x) = ^b_0 ^P_0(x) + ^b_1 [ ^ P_1(x) − √ 3 n(n + 2)

(2x − n) ^P_0(x) ] = ^b_0 √ n + 1

; (2.6) ďńï { ~ P_m(x) } : ~b_m − (x − n 2 )~b_{m+1} +

(m + 1)^2 4 (n + 1)^2 − (m + 1)^2 4(m + 1)^2 − 1

~b_{m+2} = ~a_m , (2.7)

π_s(x) = ~b_0 ~P_0(x) + ~b_1 [ ~ P_1(x) − (x − n 2 ) ~P_0(x) ] = ~b_0 ; (2.8)

ĺ, ŋăłőŋěæ, ďńï { P_m(x) } : —b_m − 2m + 1

(m + 1)(n − m)

(n − 2x)—b_{m+1} +

(m + 1)(n + m + 2) (m + 2)(n − m − 1)

—b_{m+2} = —a_m , (2.9) π_s(x) = —b_0P_0(x) + —b_1 [ P_1(x) − 1 n (n − 2x)P_0(x) ] = —b_0 . (2.10)

Ğďěáì a_m, ^a_m, ~a_m, —a_m | íâő łőíääĺæĺěŋâë ć àăğńőęěŋĺïå

π_s(x) = s∑ m=0 a_mφ_m(x) = s∑ m=0 ^a_m ^P_m(x) = s∑ m=0 ~a_m ~P_m(x) = s∑ m=0 —a_mP_m(x) , łőâőàëě áćïğăŋë ňěęďã áőąőľ àăćěŋáâćăňĺ

a_m = —a_m n^{[m]} m! = (−1)^m m! √ 2m + 1 (n + m + 1)^{[2m+1]}

^a_m =

(−1)^m (2m)^{[m]}

~a_m . (2.11)

Ć âőň áńãçăě, łőčďă π_s(x) ěáâì àěèěŋĺě íłáâàěňăńìŋőľ ğăďăçĺ (1.1), łőíääĺæĺěŋâë —a_m ěáâì ŋě çâő ĺŋőě, łăł łőíääĺæĺěŋâë F_m, őŕàěďěńïěňëě äőàňãńőľ (1.4). Šăłĺň őąàăğőň, ěáńĺ ŋăň ĺğćěáâŋë łőíääĺæĺěŋâë F_m, âő ňë ňőęěň ćëçĺáńïâì ğŋăçěŋĺï ňŋőčőçńěŋă ŋăĺńãçèěčő áàěďŋěłćăďàăâĺçěáłőčő ŕàĺąńĺęěŋĺï π_s(x) ŕïâìî àăğńĺçŋëňĺ áŕőáőąăňĺ | ŕő áåěňě, ŕàěďńőęěŋŋőľ Ŕ. Ń. Ůěąëèěćëň, ĺńĺ á ŕőňőéìî ňőďĺäĺæĺàőćăŋŋőľ áåěňë Łńĺŋèőã ďńï çěâëàěå àăááňőâàěŋŋëå ćëèě áĺáâěň őàâőčőŋăńìŋëå ňŋőčőçńěŋőć. Řěğãńìâăâë çĺáńěŋŋëå íłáŕěàĺňěŋâőć ŕő ŕàĺňěŋěŋĺî àăğńĺçŋëå ćëçĺáńĺâěńìŋëå áåěň ĺ ĺå ăŋăńĺğ ąãďãâ ŕàěďáâăćńěŋë ć §3.

Ğăňěâĺň, çâő ćëçĺáńěŋĺě áăňĺå łőíääĺæĺěŋâőć F_m âőęě ňőęŋő ŕàőĺğćěáâĺ á ĺáŕőńìğőćăŋĺěň àěłãààěŋâŋëå áőőâŋőèěŋĺľ. Ěáńĺ ŕàěďáâăćĺâì F_m ć ćĺďě

F_m = n−m∑ j=0 ψ_m(j) ´^mf(j) , (2.12)

âő ďńï łőíääĺæĺěŋâőć ψ_m(j) ąãďěâ ĺňěâì ňěáâő àěłãààěŋâŋőě áőőâŋőèě- ŋĺě ψ_m(j + 1) =

(j + m + 1)(n − j − m) (j + 1)(n − j) ψ_m(j) , j = 0, 1, . . . , n − m − 1,

ψ_m(0) = (−1)^m

2m + 1 n + 1

( n m ) ( n + m + 1 m ) . (2.13)

Ŕàĺ íâőň ćëçĺáńïâì ψ_m(0) ŋěŕőáàěďáâćěŋŋő ŋěâ ŋěőąåőďĺňőáâĺ, âăł łăł ďńï ŋĺå âőęě ěáâì àěłãààěŋâŋőě áőőâŋőèěŋĺě:

ψ_{m+1}(0) = −

(2m + 3)(n − m) (2m + 1)(n + m + 2) ψ_m(0) , m = 0, 1, . . . , s − 1,

ψ_0(0) = 1 n + 1

. (2.14)

x3. Ůĺáńěŋŋëě íłáŕěàĺňěŋâë

Ś æěńìî ćëïáŋěŋĺï íääěłâĺćŋőáâĺ ćëçĺáńĺâěńìŋëå áåěň, àăááňőâàěŋŋëå ć ďćãå ŕàěďëďãéĺå ŕăàăčàăäăå, ąëńĺ ŕàőĺğćěďěŋë çĺáńěŋŋëě íłáŕěàĺňěŋâë áńěďãîéěčő ćĺďă. Ć łăçěáâćě ĺáåőďŋőľ äãŋłæĺĺ f(x) čěŋěàĺàőćăńáï áńãçăľŋëľ ňŋőčőçńěŋ ćĺďă

f_s(x) = ξ_0 + ξ_1x + ξ_2x^2 + . . . + ξ_sx^s , (3.1)

čďě ξ_0, ξ_1, . . . , ξ_s | àăćŋőňěàŋő àăáŕàěďěńěŋŋëě ŋă őâàěğłě [ -1,1 ] ŋěğăćĺáĺňëě áńãçăľŋëě ćěńĺçĺŋë. Ğăâěň ďńï ňŋőčőçńěŋă (3.1) ćëçĺáńïńĺáì łőíääĺæĺěŋâë F_m (ŕő äőàňãńăň (2.12){(2.14) ) ĺ áâàőĺńáï ňŋőčőçńěŋ ŋăĺńãçèěčő áàěďŋěłćăďàăâĺçěáłőčő ŕàĺąńĺęěŋĺï π_s(x). Ćëçĺáńěŋĺě ğŋăçěŋĺľ ňŋőčőçńěŋă π_s(x) ŕàőĺğćőďĺńőáì ŕïâìî àăğńĺçŋëňĺ áŕőáőąăňĺ | ŕő áåěňě Ůěąëèěćă (äőàňãńë (1.6) ĺ (1.8){(1.10) ) ĺ ŕő ňőďĺäĺæĺàőćăŋŋőľ áåěňě Łńĺŋèőã ďńï çěâëàěå áĺáâěň ďĺáłàěâŋëå őàâőčőŋăńìŋëå ňŋőčőçńěŋőć (äőàňãńë (2.3){(2.10) ). Ć łăęďőň áńãçăě őŕàěďěńïńăáì őâŋőáĺâěńìŋăï ŕőčàěèŋőáâì ε = ‖f_s − π_s‖ ‖f_s‖ . (3.2)

Šěőàěâĺçěáłĺ ňŋőčőçńěŋë f_s(x) ĺ π_s(x) ďőńęŋë áőćŕăďăâì, őďŋăłő ŋă ŕàăłâĺłě ĺğ-ğă őčàăŋĺçěŋŋőáâĺ ňăŋâĺááë ĺ áćïğăŋŋëå á íâĺň ŋěĺğąěęŋëå őèĺąőł őłàãčńěŋĺï ćěńĺçĺŋă ε őłăğëćăěâáï őâńĺçŋőľ őâ ŋãńï. Ĺňěŋŋő íâă ćěńĺçĺŋă ĺ áńãęĺńă łàĺâěàĺěň íääěłâĺćŋőáâĺ âőľ ĺńĺ ĺŋőľ ćëçĺáńĺâěńìŋőľ áåěňë.

Ŋă áěâłăå 0 : n ŕàĺ n = 50 ĺ n = 100 ĺ áâěŕěŋïå ĺáåőďŋőčő ňŋőčőçńěŋă s = 10, 15, 20, . . . , 45 ąëńő ŕàőĺğćěďěŋő ŕő N = 1000 çĺáńěŋŋëå íłáŕěàĺňěŋâőć. Ć łăęďőň íłáŕěàĺňěŋâě őŕàěďěńïńăáì őâŋőáĺâěńìŋăï ŕőčàěèŋőáâì (3.2), ĺ ŕő őłőŋçăŋĺĺ ćëçĺáńïńĺáì ěě ŋăĺňěŋìèěě (min) ĺ ŋăĺąőńìèěě (max) ğŋăçěŋĺï, ă âăłęě áàěďŋěě ğŋăçěŋĺě

—ε = 1 N N∑ k=1 ε_k , (3.3)

ĺ ćěńĺçĺŋă áàěďŋěłćăďàăâĺçěáłőčő őâłńőŋěŋĺï σ = [ 1 N N∑ k=1 (ε_k − —ε)^2 ]_{1/2} . (3.4)

Ĺğńőęěŋŋëľ ŕńăŋ ŕàőćěďěŋĺï íłáŕěàĺňěŋâőć ąëń àěăńĺğőćăŋ ć ćĺďě ŕàőčàăňňë ć áàěďě ŕàőčàăňňĺàőćăŋĺï Delphi Desktop v. 2.0 äĺàňë Borland International ŋă őąêěłâŋő-őàĺěŋâĺàőćăŋŋőň àăáèĺàěŋĺĺ ïğëłă Pascal. Ćëçĺáńěŋĺï ćěńĺáì á ďćőľŋőľ âőçŋőáâìî (âĺŕ double: 8 ąăľâ, ďĺăŕăğőŋ ğŋăçěŋĺľ 5, 0·10^{−324} ...1, 7·10^{308}). Ńĺáâĺŋč őáŋőćŋëå ćëçĺáńĺâěńìŋëå ŕàőæěďãà ĺáåőďŋëå ňőďãńěľ á ŋěłőâőàëňĺ łőňňěŋâăàĺïňĺ ŕàĺćěďěŋ ć Ŕàĺńőęěŋĺĺ 2.

Řěğãńìâăâë íłáŕěàĺňěŋâőć ŕàĺćěďěŋë ć Ŕàĺńőęěŋĺĺ 1. Őáŋőćëćăïáì ŋă íâĺå ďăŋŋëå, ňőęŋő áďěńăâì ćëćőď, çâő ćëçĺáńěŋĺě ňŋőčőçńěŋă ŋăĺńãçèěčő áàěďŋěłćăďàăâĺçěáłőčő ŕàĺąńĺęěŋĺï π_s(x) ŕő ňőďĺäĺæĺàőćăŋŋőľ áåěňě Łńĺŋèőã ğŋăçĺâěńìŋő ãáâőľçĺćěě, çěň ŕő áåěňě, ŕàěďńőęěŋŋőľ Ŕ. Ń. Ůěąëèěćëň.

Łàőňě âőçŋőáâĺ, ćăęŋőě ğŋăçěŋĺě ĺňěěâ âăłăï åăàăłâěàĺáâĺłă ćëçĺáńěŋĺľ, łăł ğăâàăçěŋŋőě ŋă ŋĺå ćàěňï. Ć âăąń. 1 ŕàĺćěďěŋő áàěďŋěě ćàěňï, ğăâàăçěŋŋőě ŋă àěèěŋĺě őďŋőľ ăŕŕàőłáĺňăæĺőŋŋőľ ğăďăçĺ ć ğăćĺáĺňőáâĺ őâ ćĺďă íłáŕěàĺňěŋâă.^1 Řěğãńìâăâë ŕő ŕàĺňěŋěŋĺî ňőďĺäĺæĺàőćăŋŋőľ áåěňë Łńĺŋèőã ďăŋë âőńìłő ďńï áĺáâěňë ňŋőčőçńěŋőć { P_m(x) } , ŕőáłőńìłã àăğńĺçĺï ňěęďã çěâëàìňï ćăàĺăŋâăňĺ áåěňë Łńĺŋèőã ćěáìňă ŋěğŋăçĺâěńìŋë ŕő áàăćŋěŋĺî áő áåěňőľ Ůěąëèěćă. Ć ŕőáńěďŋěň áâőńąæě ŕàĺćěďěŋő áàěďŋěě ćàěňï ŋăåőęďěŋĺï łőíääĺæĺěŋâőć F_m (őąéăï çăáâì áåěň Ůěąëèěćă ĺ Łńĺŋèőã). Ğŋăçěŋĺï ŕàĺćěďěŋë ć ňĺńńĺáěłãŋďăå.

Ĺğ ďăŋŋëå âăąń. 1 ćĺďŋő, çâő ňőďĺäĺæĺàőćăŋŋăï áåěňă Łńĺŋèőã ŋě âőńìłő ãáâőľçĺćěě, ŋő ĺ ğŋăçĺâěńìŋő ąëáâàěě áåěňë Ůěąëèěćă.

Šăąńĺæă 1 Ćĺď íłáŕěàĺňěŋâă Ůěąëèěć Łńĺŋèőã Ćëçĺáńěŋĺě {F_m}

n = 50, s = 10 15,7 11,9 10,1 n = 50, s = 15 22,5 12,9 10,3 n = 50, s = 20 30,7 14,1 10,7 n = 50, s = 25 40,7 15,2 11,0 n = 50, s = 30 53,0 16,3 11,3 n = 50, s = 35 67,4 17,2 11,4 n = 50, s = 40 83,9 18,2 11,7 n = 50, s = 45 102,1 19,0 11,8

n = 100, s = 10 22,6 14,7 11,2 n = 100, s = 15 35,2 17,1 12,4 n = 100, s = 20 51,7 19,6 13,1 n = 100, s = 25 72,4 21,9 13,9 n = 100, s = 30 97,1 24,2 14,8 n = 100, s = 35 125,7 26,3 15,4 n = 100, s = 40 158,5 28,5 16,0 n = 100, s = 45 195,1 30,7 16,7

1Ćëçĺáńěŋĺï ŕàőćőďĺńĺáì ŋă İĆŇ âĺŕă IBM PC á ŕàőæěááőàőň Intel Pentium á âăłâőćőľ çăáâőâőľ 75 ŇČæ ĺ ćáâàőěŋŋëň ňăâěňăâĺçěáłĺň áőŕàőæěááőàőň.

Ďőąăćńěŋĺě

Ďőłăęěň äőàňãńë (2.9) ĺ (3.14) ĺğ ćâőàőľ čńăćë.

Ŋăŕőňŋĺň, çâő őąőąéěŋŋëň ąĺŋőňĺăńìŋëň łőíääĺæĺěŋâőň ŋăğëćăěâáï ćěńĺçĺŋă ( n m ) = m∏ k=1 n − k + 1 k = n(n − 1) · · · (n − m + 1) m! , n ∈ Z, m ∈ N. Ŕàĺ íâőň ŕő őŕàěďěńěŋĺî ( n 0 ) = 1, ( n −m ) = 0, n ∈ Z, m ∈ N. Őďŋĺň ĺğ őáŋőćŋëå áćőľáâć őąőąéěŋŋëå ąĺŋőňĺăńìŋëå łőíääĺæĺěŋâőć ïćńïěâáï áőőâŋőèěŋĺě ( n + 1 m ) = ( n m ) + ( n m − 1 ) . Ďőłăğăâěńìáâćő äőàňãńë (2.9) ŕàőćěďěň ĺŋďãłæĺěľ ŕő n. Ŕàĺ n = 0 (2.9) ŕàěćàăéăěâáï ć àăćěŋáâćő 0 = 0, ěáńĺ m > 0, ĺńĺ 1 = 1, ěáńĺ m = 0. Ďăńěě, ŕãáâì (2.9) ćěàŋő ŕàĺ n = n_0 ĺ ńîąëå m, s ≥ 0. Ŕàĺ n = n_0 + 1 ĺňěěň n0+1−m ∑ j=0 ( n_0 + 1 − j m )( s + j s ) = n0+1−m ∑ j=0 [( n_0 − j m ) + ( n_0 − j m − 1 )] ( s + j s ) =

= n0−m∑

j=0 ( n_0 − j m )( s + j s ) + n0−(m−1) ∑ j=0 ( n_0 − j m − 1 )( s + j s ) . Ğăňěŋă ćěàåŋěčő ŕàěďěńă ć ŕěàćőľ áãňňě ğăłőŋŋă, âăł łăł ( n_0 − j m ) = 0 ŕàĺ j = n_0 +1− m. Ŕőńìğãïáì ĺŋďãłæĺőŋŋëň ŕàěďŕőńőęěŋĺěň, ŕőńãçăěň n0+1−m ∑ j=0 ( n_0 + 1 − j m )( s + j s ) = ( n_0 + s + 1 m + s + 1 ) + ( n_0 + s + 1 m + s ) =

= ( (n_0 + 1) + s + 1 m + s + 1 ) . Ťőàňãńă (2.9) ďőłăğăŋă.^2

2Ďőłăğăâěńìáâćő ĺŋďãłæĺőŋŋőčő ŕěàěåőďă łőààěłâŋő ĺ ć áńãçăě m = 0, ŕőáłőńìłã ŕő őŕàěďěńěŋĺî ⇔ n_0 − j −1 ⇒ = 0.

Ďőłăğăâěńìáâćő äőàňãńë (3.14) ŕàőćěďěň ĺŋďãłæĺěľ ŕő j. Ŕàĺ j = 0 (3.14) ŕàěćàăéăěâáï ć àăćěŋáâćő ( s n ) = ( s n ) . Ďăńěě, ŕãáâì (3.14) ćěàŋő ŕàĺ j = j_0 ĺ ńîąëå n, s ≥ 0. Ŕàĺ j = j_0 + 1 ĺňěěň j0+1∑

k=0 (−1)^k ( s + k n )( j_0 + 1 k ) = ( s n ) + j0+1∑

k=1 (−1)^k ( s + k n ) [( j_0 k ) + ( j_0 k − 1 )] =

= j0+1∑

k=0 (−1)^k ( s + k n )( j_0 k ) + j0+1∑

k=1 (−1)^k ( s + k n )( j_0 k − 1 ) . Ŕőáłőńìłã ( j_0 k ) = 0 ŕàĺ k = j_0 + 1, ćěàåŋĺň ŕàěďěńőň ć ŕěàćőľ áãňňě ňőęŋő ŕőńőęĺâì k = j_0. Ćő ćâőàőľ áãňňě áďěńăěň ğăňěŋã k^′ := k − 1. Ŕőńãçĺň_{j0+1} ∑ k=0 (−1)^k ( s + k n )( j_0 + 1 k ) =

= j0∑ k=0 (−1)^k ( s + k n )( j_0 k ) + j0∑ k^0=0

(−1)^{k0 +1} ( s + 1 + k^′ n )( j_0 k^′ ) , çâő ć áĺńã ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï àăćŋő

(−1)^{j0} ( s n − j_0 ) − (−1)^{j0} ( s + 1 n − j_0 ) = (−1)^{j0+1} ( s n − j_0 − 1 ) . Ťőàňãńă (3.14) ďőłăğăŋă.

Ć ğăłńîçěŋĺě őâňěâĺň, çâő ąőńěě őąéĺě ăŋăńőčĺ äőàňãń (2.9) ĺ (3.14) ŕàěďáâăćńěŋë ć [8] ĺ [9].

Ńĺâěàăâãàă

[1] Ůěąëèěć Ŕ. Ń. Őą ĺŋâěàŕőńĺàőćăŋĺĺ ćěńĺçĺŋ àăćŋőőâáâőïéĺå / Ŕőńŋ. áőąà. áőç. Š.1. Ň., Ĺğď-ćő ĂŊ ŚŚŚŘ, 1949. Ś. 66{85.

[2] Śěčñ Č. Őàâőčőŋăńìŋëě ňŋőčőçńěŋë. Ťĺğňăâčĺğ, 1962. 500 á. [3] Śãěâĺŋ Ŕ. Ł. Łńăááĺçěáłĺě őàâőčőŋăńìŋëě ňŋőčőçńěŋë. Ĺğď-ćő \Ŋăãłă", Ň., 1979. 416 á.

[4] Clenshaw C. W. A Note on the Summation of Chebyshev Series // Math. Tabl. Aids Comput. 1955. Vol. 9. P. 118{120.

[5] Ąěàěğĺŋ Ĺ. Ś., Ęĺďłőć Ŋ. Ŕ. Ňěâőďë ćëçĺáńěŋĺľ. Š.1. Ň., Ťĺğňăâčĺğ, 1962. 464 á.

[6] Ňĺńŋ Ć. İ. Ůĺáńěŋŋëľ ăŋăńĺğ. Ň., Ĺğď-ćő ĺŋőáâà. ńĺâ-àë, 1951.

292 á.

[7] Ňăńőğñňőć Ć. Ŋ., Ŕěćŋëľ Ă. Ą. Řěłãààěŋâŋëě ćëçĺáńěŋĺï. Ń., Ĺğďćő ŃČŞ, 1976. 56 á.

[8] Łŋãâ Ď. Ĺáłãááâćő ŕàőčàăňňĺàőćăŋĺï ďńï İĆŇ. Š.1. Ĺğď-ćő \Ňĺà", Ň., 1976. 736 á.

[9] Řĺőàďăŋ Ďę. Łőňąĺŋăâőàŋëě âőęďěáâćă. Ĺğď-ćő \Ŋăãłă", Ň., 1982.

256 á.

[10] Ňăèăàáłĺľ Ś. Ň. Ő ňěâőďě ŋăĺňěŋìèĺå łćăďàăâőć ŕő àăćŋőőâáâőïéĺň ãğńăň // Ćěáâŋĺł ňőńőďëå ãçěŋëå, ò 1, 1997. Ś. 11{19.

Ŕàĺńőęěŋĺě 1

n=50, s=10 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 2,248·10�^{16} 9,023·10�^{17} 9,641·10�^{17} 1,093·10�^{16} 1,254·10�^{16} max 1,757·10�^{14} 4,899·10�^{16} 4,321·10�^{16} 4,578·10�^{16} 5,153·10�^{16} —ε 4,851·10�^{15} 2,610·10�^{16} 2,594·10�^{16} 2,608·10�^{16} 2,885·10�^{16} σ 3,486·10�^{15} 5,977·10�^{17} 5,490·10�^{17} 5,914·10�^{17} 6,044·10�^{17}

n=50, s=15 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 1,222·10�^{15} 1,048·10�^{16} 1,169·10�^{16} 1,109·10�^{16} 1,103·10�^{16} max 3,772·10�^{13} 4,780·10�^{16} 4,269·10�^{16} 4,658·10�^{16} 5,161·10�^{16} —ε 5,386·10�^{14} 2,474·10�^{16} 2,484·10�^{16} 2,464·10�^{16} 2,778·10�^{16} σ 3,964·10�^{14} 5,151·10�^{17} 4,957·10�^{17} 5,174·10�^{17} 5,679·10�^{17}

n=50, s=20 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 1,011·10�^{14} 8,885·10�^{17} 1,111·10�^{16} 8,114·10�^{17} 1,317·10�^{16} max 3,279·10�^{12} 4,304·10�^{16} 4,329·10�^{16} 4,839·10�^{16} 5,105·10�^{16} —ε 6,897·10�^{13} 2,434·10�^{16} 2,408·10�^{16} 2,439·10�^{16} 2,704·10�^{16} σ 5,176·10�^{13} 5,479·10�^{17} 5,252·10�^{17} 5,236·10�^{17} 6,029·10�^{17}

n=50, s=25 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 2,163·10�^{13} 1,022·10�^{16} 9,944·10�^{17} 9,086·10�^{17} 1,234·10�^{16} max 2,616·10�^{11} 4,622·10�^{16} 5,770·10�^{16} 5,806·10�^{16} 6,026·10�^{16} —ε 6,278·10�^{12} 2,452·10�^{16} 2,459·10�^{16} 2,491·10�^{16} 2,715·10�^{16} σ 4,520·10�^{12} 5,767·10�^{17} 6,101·10�^{17} 6,341·10�^{17} 6,966·10�^{17}

n=50, s=30 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 6,428·10�^{13} 9,590·10�^{17} 1,117·10�^{16} 9,455·10�^{17} 1,207·10�^{16} max 2,508·10�^{10} 5,460·10�^{16} 5,869·10�^{16} 7,289·10�^{16} 7,303·10�^{16} —ε 6,190·10�^{11} 2,582·10�^{16} 2,610·10�^{16} 2,614·10�^{16} 2,836·10�^{16} σ 4,497·10�^{11} 7,028·10�^{17} 7,460·10�^{17} 7,379·10�^{17} 8,199·10�^{17} n=50, s=35 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 1,086·10�^{11} 8,666·10�^{17} 1,162·10�^{16} 1,029·10�^{16} 1,532·10�^{16} max 1,783·10�^9 6,206·10�^{16} 6,375·10�^{16} 6,530·10�^{16} 6,700·10�^{16} —ε 5,287·10�^{10} 2,730·10�^{16} 2,753·10�^{16} 2,710·10�^{16} 3,676·10�^{16} σ 3,196·10�^{10} 7,849·10�^{17} 8,563·10�^{17} 8,192·10�^{17} 7,102·10�^{17}

n=50, s=40 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 2,937·10�^{11} 1,147·10�^{16} 1,106·10�^{16} 9,457·10�^{17} 1,222·10�^{16} max 9,003·10�^9 7,061·10�^{16} 7,634·10�^{16} 6,793·10�^{16} 1,032·10�^{15} —ε 3,247·10�^9 2,865·10�^{16} 2,807·10�^{16} 2,859·10�^{16} 3,121·10�^{16} σ 1,793·10�^9 9,284·10�^{17} 8,919·10�^{17} 9,474·10�^{17} 1,119·10�^{16}

n=50, s=45 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 1,803·10�^{10} 1,250·10�^{16} 1,292·10�^{16} 1,118·10�^{16} 1,319·10�^{16} max 6,787·10�^8 8,015·10�^{16} 7,726·10�^{16} 7,253·10�^{16} 8,898·10�^{16} —ε 1,452·10�^8 2,960·10�^{16} 3,022·10�^{16} 3,018·10�^{16} 3,218·10�^{16} σ 8,509·10�^9 9,981·10�^{17} 1,078·10�^{16} 1,044·10�^{16} 1,206·10�^{16}

n=100, s=10 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 1,550·10�^{16} 1,275·10�^{16} 1,087·10�^{16} 1,161·10�^{16} 1,091·10�^{16} max 2,524·10�^{14} 5,257·10�^{16} 4,619·10�^{16} 4,551·10�^{16} 4,985·10�^{16} —ε 5,221·10�^{15} 2,746·10�^{16} 2,586·10�^{16} 2,608·10�^{16} 2,661·10�^{16} σ 3,717·10�^{15} 6,224·10�^{17} 5,711·10�^{17} 5,802·10�^{17} 6,047·10�^{17}

n=100, s=15 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 2,336·10�^{15} 1,588·10�^{16} 1,385·10�^{16} 1,516·10�^{16} 1,427·10�^{16} max 5,962·10�^{13} 5,517·10�^{16} 5,410·10�^{16} 5,133·10�^{16} 5,823·10�^{16} —ε 1,001·10�^{13} 3,207·10�^{16} 3,013·10�^{16} 2,988·10�^{16} 3,078·10�^{16} σ 7,674·10�^{14} 6,292·10�^{17} 5,780·10�^{17} 5,795·10�^{17} 5,926·10�^{17}

n=100, s=20 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 9,688·10�^{14} 1,712·10�^{16} 1,701·10�^{16} 1,205·10�^{16} 1,370·10�^{16} max 1,290·10�^{11} 5,708·10�^{16} 5,127·10�^{16} 5,064·10�^{16} 5,882·10�^{16} —ε 3,130·10�^{12} 3,435·10�^{16} 3,215·10�^{16} 3,148·10�^{16} 3,255·10�^{16} σ 1,759·10�^{12} 6,551·10�^{17} 5,791·10�^{17} 5,884·10�^{17} 5,895·10�^{17} n=100, s=25 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 1,497·10�^{12} 1,927·10�^{16} 1,563·10�^{16} 1,780·10�^{16} 1,906·10�^{16} max 1,406·10�^{10} 6,003·10�^{16} 5,866·10�^{16} 8,416·10�^{16} 5,784·10�^{16} —ε 3,593·10�^{11} 3,640·10�^{16} 3,367·10�^{16} 3,308·10�^{16} 3,405·10�^{16} σ 2,432·10�^{11} 7,073·10�^{17} 6,552·10�^{17} 6,707·10�^{17} 6,185·10�^{17}

n=100, s=30 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 2,123·10�^{11} 2,024·10�^{16} 1,865·10�^{16} 1,604·10�^{16} 1,878·10�^{16} max 1,898·10�^9 7,034·10�^{16} 6,519·10�^{16} 5,659·10�^{16} 6,195·10�^{16} —ε 3,996·10�^{10} 3,777·10�^{16} 3,501·10�^{16} 3,430·10�^{16} 3,541·10�^{16} σ 2,920·10�^{10} 7,841·10�^{17} 6,776·10�^{17} 6,811·10�^{17} 6,632·10�^{17}

n=100, s=35 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 1,553·10�^{10} 1,759·10�^{16} 1,656·10�^{16} 1,789·10�^{16} 1,532·10�^{16} max 1,903·10�^8 7,521·10�^{16} 7,092·10�^{16} 6,464·10�^{16} 6,700·10�^{16} —ε 5,304·10�^9 3,935·10�^{16} 3,681·10�^{16} 3,579·10�^{16} 3,676·10�^{16} σ 3,865·10�^9 8,374·10�^{17} 7,635·10�^{17} 7,698·10�^{17} 7,102·10�^{17}

n=100, s=40 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 1,132·10�^9 1,920·10�^{16} 1,970·10�^{16} 1,651·10�^{16} 1,880·10�^{16} max 3,669·10�^7 7,647·10�^{16} 6,938·10�^{16} 7,419·10�^{16} 6,832·10�^{16} —ε 6,326·10�^8 4,072·10�^{16} 3,794·10�^{16} 3,685·10�^{16} 3,805·10�^{16} σ 4,762·10�^8 8,861·10�^{17} 8,086·10�^{17} 7,970·10�^{17} 7,414·10�^{17}

n=100, s=45 Ůěąëè.^⟳φ_m^{⟲ ⟳}P_m^{⟲ ⟳} ^P_m^{⟲ ⟳} ~P_m^⟲ min 3,167·10�^8 2,056·10�^{16} 2,044·10�^{16} 1,738·10�^{16} 2,157·10�^{16} max 4,351·10�^5 8,396·10�^{16} 8,054·10�^{16} 7,475·10�^{16} 7,642·10�^{16} —ε 4,578·10�^6 4,212·10�^{16} 3,953·10�^{16} 3,882·10�^{16} 3,968·10�^{16} σ 4,342·10�^6 9,792·10�^{17} 9,042·10�^{17} 9,134·10�^{17} 8,505·10�^{17}

Ŕàĺńőęěŋĺě 2

CONST

MaxPoints=100;
MaxDegree=50;

VAR

NumOfPoints: word; {àăğňěàŋőáâì áěâłĺ | çĺáńő n}
PolDegree: byte; {áâěŕěŋì ňŋőčőçńěŋă | çĺáńő s}
Data, {ňăááĺć ğăçěŋĺľ f_s(j)}
Delta: array [0..MaxPoints] of double; {ňăááĺć ğăçěŋĺľ ´^mf_s(j)}
abar, {łőíääĺæĺěŋâë —a_m }
aphi, {łőíääĺæĺěŋâë a_m }
ahat, {łőíääĺæĺěŋâë ^a_m }
atilde: array [0..MaxDegree] of double; {łőíääĺæĺěŋâë ~a_m }

Procedure FillData; {ğăŕőńŋěŋĺě ňăááĺćă ğăçěŋĺľ f_s(j)} Var

   xi: array [0..MaxDegree] of double;
   i: byte;
function RandomPolinom (x: double): double;

var

j: byte;
tmp: double;

begin

tmp:=xi[PolDegree];

for j:=PolDegree-1 downto 0 do tmp:=xi[j]+x*tmp;

RandomPolinom:=tmp

end; Begin

for i:=0 to PolDegree do xi[i]:=-1+2*Random; for i:=0 to NumOfPoints do

begin

Data[i]:=RandomPolinom(i);
Delta[i]:=Data[i]

end End;

Procedure Fill abar; {ğăŕőńŋěŋĺě ňăááĺćă łőíääĺæĺěŋâőć —a_m } Var

m,i: byte;
n: word;
psi0: double;

function F: double; {ćëçĺáńěŋĺě łőíääĺæĺěŋâă F_m} var

psi,sum: double;
j: byte;

begin

psi:=psi0;
sum:=psi*Delta[0];

for j:=1 to n-m do begin

psi:=psi*(j+m)*(n-j-m+1)/(j*(n-j+1));
sum:=sum+psi*Delta[j]

end;

F:=sum

end; Begin

n:=NumOfPoints;
psi0:=1.0/(n+1);

for m:=0 to PolDegree do begin

abar[m]:=F;

for i:=0 to n-m do Delta[i]:=Delta[i+1]-Delta[i];

psi0:=-1.0*psi0*(m+m+3)*(n-m)/((m+m+1)*(n+m+2));

end End;

Procedure Fill ahat; {ğăŕőńŋěŋĺě ňăááĺćă łőíääĺæĺěŋâőć ^a_m } Var

m: byte;
kappa: double;

Begin

kappa:=1.0/(NumOfPoints+1);

for m:=0 to PolDegree do begin

ahat[m]:=abar[m]/sqrt(kappa);
kappa:=kappa*(m+m+3)*(NumOfPoints-m)/((m+m+1)*
       (NumOfPoints+m+2))

end End;

Procedure Fill aphi; {ğăŕőńŋěŋĺě ňăááĺćă łőíääĺæĺěŋâőć a_m } Var

m: byte;
kappa: double;

Begin

kappa:=1;

for m:=0 to PolDegree do begin

aphi[m]:=abar[m]*kappa;
kappa:=kappa/((m+1)*(NumOfPoints-m))

end End;

Procedure Fill atilde; {ğăŕőńŋěŋĺě ňăááĺćă łőíääĺæĺěŋâőć ~a_m } Var

m: byte;
kappa: double;

Begin

kappa:=1;

for m:=0 to PolDegree do begin

atilde[m]:=abar[m]*kappa;
kappa:=-kappa*(m+m+2)*(m+m+1)/((m+1)*(m+1)*
       (NumOfPoints-m))

end End;

Function pi Cheb (x: double): double; {ćëçĺáńěŋĺě π_s(x) ŕő áåěňě Ůěąëèěćă} Var

mu,m1: byte;
sum,kappa: double;
Bracket: array [0..MaxDegree] of double; {ňăááĺć ğŋăçěŋĺľ

łőíääĺæĺěŋâőć (μ, m)} function dp: double; {ćëçĺáńěŋĺě ´^μπ_s(0)} var

m: byte;
dpsum: double;

begin

dpsum:=0;

for m:=mu to PolDegree do

  dpsum:=dpsum+Bracket[m]*abar[m];
dp:=dpsum

end; Begin

sum:=0;
kappa:=1;

for mu:=0 to PolDegree do Bracket[mu]:=1; for mu:=0 to PolDegree do

begin

sum:=sum+(dp*kappa);
kappa:=kappa*(x-mu)/(mu+1);

for m1:=mu+1 to PolDegree do

Bracket[m1]:=-Bracket[m1]*(m1*(m1+1)-mu*(mu+1))/
             ((NumOfPoints-mu)*(mu+1))

end;

pi Cheb:=sum

End;

Function pi phi (x: double): double; {ćëçĺáńěŋĺě π_s(x) ŕő áåěňě Łńĺŋèőã ďńï φ_m (x)} Var

b: array [0..MaxDegree+2] of double;
m: byte;

Begin

b[PolDegree+2]:=0;
b[PolDegree+1]:=0;

for m:=PolDegree downto 0 do

  b[m]:=aphi[m]+b[m+1]*(m+m+1)*(NumOfPoints-x-x)-b[m+2]*
        (m+1)*(m+1)*(NumOfPoints+m+2)*(NumOfPoints-m);
pi phi:=b[0]

End;

Function pi P (x: double): double; {ćëçĺáńěŋĺě π_s(x) ŕő áåěňě Łńĺŋèőã ďńï P_m(x)} Var

b: array [0..MaxDegree+2] of double;
m: byte;

Begin

b[PolDegree+2]:=0;
b[PolDegree+1]:=0;

for m:=PolDegree downto 0 do

  b[m]:=abar[m]+b[m+1]*(NumOfPoints-x-x)*(m+m+1)/
        ((m+1)*(NumOfPoints-m))-b[m+2]*(m+1)*
        (NumOfPoints+m+2)/((m+2)*(NumOfPoints-m-1));
pi P:=b[0]

End;

Function pi Pnorm (x: double): double; {ćëçĺáńěŋĺě π_s(x) ŕő áåěňě Łńĺŋèőã ďńï ^P_m(x)} Var

b: array [0..MaxDegree+2] of double;
m: byte;
n: word;

Begin

n:=NumOfPoints;
b[PolDegree+2]:=0;
b[PolDegree+1]:=0;

for m:=PolDegree downto 0 do

  b[m]:=ahat[m]+b[m+1]*(n-x-x)*sqrt((m+m+3)*(m+m+1)/
        ((n+m+2)*(n-m)))/(m+1)-b[m+2]*(m+1)*sqrt((m+m+5)*
        (n+2+m)*(n-m)/((m+m+1)*(n+m+3)*(n-m-1)))/(m+2);
pi Pnorm:=b[0]/sqrt(n+1)

End;

Function pi Psing (x: double): double; {ćëçĺáńěŋĺě π_s(x) ŕő áåěňě Łńĺŋèőã ďńï ~P_m(x)} Var

b: array [0..MaxDegree+2] of double;
m:byte;

Begin

b[PolDegree+2]:=0;
b[PolDegree+1]:=0;

for m:=PolDegree downto 0 do

  b[m]:=atilde[m]+b[m+1]*(x-NumOfPoints/2)-b[m+2]*
        (m+1)*(m+1)*(NumOfPoints+m+2)*(NumOfPoints-m)*
        0.25/(4*(m+1)*(m+1)-1);
pi Psing:=b[0]

End;

END.