ŚĂŊŁŠ-ŔĚŠĚŘĄŞŘČŚŁĹĽ ČŐŚŞĎĂŘŚŠĆĚŊŊŻĽ ŞŊĹĆĚŘŚĹŠĚŠ

Ŋă ŕàăćăå àãłőŕĺáĺ

Ňăèăàáłĺľ Śěàčěľ Ňĺåăľńőćĺç

ČĂŘŇŐŊĹŮĚŚŁĹĽ ĂŊĂŃĹĞ ŊĂ ĄĂĞĚ ĎĹŚŁŘĚŠŊŐČŐ ŔŘĚŐĄŘĂĞŐĆĂŊĹ§ ĆĹŃĚŊŁĹŊĂ{ŁŘĚŚŠĚŊŚŐŊĂ

01.01.07 | ćëçĺáńĺâěńìŋăï ňăâěňăâĺłă

ĂĆŠŐŘĚŤĚŘĂŠ ďĺááěàâăæĺĺ ŋă áőĺáłăŋĺě ãçěŋőľ áâěŕěŋĺ łăŋďĺďăâă äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł

Śăŋłâ-Ŕěâěàąãàč 2001 č.

Řăąőâă ćëŕőńŋěŋă ŋă łăäěďàě ĺááńěďőćăŋĺï őŕěàăæĺľ ňăâěňăâĺłő-ňěåăŋĺçěáłőčő äăłãńìâěâă Śăŋłâ-Ŕěâěàąãàčáłőčő čőáãďăàáâćěŋŋőčő ãŋĺćěàáĺâěâă

Ŋ ă ã ç ŋ ë ľ à ã ł ő ć ő ď ĺ â ě ń ì | ďőłâőà äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł, ŕàőäěááőà Ňăńőğěňőć Ćăáĺńĺľ Ŋĺłőńăěćĺç

Ő ä ĺ æ ĺ ă ń ì ŋ ë ě ő ŕ ŕ ő ŋ ě ŋ â ë | ďőłâőà äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł, ŕàőäěááőà Ďěňìïŋőćĺç đàĺľ Łăğĺňĺàőćĺç,

łăŋďĺďăâ äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł Šàěâìïłőć Ăńěłáěľ Ăŋďàěěćĺç

Ć ě ď ã é ă ï ő à č ă ŋ ĺ ğ ă æ ĺ ï | Śăŋłâ-Ŕěâěàąãàčáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ âěńěłőňňãŋĺłăæĺľ ĺň. ŕàőä. Ň. Ă. Ąőŋç-Ąàãěćĺçă

Ğăéĺâă áőáâőĺâáï ó ô 2001 č. ć çăáőć ŋă ğăáěďăŋĺĺ ďĺááěàâăæĺőŋŋőčő áőćěâă Ď 212.232.49 ŕő ğăéĺâě ďĺááěàâăæĺľ ŋă áőĺáłăŋĺě ãçěŋőľ áâěŕěŋĺ ďőłâőàă ŋăãł ć Śăŋłâ-Ŕěâěàąãàčáłőň čőáãďăàáâćěŋŋőň ãŋĺćěàáĺâěâě ŕő ăďàěáã: 198504, Śăŋłâ-Ŕěâěàąãàč, Śâăàëľ Ŕěâěàčőä, Şŋĺćěàáĺâěâáłĺľ ŕà., ď. 28, ňăâěňăâĺłő-ňěåăŋĺçěáłĺľ äăłãńìâěâ, ăãď. 4526.

Ś ďĺááěàâăæĺěľ ňőęŋő őğŋăłőňĺâìáï ć Ŋăãçŋőľ ąĺąńĺőâěłě ĺň. Ň. Čőàìłőčő Śăŋłâ-Ŕěâěàąãàčáłőčő čőáãďăàáâćěŋŋőčő ãŋĺćěàáĺâěâă ŕő ăďàěáã: 199034, č. Śăŋłâ-Ŕěâěàąãàč, Şŋĺćěàáĺâěâáłăï ŋăą., 7/9.

Ăćâőàěäěàăâ àăğőáńăŋ ó ô 2001 č.

Şçěŋëľ áěłàěâăàì ďĺááěàâăæĺőŋŋőčő áőćěâă, ŕàőäěááőà Ă. Ă. Ăàåĺŕőćă

Őąéăï åăàăłâěàĺáâĺłă àăąőâë

Ăłâãăńìŋőáâì âěňë. Őâłàëâĺě ć 1965 č. ąëáâàőčő ŕàěőąàăğőćăŋĺï Ťãàìě ïćĺńőáì ňőéŋëň áâĺňãńőň ďńï àăğćĺâĺï ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă. Ÿĺàőłőě àăáŕàőáâàăŋěŋĺě æĺäàőćőľ íńěłâàőŋŋőľ ćëçĺáńĺâěńìŋőľ âěåŋĺłĺ áŕőáőąáâćőćăńő ŕàőŋĺłŋőćěŋĺî ć łńăááĺçěáłĺľ ďĺáłàěâŋëľ čăàňőŋĺçěáłĺľ ăŋăńĺğ ďàãčĺå őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ, âăłĺå łăł ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Şőńèă, ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ţăăàă, ďĺáłàěâŋőě łőáĺŋãáŋőě, ŕĺńőőąàăğŋőě ĺ ďàãčĺě ŕàěőąàăğőćăŋĺï. Ć ĺå çĺáńě áâőĺâ ĺ ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă.

Ć ŕőáńěďŋĺě ŕőńâőàă ďěáïâĺńěâĺï ąãàŋő àăğćĺćăěâáï (ć őáŋőćŋőň, ğă àãąěęőň) ŋőćëľ ăŕŕăàăâ őąàăąőâłĺ áĺčŋăńőć | ćěľćńěâë (ćáŕńěáłĺ). Őâŕàăćŋőľ âőçłőľ ńăćĺŋőőąàăğŋőčő àăğćĺâĺï ćěľćńěâŋőľ âěőàĺĺ ŕàĺŋïâő áçĺâăâì àăąőâë Ĺ. Ďőąěèĺ łőŋæă ćőáìňĺďěáïâëå { ŋăçăńă ďěćïŋőáâëå čőďőć. Őâńĺçĺâěńìŋőľ çěàâőľ ćěľćńěâőć ïćńïěâáï ĺå áŕőáőąŋőáâì őďŋőćàěňěŋŋő åăàăłâěàĺğőćăâì łăł çăáâőâŋëě, âăł ĺ ćàěňěŋŋëě őáőąěŋŋőáâĺ áĺčŋăńă. Şáŕěåĺ íâőčő ŋőćőčő ŋăŕàăćńěŋĺï çĺáâőľ ĺ ŕàĺłńăďŋőľ ňăâěňăâĺłĺ áâőńì áãéěáâćěŋŋë, çâő čőćőàïâ ő óćěľćńěâŋőľ àěćőńîæĺĺô. Ĺğ őčàőňŋőčő łőńĺçěáâćă ŕãąńĺłăæĺľ ŕő íâőľ âěňě áńěďãěâ ćëďěńĺâì ňőŋőčàăäĺĺ Ł. Ůãĺ, Ĺ. Ňěľěàă, Ň. Ćĺłłěàåăãğěàă, Ś. Ňăńńă, Č. Śâàíŋčă, ă âăłęě àãááłőïğëçŋëě áâăâìĺ Ă. Ŕ. Ŕěâãåőćă, Ĺ. §. Ŋőćĺłőćă, Ś. Ą. Śâěçłĺŋă, Ć. Ă. Ęěńãďěćă.

Őďŋőľ ĺğ áŕěæĺäĺçěáłĺå łőŋáâàãłæĺľ ćěľćńěâŋőľ âěőàĺĺ ïćńïîâáï ćěľćńěâ-ŕăłěâë | ŋăąőàë ĺğ ŋěáłőńìłĺå ćěľćńěâŋëå ąăğĺáőć. Ćěľćńěâ-ŕăłěâë ŕőğćőńïîâ ŕőńãçăâì ďěâăńìŋëě çăáâőâŋő-ćàěňěŋŋëě ŕőàâàěâë áĺčŋăńőć, ćăàìĺàãï àăğàěèěŋĺě (ňăáèâăąŋőáâì) ŕő ćàěňěŋĺ ĺ ŕő çăáâőâě. Ć íâőň áňëáńě ăŋăńĺğ áĺčŋăńőć á ŕőňőéìî ćěľćńěâ-ŕăłěâőć ňőęŋő àăááňăâàĺćăâì łăł ěáâěáâćěŋŋőě ďőŕőńŋěŋĺě ł âàăďĺæĺőŋŋőňã ăŋăńĺğã Ťãàìě. Ś ďàãčőľ áâőàőŋë, ĺáŕőńìğőćăŋĺě áàăğã ćáěå ąăğĺáőć ĺğ ćěľćńěâ-ŕăłěâă ŕàĺćőďĺâ ł łàăľŋě ĺğąëâőçŋőňã ŕàěďáâăćńěŋĺî áĺčŋăńă. İâő őąěáŕěçĺćăěâ ćőğňőęŋőáâì ćëąĺàăâì ĺğ ŕăłěâă őàâőčőŋăńìŋëľ ąăğĺá, ăďăŕâĺàőćăŋŋëľ ł őŕàěďěńěŋŋőňã łńăááã áĺčŋăńőć ĺńĺ ďăęě ł őâďěńìŋőňã áĺčŋăńã.

Ć łőŋæě ďěćïŋőáâëå čőďőć Ć. Ŋ. Ňăńőğěňőćëň ĺ Ă. Ă. Šàěâìïłőćëň ąëń àăğàăąőâăŋ ŋőćëľ ŕőďåőď ł ąëáâàőňã ŕàěőąàăğőćăŋĺî Ťãàìě, ŕàĺ łőâőàőň àěğãńìâăâë ŕàőňěęãâőçŋëå ćëçĺáńěŋĺľ ĺŋâěàŕàěâĺàãîâáï łăł łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ŋěłőâőàëň őàâőčőŋăńìŋëň ąăğĺáăň. Ŕàĺ ďńĺŋě ŕěàĺőďă N, àăćŋőľ 2^s, ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕőáâàőěŋë àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć, ĺňěîéĺå ąńőçŋãî áâàãłâãàã. Ć łăęďőň ąńőłě áĺčŋăńë àăğńĺçăîâáï ńĺèì áďćĺčőň ăàčãňěŋâă. Ĺğ ąńőłőć, ŕàĺŋăďńěęăéĺå àăğŋëň ąăğĺáăň àěłãààěŋâŋőľ ŕőáńěďőćăâěńìŋőáâĺ, äőàňĺàãîâáï őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë. İâő ğŋăçĺâěńìŋő àăáèĺàïěâ ćőğňőęŋőáâĺ æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć. Ć àăąőâě^1 á ăŋăńőčĺçŋëå ŕőğĺæĺľ

1Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă. Śěłæĺőŋĺàőćăŋĺě, őàâőčőŋăńìŋőáâì ĺ ŕěàěáâăŋőćłĺ // Ćěáâŋĺł ŚŔąČŞ. Śěà. 1. 1999. Ćëŕ. 1 (ò 1). Ś. 16{21.

ŕàőăŋăńĺğĺàőćăŋő ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Şőńèă.

Ć ďĺááěàâăæĺőŋŋőľ àăąőâě àăááňăâàĺćăěâáï ąőńěě őąéăï ŕő áàăćŋěŋĺî á àăąőâőľ^1 áĺâãăæĺï, łőčďă ďńĺŋă ŕěàĺőďă N àăćŋă n^s. Ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć áâàőïâáï ŋěáłőńìłő àěłãààěŋâŋëå ŕőáńěďőćăâěńìŋőáâěľ őàâőčőŋăńìŋëå ąăğĺáőć. Ťĺŋăńìŋëň ąăğĺáőň ćő ćáěå ŕőáńěďőćăâěńìŋőáâïå ïćńïěâáï ďĺáłàěâŋëľ ąăğĺá Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Śőőâćěâáâćãîéĺě őąőąéěŋĺï őłăğăńĺáì ćőğňőęŋëňĺ ąńăčőďăàï âőňã, çâő ãďăńőáì àăğőąàăâìáï á ĺáâőçŋĺłőň àěłãààěŋâŋëå áőőâŋőèěŋĺľ ďńï ąăğĺáőć. Ěáńĺ àăŋìèě ŕàĺ N = 2^s âăłĺě áőőâŋőèěŋĺï, ŕő áãéěáâćã, ŕàěďêïćńïńĺáì, âő âěŕěàì őŋĺ ćëćőďïâáï ŋă őáŋőćě àăğńĺçŋëå äăłâőàĺğăæĺľ ňăâàĺæë Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕőàïďłă N = n^s. İääěłâĺćŋëě àăáçěâŋëě äőàňãńë ŕőńãçăîâáï ŕãâěň ĺáŕőńìğőćăŋĺï ĺŋďěłáŋőľ âěåŋĺłĺ, łőčďă ŕàĺ ãňŋőęěŋĺĺ àăğàěęěŋŋőľ ňăâàĺæë ŋă ćěłâőà ãąĺàăîâáï ćáě őŕěàăæĺĺ á ŋãńěćëňĺ íńěňěŋâăňĺ ňăâàĺæë. Ŕőáńě ŕőáâàőěŋĺï ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ěáâěáâćěŋŋëň őąàăğőň äőàňĺàãěâáï őąőąéěŋŋëľ ćěľćńěâ-ŕăłěâ.

Ąőńìèĺŋáâćő ĺğ őŕĺáăŋŋëå ćëèě őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ ĺáŕőńìğãěâáï á æěńìî ŕőńãçěŋĺï áŕěłâàă áĺčŋăńă ďńï ěčő ďăńìŋěľèěľ æĺäàőćőľ őąàăąőâłĺ ĺńĺ ăŋăńĺğă. Ďńï àěèěŋĺï íâĺå ğăďăç çăáâő âàěąãěâáï ãňěŋĺě ãáâăŋăćńĺćăâì áćïğì ňěęďã áŕěłâàăňĺ ĺáåőďŋëå áĺčŋăńőć ĺ áŕěłâàăňĺ ĺå áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ. Ć áńãçăě ďĺáłàěâŋëå ŕàěőąàăğőćăŋĺľ Ťãàìě, Şőńèă, Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă íâő ŋě ćëğëćăěâ ğăâàãďŋěŋĺľ. Ć őąéěň áńãçăě íâőâ ćőŕàőá àăááňőâàěŋ ć àăąőâăå Ŋ. Ŋ. Ăľğěŋąěàčă, Ő. Š. Šàőäĺňńîłă, Č. Ă. Łãåăàěćă ĺ ďà. Ŕőńãçěŋŋëě ć íâĺå àăąőâăå àěğãńìâăâë őâàăęăîâ áćőľáâćă ďĺáłàěâŋëå őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ, ïćńïîéĺåáï áőąáâćěŋŋëňĺ ŕő őâŋőèěŋĺî ł ŋěłőâőàőňã őŕěàăâőàã áďćĺčă. Ć őâńĺçĺě őâ łńăááĺçěáłĺå őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ, ćěľćńěâ-ŕàěőąàăğőćăŋĺï ŋě ïćńïîâáï áőąáâćěŋŋëňĺ ŕő őâŋőèěŋĺî ł âàăďĺæĺőŋŋëň őŕěàăâőàăň áďćĺčă, ĺ ŕőíâőňã àěğãńìâăâë ãŕőňïŋãâëå ćëèě àăąőâ ł ŋĺň ŋěŕàĺňěŋĺňë. Őďŋăłő ćőŕàőá ő áŕěłâàăå áĺčŋăńőć ć ćěľćńěâŋëå ąăğĺáăå őáâăěâáï ăłâãăńìŋëň.

Űěńì àăąőâë.

1) Ŕőáâàőĺâì őàâőčőŋăńìŋëě ćěľćńěâŋëě ąăğĺáë ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s.

2) Ĺááńěďőćăâì áŕěłâàăńìŋëě áćőľáâćă ďĺáłàěâŋëå áĺčŋăńőć ć íâĺå ąăğĺáăå.

3) Şáâăŋőćĺâì ąőńěě âěáŋãî áćïğì ňěęďã ďĺáłàěâŋëň čăàňőŋĺçěáłĺň ăŋăńĺğőň ĺ ćěľćńěâŋőľ âěőàĺěľ.

Ňěâőďĺłă ĺááńěďőćăŋĺï. Ć àăąőâě ĺáŕőńìğőćăńĺáì ňěâőďë ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă, ňăâàĺçŋőľ ăńčěąàë ĺ ćěľćńěâŋőľ âěőàĺĺ.

Ŋăãçŋăï ŋőćĺğŋă. Ć ďĺááěàâăæĺĺ ŕőńãçěŋë áńěďãîéĺě őáŋőćŋëě àěğãńìâăâë.

1) Ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s ŕőáâàőěŋë àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć.

2) Ś ŕőňőéìî íâĺå ŕőáńěďőćăâěńìŋőáâěľ ąăğĺáőć ŕőáâàőěŋë çěâëàě ćăàĺăŋâă ąëáâàőčő ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă (ĄŔĆŁ).

3) Şáâăŋőćńěŋő, çâő ć ŕàőæěááě àěăńĺğăæĺĺ ăńčőàĺâňőć ĄŔĆŁ ćâőàőčő àőďă ćëçĺáńïîâáï łőíääĺæĺěŋâë ćěľćńěâŋëå àăğńőęěŋĺľ (ć çăáâŋőáâĺ, àăğńőęěŋĺľ ŕő ąăğĺáăň Ţăăàă{Łàěáâěŋáőŋă).

4) Ďőłăğăŋë âěőàěňë ő áŕěłâàě áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ ďĺáłàěâŋëå áĺčŋăńőć ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă.

5) Şáâăŋőćńěŋă áćïğì ňěęďã ąăğĺáăňĺ Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëňĺ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, ć âőň çĺáńě á ĺáŕőńìğőćăŋĺěň ŕőŋïâĺï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă.

6) Ŕőáâàőěŋë ďćă őąőąéěŋŋëå łàăâŋőňăáèâăąŋëå ăŋăńĺğă ŕő őáŋőćăŋĺî n ŕàőáâàăŋáâćă ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s.

Ŕàăłâĺçěáłăï æěŋŋőáâì. Řăąőâă ŋőáĺâ âěőàěâĺçěáłĺľ åăàăłâěà. Řěğãńìâăâë ďĺááěàâăæĺĺ ňőčãâ ąëâì ĺáŕőńìğőćăŋë ŕàĺ æĺäàőćőľ őąàăąőâłě áĺčŋăńőć àăğńĺçŋőľ ŕàĺàőďë.

Ăŕàőąăæĺï àăąőâë ĺ ŕãąńĺłăæĺĺ. Ŕő àěğãńìâăâăň ďĺááěàâăæĺĺ áďěńăŋë ďőłńăďë ŋă áěňĺŋăàăå łăäěďàë ĺááńěďőćăŋĺï őŕěàăæĺľ ĺ łăäěďàë ćëçĺáńĺâěńìŋőľ ňăâěňăâĺłĺ ňăâ-ňěå äăłãńìâěâă ŚŔąČŞ, ŋă Śăŋłâ-Ŕěâěàąãàčáłőň čőàőďáłőň áěňĺŋăàě ŕő ćáŕńěáłăň ĺ ĺå ŕàĺńőęěŋĺïň, ŋă Śăŋłâ-Ŕěâěàąãàčáłőň čőàőďáłőň áěňĺŋăàě ŕő łőŋáâàãłâĺćŋőľ âěőàĺĺ äãŋłæĺľ, ŋă ŋăãçŋő-ňěâőďĺçěá-łőň áěňĺŋăàě Ĺŋáâĺâãâă âěŕńő- ĺ ňăááőőąňěŋă ŊĂŊ Ąěńăàãáĺ (č. Ňĺŋáł), ŋă ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ \Optimization of Finite Element Approximations & Splines and Wavelets" (Śăŋłâ-Ŕěâěàąãàč, 25{29 ĺîŋï 2001 č.), ŋă ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ \Neural Networks and Arti˛cial Intelligence" (Ňĺŋáł, Ąěńăàãáì, 2{5 őłâïąàï 2001 č.). Ŕő âěňě ďĺááěàâăæĺĺ őŕãąńĺłőćăŋő èěáâì àăąőâ.

Śâàãłâãàă ĺ őąêěň àăąőâë. Ďĺááěàâăæĺï áőáâőĺâ ĺğ ććěďěŋĺï, ďćãå čńăć, àăğąĺâëå ŋă 13 ŕăàăčàăäőć, ĺ áŕĺáłă ńĺâěàăâãàë. Őąêěň ďĺááěàâăæĺĺ | 115 áâàăŋĺæ. Śŕĺáőł ńĺâěàăâãàë ŋăáçĺâëćăěâ 45 ŋăĺňěŋőćăŋĺľ. Ć ďĺááěàâăæĺĺ ĺňěěâáï 2 àĺáãŋłă ĺ 2 âăąńĺæë.

Śőďěàęăŋĺě àăąőâë

Ćő ććěďěŋĺĺ ďăŋ łàăâłĺľ ĺáâőàĺçěáłĺľ őąğőà ĺ áäőàňãńĺàőćăŋë őáŋőćŋëě àěğãńìâăâë ďĺááěàâăæĺĺ.

Ŕěàćăï čńăćă ŕőáćïéěŋă ďĺáłàěâŋőňã ŕàěőąàăğőćăŋĺî Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ŋă őáŋőćě çěâëàěå ćăàĺăŋâőć äăłâőàĺğăæĺĺ ňăâàĺæë äãŋłæĺľ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕőáâàőěŋë çěâëàě àěłãààěŋâŋëå ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s. Ś ŕőňőéìî íâĺå ŕőáńěďőćăâěńìŋőáâěľ ąăğĺáőć ŕőńãçěŋë çěâëàě ćăàĺăŋâă ąëáâàőčő ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă.

Ć § 1 ććőďĺâáï âěàňĺŋőńőčĺï ĺ őŕĺáëćăîâáï őáŋőćŋëě őąêěłâë ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă. Ďăěâáï őŕàěďěńěŋĺě ĺ őáŋőćŋëě áćőľáâćă ŕěàěáâăŋőćłĺ reverse ĺ őŕěàăæĺľ ŕőàăğàïďŋőčő áńőęěŋĺï ⊕_n ĺ ćëçĺâăŋĺï ⊖_n ŕő ňőďãńî n. Ŕàĺćőďïâáï ŋěőąåőďĺňëě áćěďěŋĺï ő äãŋłæĺïå ĺ ňăâàĺæě Ćĺńěŋłĺŋă{ Łàěáâěŋáőŋă.

Ŕãáâì j, k ∈ {0, 1, . . . , N − 1}, čďě N = n^s. Ğăŕĺèěň íâĺ çĺáńă ć n-ĺçŋőň łőďě: j = (j_{s−1}, j_{s−2}, . . . , j_0)_n, k = (k_{s−1}, . . . , k_0)_n, ĺ ććěďěň őŕěàăæĺî {k, j}_s =

=^{s−1} ∑ ν=0 k_ν j_ν . Őąőğŋăçĺň ω_n = exp(2πi/n). Śĺčŋăńë v_k(j) = ω^{{k,j}s}n , k = 0, 1, . . . ,

N − 1, ŋăğëćăîâáï ďĺáłàěâŋëňĺ äãŋłæĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Őŋĺ őąàăğãîâ ňãńìâĺŕńĺłăâĺćŋëľ őàâőčőŋăńìŋëľ ąăğĺá ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć C_N ŕàĺ N = n^s. Ňăâàĺæă Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă V_N , áâàőłĺ łőâőàőľ áőáâăćńěŋë ĺğ ğŋăçěŋĺľ äãŋłæĺľ v_k(j) ŋă őáŋőćŋőň ŕěàĺőďě, ĺňěěâ ŕőàïďőł N = n^s ĺ ïćńïěâáï s-ľ łàőŋěłěàőćőľ áâěŕěŋìî ňăâàĺæë Ťãàìě F_n ŕőàïďłă n. Őŋă áâăŋďăàâŋëň ŕàĺěňőň àăáłńăďëćăěâáï ŋă ňŋőęĺâěńĺ (äăłâőàĺğãěâáï)^2:

V_N = T_1 T_2 · · · T_s, (1)

čďě T_ν = E_n ⊗ E_n ⊗ · · · ⊗ E_n

(s � ˚) àăğ ⊗F_n ⊗ E_n ⊗ E_n ⊗ · · · ⊗ E_n (˚ � 1) àăğ

, E_n | ěďĺŋĺçŋăï ňă-

âàĺæă ŕőàïďłă n. Śőňŋőęĺâěńĺ ć àăğńőęěŋĺĺ (1) ďőŕãáłăîâ ŕěàěáâăŋőćłã ć ńîąőň ŕőàïďłě. Ć çăáâŋőáâĺ,

V_N = T_s T_{s−1} · · · T_1. (2)

Łàőňě âőčő, ňăâàĺæă Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ňőęěâ ąëâì ďćãňï áŕőáőąăňĺ ŕàěďáâăćńěŋă ć ćĺďě őąëçŋőľ áâěŕěŋĺ àăğàěęěŋŋőľ ňăâàĺæë ŕőàïďłă N:

V_N = D^s, (3)

čďě D[lN_1 + p, pn + q] = F_n[l, q], p = 0, 1, . . . , N_1 − 1, l, q = 0, 1, . . . , n − 1, ĺ D[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1};

V_N = C^s, (4)

čďě C[pn + l, qN_1 + p] = F_n[l, q], p = 0, 1, . . . , N_1 − 1, l, q = 0, 1, . . . , n − 1, ĺ C[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N −1}. Ťăłâőàĺğăæĺï (3) ŕàěďńőęěŋă Čãďőň^2, äăłâőàĺğăæĺï (4) ŕàěďêïćńïěâáï, ŕő-ćĺďĺňőňã, ćŕěàćëě.

Ć § 2 ĺ § 3 ŋă őáŋőćě ŕàěďáâăćńěŋĺľ (3) ĺ (4) áőőâćěâáâćěŋŋő áâàőïâáï ďćě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě C_N ŕàĺ N = n^s. Ŕőáńěďőćăâěńìŋőáâì ąăğĺáőć {h_ν (k; j)}^{N −1}_{k=0} őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň: h_0(k; j) = δ_N (j − k) ĺ h_ν = D^ν h_0, ν = 1, . . . , s. Ğďěáì δ_N (j) | íâő ěďĺŋĺçŋëľ N-ŕěàĺőďĺçěáłĺľ ĺňŕãńìá; áďćĺčĺ δ_N (j − k), k = 0, 1, . . . , N − 1, őąàăğãîâ

2Good I. J. The interaction algorithm and practical Fourier analysis // J. Royal Stat. Soc. (London). 1958. Vol. B-20. No. 2. P. 361{372.

ěáâěáâćěŋŋëľ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ŕàőáâàăŋáâćă C_N . Ăŋăńőčĺçŋő áâàőĺâáï ŕőáńěďőćăâěńìŋőáâì ąăğĺáőć {ξ_ν (k; j)}^{N −1}_{k=0} : ξ_0(k; j) = δ_N (j − k) ĺ ξ_ν = C^ν ξ_0, ν = 1, . . . , s. Ć őąőĺå áńãçăïå äĺŋăńìŋëľ ąăğĺá ïćńïěâáï ąăğĺáőň Ćĺńěŋłĺŋă{ Łàěáâěŋáőŋă: h_s(k; j) = ξ_s(k; j) = v_k(j).

Ďńï ąăğĺáŋëå áĺčŋăńőć h_ν (k) ĺ ξ_ν (k) ňőęŋő ŕőńãçĺâì ïćŋőě ŕàěďáâăćńěŋĺě. Ććěďěň őąőğŋăçěŋĺï N_ν = N/n^ν , ´_ν = n^{ν−1}.

Šěőàěňă 2.1. Śŕàăćěďńĺćő àăćěŋáâćő

h_ν (lN_ν + p) =

Δ˚+1−1 ∑ q=0 ω^{{l,q}˚}_n h_0(p´_{ν+1} + q),

p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Šěőàěňă 3.1. Śŕàăćěďńĺćő àăćěŋáâćő

ξ_ν (p´_{ν+1} + l) =

Δ˚+1 −1 ∑ q=0 ω^{{l,q}˚}_n ξ_0(qN_ν + p), l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ğŋăï áâàãłâãàã ňăâàĺæ D ĺ C, ćåőďïéĺå ć äăłâőàĺğăæĺĺ (3) ĺ (4), ňőęŋő áâàőĺâì ŕőáńěďőćăâěńìŋőáâĺ ąăğĺáőć h_ν ĺ ξ_ν àěłãààěŋâŋő, ŋě ŕőńìğãïáì ïćŋëň ŕàěďáâăćńěŋĺěň. Ťőàňãńë ŕěàěáçěâă ĺňěîâ ćĺď

h_ν (lN_1 + p) = n−1∑ q=0 ω^{lq}_n h_{ν−1}(pn + q),

ξ_ν (pn + l) = n−1∑ q=0 ω^{lq}_n ξ_{ν−1}(qN_1 + p), p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ć § 4 őŕĺáăŋë ć ïćŋőň ćĺďě ąëáâàëě ăńčőàĺâňë àăğńőęěŋĺï áĺčŋăńőć ŕő ćáěň ŕàőňěęãâőçŋëň ąăğĺáăň h_ν ĺ ξ_ν . Ă ĺňěŋŋő, ńîąőľ áĺčŋăń x ∈ C_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã h_ν (0), h_ν (1), . . . , h_ν (N − 1) ŕàĺ łăęďőň ν = 0, 1, . . . , s: x = N −1∑

k=0 x_ν (k) h_ν (k).

Šőčďă x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν (lN_1 + p) = 1 n n−1∑ q=0 ω^{−lq}_n x_{ν−1}(pn + q), (5) p = 0, 1, . . . , N_1 − 1, l = 0, 1, . . . , n − 1, ν = 1, . . . , s.

Ăŋăńőčĺçŋő áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã ξ_ν (0), ξ_ν (1), . . . , ξ_ν (N − 1) ŕàĺ łăęďőň ν = 0, 1, . . . , s:

x = N −1∑

k=0 y_ν (k) ξ_ν (k).

Ŕàĺ íâőň y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν (pn + l) = 1 n n−1∑ q=0 ω^{−lq}_n y_{ν−1}(qN_1 + p), (6) l = 0, 1, . . . , n − 1, p = 0, 1, . . . , N_1 − 1, ν = 1, . . . , s. Ŕàĺ ν = s ć őąőĺå áńãçăïå ŕőńãçăěň łőíääĺæĺěŋâë àăğńőęěŋĺï ŕő ąăğĺáã Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ćëçĺáńĺâěńìŋëě áåěňë (5) ĺ (6) ŋăğőćěň ąëáâàëňĺ ŕàěőąàăğőćăŋĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕěàćőčő àőďă, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Šăłęě ć § 4 ďăěâáï áâàőčő ňăâěňăâĺçěáłĺľ ăŋăńĺğ ŕőŋïâĺï çăáâőâë ďńï ďĺáłàěâŋëå äãŋłæĺľ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă, ććěďěŋŋőčő ŋă ĺŋâãĺâĺćŋőň ãàőćŋě ć ňőŋőčàăäĺĺ^3 (c. 79{84).

Ć § 5 ŋă őáŋőćě àăğńőęěŋĺï (2) ć ŕàőáâàăŋáâćě C_N ŕàĺ N = n^s áâàőĺâáï ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {f_ν (k; j)}^{N −1}_{k=0} , łőâőàăï őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň: f_0(k; j) = δ_N (j − k) ĺ f_ν = T_ν T_{ν−1} · · · T_1 f_0, ν = 1, . . . , s. Ćëïáŋïěâáï áâàãłâãàă ňăâàĺæ-áőňŋőęĺâěńěľ T_ν .

Ńěňňă 5.2. Ňăâàĺæă Tν ĺňěěâ áńěďãîéãî áâàãłâãàã:

T_ν [(np + σ)´_ν + l, (np + τ )´_ν + l] = ω^{στ}_n , l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ, τ = 0, 1, . . . , n − 1; T_ν [k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1}.

Řăćěŋáâćő f_ν = T_ν f_{ν−1} ĺ ńěňňă 5.2 ŕőğćőńïîâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă f_{ν−1} ł ąăğĺáã f_ν :

f_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

f_ν (l + σ´_ν + p´_{ν+1}) = n−1∑ τ =0 ω^{στ}_n f_{ν−1} ( l + (np + τ )´_ν ) , l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ďńï ąăğĺáŋëå áĺčŋăńőć f_ν (k) ãłăğăŋ ïćŋëľ ćĺď.

3Šàăåâňăŋ Ă. Ň., Šàăåâňăŋ Ć. Ă. Őáŋőćë âěőàĺĺ ďĺáłàěâŋëå áĺčŋăńőć ŋă łőŋěçŋëå ĺŋâěàćăńăå. Ň.: Śőćěâáłőě àăďĺő, 1975. 208 á.

Šěőàěňă 5.2. Ĺňěěâ ňěáâő ïćŋőě ŕàěďáâăćńěŋĺě

f_ν (l + p´_{ν+1}) =

Δ˚+1−1 ∑ q=0 ω^{{l,q}˚}_n f_0(q + p´_{ν+1}), l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Őâňěçăěâáï, çâő ŕőáâàőěŋŋëě őàâőčőŋăńìŋëě ąăğĺáë á âőçŋőáâìî ďő ŋãňěàăæĺĺ áĺčŋăńőć áőćŕăďăîâ á ąăğĺáăňĺ, ŕőáâàőěŋŋëňĺ ć § 2. Ŕőłăğăŋő, çâő ŕàĺ âăłőľ ŋãňěàăæĺĺ ąăğĺáë ěáâěáâćěŋŋëň őąàăğőň àăğąĺćăîâáï ŋă ąńőłĺ, ć łăęďőň ĺğ łőâőàëå áĺčŋăńë àăğńĺçăîâáï ńĺèì áďćĺčőň ăàčãňěŋâă.

Šěőàěňă 5.3. Śŕàăćěďńĺćő âőęďěáâćő

f_ν (l + p´_{ν+1}; j) = f_ν (l; j − p´_{ν+1}), l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ć § 6 á ăŋăńőčĺçŋëå ŕőğĺæĺľ ŕàőăŋăńĺğĺàőćăŋă äăłâőàĺğăæĺï (1). Ŋă ěě őáŋőćě ć ŕàőáâàăŋáâćě C_N ŕőáâàőěŋă ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {g_ν (k; j)}^{N −1}_{k=0} , łőâőàăï őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň: g_0(k; j) = δ_N (j −k) ĺ g_ν = T_{s−ν+1} T_{s−ν+2} · · · T_s g_0, ν = 1, . . . , s. Řăćěŋáâćő g_ν = T_{s−ν+1} g_{ν−1} ĺ ńěňňă 5.2 ŕőğćőńïîâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă g_{ν−1} ł ąăğĺáã g_ν :

g_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1; g_ν ( (nl + σ)N_ν + p ) = n−1∑ τ =0 ω^{στ}_n g_{ν−1}(lN_{ν−1} + τ N_ν + p), l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕőńãçěŋë ïćŋëě äőàňãńë ďńï ąăğĺáŋëå áĺčŋăńőć g_ν (k). Ŕőłăğăŋő, çâő ąăğĺáŋëě áĺčŋăńë łăęďőčő ãàőćŋï àăğąĺćăîâáï ŋă ąńőłĺ, ć łăęďőň ĺğ łőâőàëå áĺčŋăńë àăğńĺçăîâáï ńĺèì áďćĺčőň ăàčãňěŋâă. Őâňěçăěâáï, çâő ŕőáâàőěŋŋëě őàâőčőŋăńìŋëě ąăğĺáë á âőçŋőáâìî ďő ŋãňěàăæĺĺ áĺčŋăńőć áőćŕăďăîâ á ąăğĺáăňĺ, ŕőáâàőěŋŋëňĺ ć § 3. Ŕàĺćěďěň őáŋőćŋëě àěğãńìâăâë.

Šěőàěňă 6.2. Ĺňěěâ ňěáâő ŕàěďáâăćńěŋĺě

g_ν (lN_ν + p) =

Δ˚+1−1 ∑ q=0 ω^{{l,q}˚}_n g_0(qN_ν + p), l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Šěőàěňă 6.3. Ŕàĺ ν ∈ {1, . . . , s} ćëŕőńŋïîâáï âőęďěáâćă

g_ν (lN_ν + p; j) = g_ν (lN_ν ; j − p), l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1.

Őáâăńìŋőľ ňăâěàĺăń ŕăàăčàăäőć 5 ĺ 6 ïćńïěâáï ğăčőâőćłőľ ďńï ćâőàőľ čńăćë.

Ć § 7 á ŕőňőéìî àăğńőęěŋĺľ ŕő ŕőáâàőěŋŋëň ć § 5, 6 őàâőčőŋăńìŋëň ąăğĺáăň ŕőńãçěŋë ďćă ăńčőàĺâňă ąëáâàőčő ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ă ĺňěŋŋő, ńîąőľ áĺčŋăń x ∈ C_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã f_ν (0), f_ν (1), . . . , f_ν (N − 1) ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s}: x = N −1∑

k=0 x_ν (k) f_ν (k).

Šőčďă x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν (l + σ´_ν + p´_{ν+1}) = 1 n n−1∑ τ =0 ω^{−στ}_n x_{ν−1} ( l + (np + τ )´_ν ) , (7) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ăŋăńőčĺçŋő áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã g_ν (0), g_ν (1), . . ., g_ν (N − 1) ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s}: x = N −1∑

k=0 y_ν (k) g_ν (k).

Ŕàĺ íâőň y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν ( (nl + σ)N_ν + p ) = 1 n n−1∑ τ =0 ω^{−στ}_n y_{ν−1}(lN_{ν−1} + τ N_ν + p), (8) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ćëçĺáńĺâěńìŋëě áåěňë (7) ĺ (8) ŋăğőćěň ąëáâàëňĺ ŕàěőąàăğőćăŋĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ćâőàőčő àőďă, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Ć § 8 ććőďïâáï ňăâàĺæë àěćěàáŋëå ŕěàěáâăŋőćőł R_ν | łćăďàăâŋëě ňăâàĺæë ŕőàïďłă ´_{ν+1} á íńěňěŋâăňĺ R_ν [k, j] = { 1, ěáńĺ j = rev_ν (k), 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , ´_{ν+1} − 1}.

Ś ŕőňőéìî íâĺå ňăâàĺæ ãáâăŋăćńĺćăěâáï áćïğì ňěęďã çěâëàìňï ćăàĺăŋâăňĺ äăłâőàĺğăæĺĺ ňăâàĺæë Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă (1){(4). Ŕàĺćěďěň æěŋâàăńìŋëľ àěğãńìâăâ íâőčő ŕăàăčàăäă.

Šěőàěňă 8.1. Ŕàĺ łăęďőň ν = 1, . . . , s áŕàăćěďńĺćő àăćěŋáâćő T_ν = (R_{s−ν+1} ⊗ R_{ν−1})D(R_{s−ν} ⊗ R_ν ).

Ďćőľáâćěŋŋëň àěğãńìâăâőň ïćńïěâáï âőęďěáâćő T_ν = (R_{s−ν} ⊗ R_ν )C(R_{s−ν+1} ⊗ R_{ν−1}). Ćâőàăï čńăćă ŕőáćïéěŋă ćőŕàőáăň őáŋăéěŋĺï ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă ćěľćńěâŋőľ âěőàĺěľ. Ŕőńãçěŋë ćěľćńěâŋëě àăğńőęěŋĺï ŕàőáâàăŋáâćă ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć. Ĺğãçăîâáï áŕěłâàăńìŋëě áćőľáâćă áĺčŋăńőć ć ćěľćńěâŋëå ąăğĺáăå.

Ć § 5, 6 ąëńő ŕőłăğăŋő, łăł ŕőáńěďőćăâěńìŋő áâàőïâáï őàâőčőŋăńìŋëě ąăğĺáë f_0, f_1, . . . , f_s ĺ g_0, g_1, . . . , g_s, ĺňěîéĺě ąńőçŋãî áâàãłâãàã. Łőńĺçěáâćő őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě C_N ňőęŋő ğŋăçĺâěńìŋő ãćěńĺçĺâì, ěáńĺ äőàňĺàőćăâì ĺå ĺğ ąńőłőć, ŕàĺŋăďńěęăéĺå àăğŋëň ąăğĺáăň àěłãààěŋâŋőľ ŕőáńěďőćăâěńìŋőáâĺ. İâő ďěňőŋáâàĺàãěâáï ŋă àĺá. 1 ŕàĺ N = 3^3. Łćăďàăâăňĺ ćëďěńěŋë ąńőłĺ. Ůĺáńő ćŋãâàĺ łćăďàăâă ŕőłăğëćăěâ, áłőńìłő íńěňěŋâőć (áĺčŋăńőć) áőďěàęĺâáï ć ďăŋŋőň ąńőłě. Śĺčŋăńë, ŋăåőďïéĺěáï ć ćĺáïçĺå ąńőłăå, ćő ćáěå çěâëàěå ŕàěďáâăćńěŋŋëå ŕàĺňěàăå őąàăğãîâ őàâőčőŋăńìŋëě ąăğĺáë.

Őàâőčőŋăńìŋëě ąăğĺáë ć C_N , őąàăğőćăŋŋëě ĺğ ąńőłőć ćáěå ãàőćŋěľ ν = = 1, . . . , s, ąãďěň ŋăğëćăâì őąőąéěŋŋëňĺ ćěľćńěâŋëňĺ ąăğĺáăňĺ. Śőćőłãŕŋőáâì ćáěå ćěľćńěâŋëå ąăğĺáőć áőáâăćńïěâ őąőąéěŋŋëľ ćěľćńěâ-ŕăłěâ. Ćő ćâőàőľ čńăćě ďěâăńìŋő ĺğãçăîâáï őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áőőâćěâáâćãîéĺě áåěňě ćěâćńěŋĺï (a) ŋă àĺá. 1.

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 9 9 9 27

(a) (b)

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 3 3 3 9 9 27

(c) (d)

Řĺá. 1

Ć § 9 àăááňăâàĺćăěâáï ćěľćńěâŋëľ ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. İâőâ ąăğĺá őąàăğãîâ áĺčŋăńë { g_s(0); g_ν (σN_ν + p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } . Őąőğŋăçĺň V_ν = lin ( {g_ν (p)}^{N˚ −1}_{p=0} ) , W^{(σ)}ν = lin ( {g_ν (σN_ν + p)}^{N˚ −1}_{p=0} ) , σ ∈ {1, . . . , n − 1}, W_ν = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν . Şáâăŋőćńěŋő, çâő ŕàőáâàăŋáâćő C_N ďőŕãáłăěâ àăğńőęěŋĺě C N = W1 ⊕ W2 ⊕ . . . ⊕ Ws ⊕ Vs. (9) Ŕàĺ íâőň ćěľćńěâŋëě ŕőďŕàőáâàăŋáâćă ĺňěîâ áńěďãîéãî áâàãłâãàã.

Šěőàěňă 9.1. Śŕàăćěďńĺćë äőàňãńë

V_ν = C_{N˚} , ν = 0, 1, . . . , s;

W^{(σ)}_ν = { x ∈ C N_{˚�1}^| x(j − τ Nν ) = ω^{−στ}_n x(j) ∀ τ ∈ {1, . . . , n − 1}^}, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x = y_s(0) g_s(0) + s∑ ν=1 n−1∑ σ=1

N˚ −1∑

p=0 y_ν (σN_ν + p) g_ν (σN_ν + p).

Ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć íâőčő àăğńőęěŋĺï ŕàěďńőęěŋă àěłãààěŋâŋăï áåěňă y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν (σN_ν + p) = 1 n n−1∑ τ =0

ω^{−στ}_n y_{ν−1}(τ N_ν + p), (10) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Łőíääĺæĺěŋâë y_ν (p), p = 0, 1, . . . , N_ν − 1, áőőâćěâáâćãîéĺě ĺŋďěłáã σ = 0, ĺáŕőńìğãîâáï ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć (ν + 1)-čő ãàőćŋï.

Ć § 10 ŕàőćőďĺâáï ăŋăńőčĺçŋőě ĺááńěďőćăŋĺě ąăğĺáă Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋőčő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. İâőâ ąăğĺá őąàăğãîâ áĺčŋăńë { f_s(0); f_ν (σ´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } . Őąőğŋăçĺň V_ν = lin ( {f_ν (p´_{ν+1})}^{N˚ −1}_{p=0} ) , W^{(σ)}ν = lin ( {f_ν (σ´_ν + p´_{ν+1})}^{N˚ −1}_{p=0} ) , σ ∈ ∈ {1, . . . , n − 1}, W_ν = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν . Ďăŋŋëě ŕőďŕàőáâàăŋáâćă őąěáŕěçĺćăîâ ćěľćńěâŋőě àăğńőęěŋĺě ŕàőáâàăŋáâćă C_N , ăŋăńőčĺçŋőě àăğńőęěŋĺî (9). Ćëïáŋïěâáï áâàãłâãàă íâĺå ŕőďŕàőáâàăŋáâć.

Šěőàěňă 10.1. Śĺčŋăń x ïćńïěâáï íńěňěŋâőň ŕőďŕàőáâàăŋáâćă Vν âőčďă

ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïěâáï ãáńőćĺě x(j ⊕_n q) = x(j), q = 0, 1, . . . , ´_{ν+1} − 1, j = 0, 1, . . . , N − 1.

Šěőàěňă 10.2. Śŕàăćěďńĺćă äőàňãńă

W^{(σ)}ν = { x ∈ V_{ν−1} | | x(j ⊕_n τ ´_ν ) = ω^{στ}_n x(j) ŕàĺ ćáěå τ = 1, . . . , n − 1 ĺ j = 0, 1, . . . , N − 1 } . Ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x = x_s(0) f_s(0) + s∑ ν=1 n−1∑ σ=1

N˚ −1∑

p=0 x_ν (σ´_ν + p´_{ν+1}) f_ν (σ´_ν + p´_{ν+1}).

Ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć íâőčő àăğńőęěŋĺï ŕàěďńőęěŋă áńěďãîéăï àěłãààěŋâŋăï áåěňă: x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν (σ´_ν + p´_{ν+1}) = 1 n n−1∑ τ =0

ω^{−στ}_n x_{ν−1}(τ ´_ν + p´_{ν+1}), (11) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ćëçĺáńĺâěńìŋëě áåěňë (10) ĺ (11) ŋăğőćěň ąëáâàëňĺ ŕàěőąàăğőćăŋĺïňĺ Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ ĺ ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Šăłęě ć § 9, 10 ŕàěďńăčăěâáï óŋăĺćŋëľô ŕőďåőď ł ŕőáâàőěŋĺî őàâőčőŋăńìŋëå ćěľćńěâŋëå ąăğĺáőć, ĺáŕőńìğãîéĺľ àăğńőęěŋĺě áĺčŋăńă ŕő áőąáâćěŋŋëň áďćĺčăň. Ŕàĺ íâőň ŕőïáŋïěâáï àőńì őŕěàăæĺľ ŕőàăğàïďŋőčő áńőęěŋĺï ĺ ćëçĺâăŋĺï ŕő ňőďãńî n ŕàĺ ŕàőàěęĺćăŋĺĺ ŕő çăáâőâě.

Ć § 11{13 ŋěáłőńìłő ĺğňěŋïîâáï őąőğŋăçěŋĺï. Ĺáŕőńìğãěâáï óőąńěčçěŋŋëľô áŕőáőą ŋãňěàăæĺĺ áĺčŋăńőć ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă: ňë ŕĺèěň f_ν (σ) ćňěáâő f_ν (σ´_ν ) ĺ g_ν (σ) ćňěáâő g_ν (σN_ν ). Ďńï áĺčŋăńőć f_s(0) ĺ g_s(0) ĺáŕőńìğãěâáï őąéěě őąőğŋăçěŋĺě c(j). Ć ŋőćëå őąőğŋăçěŋĺïå ąăğĺáë Ţăăàă{Łàěáâěŋáőŋă ąãďãâ ćëčńïďěâì áńěďãîéĺň őąàăğőň: { c(j); f_ν (σ; j −p´_{ν+1}), p = 0, 1, . . . , N_ν −1, σ = 1, . . . , n−1, ν = 1, . . . , s } , (12) { c(j); g_ν (σ; j − p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } . (13) Ğďěáì

f_ν (σ; j) = n−1∑ τ =0 ω^{στ}_n (τ +1)Δ˚−1 ∑ q=τ Δ˚ δ_N (j − q),

g_ν (σ; j) = n−1∑ τ =0

ω^{στ}_n δ_{N˚}�_1 (j − τ N_ν ).

Ńîąőľ áĺčŋăń x ∈ C_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã (12): x(j) = αc(j) + s∑ ν=1 n−1∑ σ=1

N˚ −1∑

p=0 x_ν (σ, p) f_ν (σ; j − p´_{ν+1}), j ∈ Z.

Śőćőłãŕŋőáâì łőíääĺæĺěŋâőć íâőčő àăğńőęěŋĺï

H_f (x) = { α; x_ν (σ, p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } őąàăğãěâ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă x, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Ăŋăńőčĺçŋő, ńîąőľ áĺčŋăń y ∈ C_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě y(j) = αc(j) + s∑ ν=1 n−1∑ σ=1

N˚ −1∑

p=0 y_ν (σ, p) g_ν (σ; j − p), j ∈ Z. Śőćőłãŕŋőáâì łőíääĺæĺěŋâőć íâőčő àăğńőęěŋĺï

H_g(y) = { α; y_ν (σ, p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } őąàăğãěâ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă y, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Ć § 11 ĺğãçăîâáï áćőľáâćă áŕěłâàőć Ţăăàă{Łàěáâěŋáőŋă: ćëçĺáńïîâáï áŕěłâàë Ţăăàă{Łàěáâěŋáőŋă áďćĺčőć ěďĺŋĺçŋőčő ĺňŕãńìáă, ďőłăğëćăîâáï ăŋăńőčĺ ĺğćěáâŋëå âěőàěň ő áŕěłâàě áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ. Ŕàĺ íâőň, ć ğăćĺáĺňőáâĺ őâ ąăğĺáă, ć łăçěáâćě őŕěàăâőàă áďćĺčă ňőęěâ ćëáâãŕăâì æĺłńĺçěáłĺľ ĺńĺ n-ĺçŋëľ áďćĺč. Śőőâćěâáâćěŋŋő, áćěàâłă ĺ łőààěńïæĺï ňőęěâ ąëâì æĺłńĺçěáłőľ ĺńĺ n-ĺçŋőľ.

Ŕàĺćěďěň ďćă åăàăłâěàŋëå àěğãńìâăâă.

Šěőàěňă 11.4. Ŕãáâì z | n-ĺçŋăï áćěàâłă áĺčŋăńőć x ĺ y, Hf (x) = = {α; x_ν (σ, p)}, H_f (y) = {β; y_ν (σ, p)}, H_f (z) = {γ; z_ν (σ, p)}. Šőčďă γ = αβN ĺ z_ν (σ, p) = n^ν N˚ −1∑

q=0 x_ν (σ, q) y_ν (σ, p⊖_n q),

p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Šěőàěňă 11.7. Ŕãáâì z | æĺłńĺçěáłăï áćěàâłă áĺčŋăńőć x ĺ y,

H_g(x) = {α; x_ν (σ, p)}, H_g(y) = {β; y_ν (σ, p)}, H_g (z) = {γ; z_ν (σ, p)}. Šőčďă γ = αβN ĺ z_ν (n − σ, p) = n^ν {_p ∑ q=0 x_ν (σ, q) y_ν(σ, p − q) + ω^σ_n N˚ −1∑

q=p+1 x_ν (σ, q) y_ν (σ, N_ν + p − q) } ,

p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ć § 12 ãáâăŋăćńĺćăěâáï ćğăĺňőáćïğì ąăğĺáőć Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëå á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Łńîçěćãî àőńì ğďěáì ĺčàăěâ ŕěàěáâăŋőćłă reverse.

Šěőàěňă 12.1. Ŕãáâì σ ∈ {1, . . . , n−1}, p ∈ {0, 1, . . . , Nν −1}. Śŕàăćěďńĺćő

âőęďěáâćő f_ν ( σ; rev_s(j) − p´_{ν+1} ) = g_ν ( σ; j − rev_{s−ν} (p) ) , j = 0, 1, . . . , N − 1. Ććěďěň ŕőŋïâĺě ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă Ţăăàă{Łàěáâěŋáőŋă. Śŕěłâà H = { η; h_ν (σ, p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } ŋăğőćěň ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň, ěáńĺ h_ν (σ, p) = h_ν ( σ, rev_{s−ν} (p) ) , p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s − 1. Šěőàěňă 12.2. Ŕãáâì áĺčŋăńë x ĺ y ĺğ C N âăłőćë, çâő Hf (x) = = H_g (y) =: H, ĺ ŕãáâì ŕàĺ íâőň áŕěłâà H ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Šőčďă ŋěőąåőďĺňő y(j) = x ( rev_s(j) ) , j = 0, 1, . . . , N − 1. (14) İâă âěőàěňă ć őŕàěďěńěŋŋőň áňëáńě őąàăâĺňă.

Šěőàěňă 12.3. Ŕãáâì x, y | áĺčŋăńë, ãďőćńěâćőàïîéĺě ãáńőćĺî (14),

ĺ ŕãáâì H_f (x) = H_g(y) =: H. Šőčďă áŕěłâà H ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň.

Őąőğŋăçĺň çěàěğ L_N ńĺŋěľŋőě ňŋőęěáâćő ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëå áŕěłâàőć ĺ çěàěğ dim L_N | ěčő àăğňěàŋőáâì. Ŋăŕőňŋĺň, çâő N = n^s.

Šěőàěňă 12.4. Śŕàăćěďńĺćő àăćěŋáâćő

dimL_N = n 2 [ n^{s−1} + ( 2 + n − 1 2 ( 1 + (−1)^s )) n⌊^s �1_2 ⌋ − 1 ] . Ć § 13 ŕàěďáâăćńěŋë ďćă őąőąéěŋŋëå łàăâŋőňăáèâăąŋëå ăŋăńĺğă ŕő őáŋőćăŋĺî n ŕàőáâàăŋáâćă ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s, łőâőàëě ŕàĺćőďïâ ł ąăğĺáăň Ţăăàă{Łàěáâěŋáőŋă. Šěň áăňëň ãáâăŋăćńĺćăěâáï áćïğì ŕőńãçěŋŋëå àěğãńìâăâőć á őąéěľ ćěľćńěâŋőľ âěőàĺěľ.

Őáŋőćŋőě áőďěàęăŋĺě ďĺááěàâăæĺĺ őŕãąńĺłőćăŋő ć àăąőâăå:

1. Ňăèăàáłĺľ Ś. Ň. Śćěàâłă ĺ łőààěńïæĺï ďĺáłàěâŋëå áĺčŋăńőć ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă // Ćěáâŋĺł ňőńőďëå ãçěŋëå. Ŕàĺłń. ňăâěň. ĺ ňěåăŋĺłă. 2000. ò 4. Ś. 31{40.

2. Ňăèăàáłĺľ Ś. Ň. Ăćâőàěćěàáŋëě áŕěłâàë Ţăăàă{Łàěáâěŋáőŋă // Ćěáâŋĺł ŚŔąČŞ. Śěà. 1. 2001. Ćëŕ. 2 (ò 9). Ś. 57{65.

3. Ňăèăàáłĺľ Ś. Ň. Ąëáâàőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŋă őáŋőćě äăłâőàĺğăæĺĺ Čãďă // İńěłâàőŋŋëľ ăàåĺć ŕàěŕàĺŋâőć Ś.-Ŕěâěàąãàčáłőčő Ňăâ. Őąéěáâćă. Ŕàěŕàĺŋâ ò 2000{14. 10 á.

http://www.mathsoc.spb.ru/preprint/2000/index.html#14

4. Masharsky S. M. Haar{Chrestenson spectra of discrete signals // Abstracts of the Int. Conf. \Optimization of Finite Element Approximations & Splines and Wavelets". St. Petersburg, 2001. P. 153{154.

5. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áćïğăŋŋëě á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă // Ăńčěąàă ĺ ăŋăńĺğ. 2001. Š. 13. ò 1. Ś. 111{157.

6. Malozemov V. N., Masharsky S. M. Adaptive signal processing based on discrete Vilenkin{Chrestenson transform // Proc. Int. Conf. \Neural Networks and Arti˛cial Intelligence". Minsk, Belarus, 2001. P. 211{213.

Ŕőńŋëľ âěłáâ ďĺááěàâăæĺĺ ć äőàňăâě PostScript ňőęŋő ŋăľâĺ ć Ĺŋâěàŋěâě:

http://www.math.spbu.ru/user/dmp/smash/

Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (čàăŋâ 99-01-00747).