ŚĂŊŁŠ-ŔĚŠĚŘĄŞŘČŚŁĹĽ ČŐŚŞĎĂŘŚŠĆĚŊŊŻĽ ŞŊĹĆĚŘŚĹŠĚŠ

Ŋă ŕàăćăå àãłőŕĺáĺ

ŞĎŁ 519.72

Ňăèăàáłĺľ Śěàčěľ Ňĺåăľńőćĺç

ČĂŘŇŐŊĹŮĚŚŁĹĽ ĂŊĂŃĹĞ ŊĂ ĄĂĞĚ ĎĹŚŁŘĚŠŊŐČŐ ŔŘĚŐĄŘĂĞŐĆĂŊĹ§ ĆĹŃĚŊŁĹŊĂ{ŁŘĚŚŠĚŊŚŐŊĂ

01.01.07 | ćëçĺáńĺâěńìŋăï ňăâěňăâĺłă

Ďĺááěàâăæĺï ŋă áőĺáłăŋĺě ãçěŋőľ áâěŕěŋĺ łăŋďĺďăâă äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł

Ŋăãçŋëľ àãłőćőďĺâěńì | ďőłâőà äĺğĺłő-ňăâěňăâĺçěáłĺå ŋăãł, ŕàőäěááőà Ć. Ŋ. Ňăńőğěňőć

Śăŋłâ-Ŕěâěàąãàč 2001 č.

{ 2 {

Śőďěàęăŋĺě

Ććěďěŋĺě 4

Čńăćă I. Ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă 14 §1. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï . . . . . 14 §2. Ŕěàćăï ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć 25 §3. Ćâőàăï ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć 27 §4. Ąëáâàőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕěàćőčő àőďă . . . . . . . . . . 29 §5. Ąńőçŋëě őàâőčőŋăńìŋëě ąăğĺáë, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě . . . . . . . 36 §6. Ąńőçŋëě őàâőčőŋăńìŋëě ąăğĺáë, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ . . . . . . . 44 §7. Ąëáâàőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ćâőàőčő àőďă . . . . . . . . . . 50 §8. Śćïğì çěâëàěå ćăàĺăŋâőć äăłâőàĺğăæĺĺ ňăâàĺæë Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă . . . . . . . 53

{ 3 {

Čńăćă II. Ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ţăăàă{Łàěáâěŋáőŋă 57 §9. Ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ . . . . . . . . 57 §10. Ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě . . . . . . . . 67 §11. Śŕěłâàăńìŋëě âěőàěňë ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă 78 §12. Ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëě áŕěłâàë . . 98 §13. Šàĺ ŕőďåőďă ł ŕőáâàőěŋĺî őàâőčőŋăńìŋëå ćěľćńěâŋëå ąăğĺáőć . . . . . . . . . 104

Ńĺâěàăâãàă 111

{ 4 {

Ććěďěŋĺě

Őâłàëâĺě ć 1965 č. ąëáâàőčő ŕàěőąàăğőćăŋĺï Ťãàìě ïćĺńőáì ňőéŋëň áâĺňãńőň ďńï àăğćĺâĺï ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă [36, 15, 5]. Ŕőïćńěŋĺě æĺäàőćőľ íńěłâàőŋŋőľ ćëçĺáńĺâěńìŋőľ âěåŋĺłĺ áŕőáőąáâćőćăńő ŕàőŋĺłŋőćěŋĺî ć łńăááĺçěáłĺľ ďĺáłàěâŋëľ čăàňőŋĺçěáłĺľ ăŋăńĺğ ďàãčĺå őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ, âăłĺå łăł ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Şőńèă, ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ţăăàă, ďĺáłàěâŋőě łőáĺŋãáŋőě, ŕĺńőőąàăğŋőě ĺ ďàãčĺě ŕàěőąàăğőćăŋĺï [4, 31, 10, 9, 12]. Ć ĺå çĺáńě áâőĺâ ĺ ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă [30, 10].

Ć ŕőáńěďŋĺě ŕőńâőàă ďěáïâĺńěâĺï ąãàŋő àăğćĺćăěâáï (ć őáŋőćŋőň, ğă àãąěęőň) ŋőćëľ ăŕŕăàăâ őąàăąőâłĺ áĺčŋăńőć | ćěľćńěâë (ćáŕńěáłĺ) [34, 45, 40]. Őâńĺçĺâěńìŋőľ çěàâőľ ćěľćńěâőć ïćńïěâáï ĺå áŕőáőąŋőáâì őďŋőćàěňěŋŋő åăàăłâěàĺğőćăâì łăł çăáâőâŋëě, âăł ĺ ćàěňěŋŋëě őáőąěŋŋőáâĺ áĺčŋăńă. Őâŕàăćŋőľ âőçłőľ ńăćĺŋőőąàăğŋőčő àăğćĺâĺï ćěľćńěâŋőľ âěőàĺĺ ŕàĺŋïâő áçĺâăâì àăąőâë Ĺ. Ďőąěèĺ [37, 38] (ŕěàěćőď ŕőáńěďŋěľ łŋĺčĺ ŋă àãááłĺľ ïğëł, á ŋěłőâőàëňĺ ĺáŕàăćńěŋĺïňĺ ĺ ďőŕőńŋěŋĺïňĺ, áőćáěň ŋěďăćŋő ćëèěń ć áćěâ ŕőď àěďăłæĺěľ Ă. Ŕ. Ŕěâãåőćă [11]). Şáŕěåĺ íâőčő ŋőćőčő ŋăŕàăćńěŋĺï çĺáâőľ ĺ ŕàĺłńăďŋőľ ňăâěňăâĺłĺ áâőńì áãéěáâćěŋŋë, çâő čőćőàïâ ő óćěľćńěâŋőľ àěćőńîæĺĺô. Ĺğ őčàőňŋőčő łőńĺçěáâćă ŕãąńĺłăæĺľ ŕő íâőľ âěňě áńěďãěâ ćëďěńĺâì ňőŋőčàăäĺĺ [33, 44, 27, 8] ĺ àãááłőïğëçŋëě áâăâìĺ [29, 28, 26, 3, 13].

Őďŋőľ ĺğ ŕőáńěďŋĺå ŋăàăąőâőł ćěľćńěâŋőľ âěőàĺĺ ïćńïîâáï ćěľćńěâ-ŕăłěâë | ŋăąőàë ĺğ ŋěáłőńìłĺå ćěľćńěâŋëå ąăğĺáőć. Ćěľćńěâ-ŕăłěâë ŕőğćőńïîâ ŕőńãçăâì ďěâăńìŋëě çăáâőâŋő-ćàěňěŋ-

{ 5 {

ŋëě ŕőàâàěâë áĺčŋăńőć, ćăàìĺàãï àăğàěèěŋĺě (ňăáèâăąŋőáâì) ŕő ćàěňěŋĺ ĺ ŕő çăáâőâě. Ć íâőň áňëáńě ăŋăńĺğ áĺčŋăńőć á ŕőňőéìî ćěľćńěâ-ŕăłěâőć ňőęŋő àăááňăâàĺćăâì łăł ňőéŋőě ďőŕőńŋěŋĺě ł âàăďĺæĺőŋŋőňã ăŋăńĺğã Ťãàìě. Ś ďàãčőľ áâőàőŋë, ĺáŕőńìğőćăŋĺě áàăğã ćáěå ąăğĺáőć ĺğ ćěľćńěâ-ŕăłěâă ŕàĺćőďĺâ ł łàăľŋě ĺğąëâőçŋőňã ŕàěďáâăćńěŋĺî áĺčŋăńă. İâő őąěáŕěçĺćăěâ ćőğňőęŋőáâì ćëąĺàăâì ĺğ ŕăłěâă őàâőčőŋăńìŋëľ ąăğĺá, ăďăŕâĺàőćăŋŋëľ ł őŕàěďěńěŋŋőňã łńăááã áĺčŋăńőć ĺńĺ ďăęě ł őâďěńìŋőňã áĺčŋăńã [34, 35, 45].

Ć ŕőáńěďŋĺě čőďë ąëń àăğàăąőâăŋ ŋőćëľ ŕőďåőď ł ąëáâàőňã ŕàěőąàăğőćăŋĺî Ťãàìě, ŕàĺ łőâőàőň àěğãńìâăâë ŕàőňěęãâőçŋëå ćëçĺáńěŋĺľ ĺŋâěàŕàěâĺàãîâáï łăł łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ŋěłőâőàëň őàâőčőŋăńìŋëň ąăğĺáăň [21, 20]. Ŕàĺ ďńĺŋě ŕěàĺőďă N, àăćŋőľ 2^s, ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕőáâàőěŋë àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć, ĺňěîéĺå ąńőçŋãî áâàãłâãàã. Ć łăęďőň ąńőłě áĺčŋăńë àăğńĺçăîâáï ńĺèì áďćĺčőň ăàčãňěŋâă. Ĺğ ąńőłőć, ŕàĺŋăďńěęăéĺå àăğŋëň ąăğĺáăň àěłãààěŋâŋőľ ŕőáńěďőćăâěńìŋőáâĺ, äőàňĺàãîâáï őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë. İâő ğŋăçĺâěńìŋő àăáèĺàïěâ ćőğňőęŋőáâĺ æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć. Ć àăąőâě [22] á ăŋăńőčĺçŋëå ŕőğĺæĺľ ŕàőăŋăńĺğĺàőćăŋő ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Şőńèă.

Ć ďĺááěàâăæĺőŋŋőľ àăąőâě àăááňăâàĺćăěâáï ąőńěě őąéăï ŕő áàăćŋěŋĺî á [22] áĺâãăæĺï, łőčďă ďńĺŋă ŕěàĺőďă N àăćŋă n^s. Ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć áâàőïâáï ŋěáłőńìłő àěłãààěŋâŋëå ŕőáńěďőćăâěńìŋőáâěľ őàâőčőŋăńìŋëå ąăğĺáőć. Ťĺŋăńìŋëň ąăğĺáőň ćő ćáěå ŕőáńěďőćăâěńìŋőáâïå ïćńï-

{ 6 {

ěâáï ďĺáłàěâŋëľ ąăğĺá Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Śőőâćěâáâćãîéĺě őąőąéěŋĺï őłăğăńĺáì ćőğňőęŋëňĺ ąńăčőďăàï âőňã, çâő ãďăńőáì àăğőąàăâìáï á ĺáâőçŋĺłőň àěłãààěŋâŋëå áőőâŋőèěŋĺľ ďńï ąăğĺáőć. Ěáńĺ ć [21, 20, 22] ŕàĺ N = 2^s âăłĺě áőőâŋőèěŋĺï, ŕő áãéěáâćã, ŕàěďêïćńïńĺáì, âő âěŕěàì őŋĺ ćëćőďïâáï ŋă őáŋőćě àăğńĺçŋëå äăłâőàĺğăæĺľ ňăâàĺæë Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕőàïďłă N = n^s. İääěłâĺćŋëě àăáçěâŋëě äőàňãńë ŕőńãçăîâáï ŕãâěň ĺáŕőńìğőćăŋĺï ĺŋďěłáŋőľ âěåŋĺłĺ, łőčďă ŕàĺ ãňŋőęěŋĺĺ àăğàěęěŋŋőľ ňăâàĺæë ŋă ćěłâőà ãąĺàăîâáï ćáě őŕěàăæĺĺ á ŋãńěćëňĺ íńěňěŋâăňĺ ňăâàĺæë. Ŕőáńě ŕőáâàőěŋĺï ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ěáâěáâćěŋŋëň őąàăğőň äőàňĺàãěâáï őąőąéěŋŋëľ ćěľćńěâ-ŕăłěâ.

Ąőńìèĺŋáâćő ĺğ őŕĺáăŋŋëå ćëèě őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ ĺáŕőńìğãěâáï á æěńìî ŕőńãçěŋĺï áŕěłâàă áĺčŋăńă ďńï ěčő ďăńìŋěľèěľ æĺäàőćőľ őąàăąőâłĺ ĺńĺ ăŋăńĺğă [12, 2]. Ďńï àěèěŋĺï íâĺå ğăďăç çăáâő âàěąãěâáï ãňěŋĺě ãáâăŋăćńĺćăâì áćïğì ňěęďã áŕěłâàăňĺ ĺáåőďŋëå áĺčŋăńőć ĺ áŕěłâàăňĺ ĺå áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ. Ć áńãçăě ďĺáłàěâŋëå ŕàěőąàăğőćăŋĺľ Ťãàìě, Şőńèă, Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă íâő ŋě ćëğëćăěâ ğăâàãďŋěŋĺľ (áň., ŋăŕàĺňěà, [30]). Ć őąéěň áńãçăě íâőâ ćőŕàőá àăááňőâàěŋ ć [1, 14]. Ŕőńãçěŋŋëě ć íâĺå àăąőâăå àěğãńìâăâë őâàăęăîâ áćőľáâćă ďĺáłàěâŋëå őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ, ïćńïîéĺåáï áőąáâćěŋŋëňĺ ŕő őâŋőèěŋĺî ł ŋěłőâőàőňã őŕěàăâőàã áďćĺčă. Ć őâńĺçĺě őâ łńăááĺçěáłĺå őàâőčőŋăńìŋëå ŕàěőąàăğőćăŋĺľ, ćěľćńěâ-ŕàěőąàăğőćăŋĺï ŋě ïćńïîâáï áőąáâćěŋŋëňĺ ŕő őâŋőèěŋĺî ł âàăďĺæĺőŋŋëň őŕěàăâőàăň áďćĺčă, ĺ ŕőíâőňã àěğãńìâăâë àăąőâ [1, 14] ł ŋĺň ŋěŕàĺňěŋĺňë. Őďŋăłő ćőŕàőá ő áŕěłâàăå áĺčŋăńőć ć ćěľćńěâŋëå ąăğĺáăå

{ 7 {

őáâăěâáï ăłâãăńìŋëň. Ć çăáâŋőň áńãçăě (ďńï ąăğĺáőć Ţăăàă) íâőâ ćőŕàőá ĺğãçăńáï ć [17, 18, 42].

Űěńìî ďĺááěàâăæĺőŋŋőľ àăąőâë ïćńïěâáï:

1) Ŕőáâàőĺâì őàâőčőŋăńìŋëě ćěľćńěâŋëě ąăğĺáë ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ

N = n^s.

2) Ĺááńěďőćăâì áŕěłâàăńìŋëě áćőľáâćă ďĺáłàěâŋëå áĺčŋăńőć ć íâĺå ąăğĺáăå.

3) Şáâăŋőćĺâì ąőńěě âěáŋãî áćïğì ňěęďã ďĺáłàěâŋëň čăàňőŋĺçěáłĺň ăŋăńĺğőň ĺ ćěľćńěâŋőľ âěőàĺěľ.

Ŕàĺćěďěň łàăâłĺľ őąğőà áőďěàęăŋĺï ďĺááěàâăæĺĺ. Řăąőâă áőáâőĺâ ĺğ ďćãå čńăć, àăğąĺâëå ŋă âàĺŋăďæăâì ŕăàăčàăäőć, ďćãå âăąńĺæ, ďćãå àĺáãŋłőć ĺ áŕĺáłă ńĺâěàăâãàë. Ŕőàïďőł ááëńőł ŋă âěőàěňë ĺ äőàňãńë őŕàěďěńïěâáï ďćãňï çĺáńăňĺ: ŕěàćőě çĺáńő ãłăğëćăěâ ŋőňěà ŕăàăčàăäă, ćâőàőě | ŋőňěà âěőàěňë ĺńĺ äőàňãńë ć ŕăàăčàăäě. Ŋãňěàăæĺï ŕăàăčàăäőć áłćőğŋăï.

Ŕěàćăï čńăćă ŕőáćïéěŋă ďĺáłàěâŋőňã ŕàěőąàăğőćăŋĺî Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ŋă őáŋőćě çěâëàěå ćăàĺăŋâőć äăłâőàĺğăæĺĺ ňăâàĺæë äãŋłæĺľ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕőáâàőěŋë çěâëàě àěłãààěŋâŋëå ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s. Ś ŕőňőéìî íâĺå ŕőáńěďőćăâěńìŋőáâěľ ąăğĺáőć ŕőńãçěŋë çěâëàě ćăàĺăŋâă ąëáâàőčő ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă.

Ć ŕěàćőň ŕăàăčàăäě ććőďĺâáï âěàňĺŋőńőčĺï ĺ őŕĺáëćăîâáï őáŋőćŋëě őąêěłâë ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă. Ďăěâáï

{ 8 {

őŕàěďěńěŋĺě ĺ őáŋőćŋëě áćőľáâćă ŕěàěáâăŋőćłĺ reverse ĺ őŕěàăæĺľ ŕőàăğàïďŋőčő áńőęěŋĺï ĺ ćëçĺâăŋĺï ŕő ňőďãńî n [30]. Ŕàĺćőďïâáï ŋěőąåőďĺňëě áćěďěŋĺï ő äãŋłæĺïå ĺ ňăâàĺæě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă [6, 32, 30, 10]. Ňăâàĺæă Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ĺňěěâ ŕőàïďőł N = n^s ĺ ïćńïěâáï s-ľ łàőŋěłěàőćőľ áâěŕěŋìî ňăâàĺæë Ťãàìě ŕőàïďłă n. Őŋă áâăŋďăàâŋëň ŕàĺěňőň àăáłńăďëćăěâáï ŋă ňŋőęĺâěńĺ (äăłâőàĺğãěâáï) [39], ŕàĺçěň áőňŋőęĺâěńĺ ć âăłőň àăğńőęěŋĺĺ ďőŕãáłăîâ ŕěàěáâăŋőćłã ć ńîąőň ŕőàïďłě. Ćëďěńïîâáï ďćă ŕőàïďłă áőňŋőęĺâěńěľ, áőőâćěâáâćãîéĺě ć ãáâőïćèěľáï âěàňĺŋőńőčĺĺ ŕàőàěęĺćăŋĺî ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺî ŕő ćàěňěŋĺ. Łàőňě âőčő, ňăâàĺæă Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ňőęěâ ąëâì ďćãňï áŕőáőąăňĺ ŕàěďáâăćńěŋă ć ćĺďě őąëçŋőľ áâěŕěŋĺ àăğàěęěŋŋőľ ňăâàĺæë ŕőàïďłă N [39, 24].

Ćő ćâőàőň ĺ âàěâìěň ŕăàăčàăäăå ŋă őáŋőćě ŕàěďáâăćńěŋĺľ ňăâàĺæë Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ć ćĺďě s-ľ áâěŕěŋĺ ąőńìèőľ àăğàěęěŋŋőľ ňăâàĺæë áâàőïâáï ďćě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s. Ďńï ąăğĺáŋëå áĺčŋăńőć ãłăğëćăěâáï ïćŋëľ ćĺď ĺ ŕàĺćőďïâáï àěłãààěŋâŋëě äőàňãńë ŕěàěáçěâă. Őáőąěŋŋőáâìî íâĺå äőàňãń ïćńïěâáï ŕőáâőïŋáâćő ĺŋďěłáăæĺĺ ąăğĺáŋëå áĺčŋăńőć ŋă łăęďőň ãàőćŋě.

Ć çěâćěàâőň ŕăàăčàăäě őŕĺáăŋë ć ïćŋőň ćĺďě ąëáâàëě ăńčőàĺâňë àăğńőęěŋĺï áĺčŋăńă ŕő ćáěň ŕàőňěęãâőçŋëň ąăğĺáăň. Ŋă ğăłńîçĺâěńìŋőň íâăŕě ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺï ŕő ąăğĺáã Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ďăěâáï áâàőčő ňăâěňăâĺçěáłĺľ ăŋăńĺğ ŕőŋïâĺï çăáâőâë ďńï ďĺáłàěâŋëå äãŋłæĺľ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă, ććěďěŋŋőčő ŋă ĺŋâãĺâĺćŋőň ãàőćŋě ć ňőŋőčàă-

{ 9 {

äĺĺ [30, c. 79{84].

Ć ŕïâőň ĺ èěáâőň ŕăàăčàăäăå ŋă őáŋőćě àăğńőęěŋĺľ ňăâàĺæë Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŋă ŕőŕăàŋő àăğńĺçŋëě ňŋőęĺâěńĺ áâàőïâáï ěéě ďćě àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć. Ŕőńãçěŋë ïćŋëě äőàňãńë ďńï ąăğĺáŋëå áĺčŋăńőć. Ŕőłăğăŋő, çâő ąăğĺáŋëě áĺčŋăńë łăęďőčő ãàőćŋï àăğąĺćăîâáï ŋă ąńőłĺ, ć łăęďőň ĺğ łőâőàëå áĺčŋăńë àăğńĺçăîâáï ńĺèì áďćĺčőň ăàčãňěŋâă. Őâňěçăěâáï, çâő ŕőáâàőěŋŋëě őàâőčőŋăńìŋëě ąăğĺáë á âőçŋőáâìî ďő ŋãňěàăæĺĺ áĺčŋăńőć áőćŕăďăîâ á ąăğĺáăňĺ, ŕőáâàőěŋŋëňĺ ć § 2, 3.

Ć áěďìňőň ŕăàăčàăäě á ŕőňőéìî àăğńőęěŋĺľ ŕő ŕőáâàőěŋŋëň ćëèě őàâőčőŋăńìŋëň ąăğĺáăň ŕőńãçěŋë ďćă ăńčőàĺâňă ąëáâàőčő ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă (ŕàĺ n = 2 ăŋăńőčĺçŋëľ àěğãńìâăâ ŕàĺćěďěŋ ć [22]).

Ć ćőáìňőň ŕăàăčàăäě ãáâăŋăćńĺćăěâáï áćïğì ňěęďã çěâëàìňï ćăàĺăŋâăňĺ äăłâőàĺğăæĺĺ ňăâàĺæë Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă, ŕàěďáâăćńěŋŋëňĺ ć § 1. Ŕàĺ íâőň ŕàőïáŋïěâáï àőńì ŕěàěáâăŋőćłĺ reverse ć äőàňĺàőćăŋĺĺ ňăâàĺæ-áőňŋőęĺâěńěľ.

Ćâőàăï čńăćă ŕőáćïéěŋă ćőŕàőáăň őáŋăéěŋĺï ďĺáłàěâŋőčő čăàňőŋĺçěáłőčő ăŋăńĺğă ćěľćńěâŋőľ âěőàĺěľ. Ŕőńãçěŋë ćěľćńěâŋëě àăğńőęěŋĺï ŕàőáâàăŋáâćă ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć. Ĺğãçăîâáï áŕěłâàăńìŋëě áćőľáâćă áĺčŋăńőć ć ćěľćńěâŋëå ąăğĺáăå.

Ć ďěćïâőň ĺ ďěáïâőň ŕăàăčàăäăå ŕőłăğëćăěâáï, łăł, ŕőńìğãïáì ŕőáńěďőćăâěńìŋőáâìî őàâőčőŋăńìŋëå ąăğĺáőć, áäőàňĺàőćăâì őąőąéěŋŋëľ ćěľćńěâ-ŕăłěâ. Ďěâăńìŋő ĺááńěďãîâáï ćěľćńěâŋëě ąăğĺáë Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ (§ 9)

{ 10 {

ĺ ŕàőàěęĺćăŋĺěň ŕő çăáâőâě (§ 10). Ćëïáŋïěâáï áâàãłâãàă ćěľćńěâŋëå ŕőďŕàőáâàăŋáâć. Ćëćőďïâáï äőàňãńë ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ. Ŕàěďńăčăěâáï óŋăĺćŋëľô ŕőďåőď ł ŕőáâàőěŋĺî őàâőčőŋăńìŋëå ćěľćńěâŋëå ąăğĺáőć, ĺáŕőńìğãîéĺľ àăğńőęěŋĺě áĺčŋăńă ŕő áőąáâćěŋŋëň áďćĺčăň. Ŕàĺ íâőň ŕőïáŋïěâáï àőńì őŕěàăæĺľ ŕőàăğàïďŋőčő áńőęěŋĺï ĺ ćëçĺâăŋĺï ŕő ňőďãńî n ŕàĺ ŕàőàěęĺćăŋĺĺ ŕő çăáâőâě. Ć áńãçăě n = 2 íâĺ ćőŕàőáë (ğă ĺáłńîçěŋĺěň ňőďãńïàŋőľ ăàĺäňěâĺłĺ) àăááňăâàĺćăńĺáì ć [19, 20].

Ć őďĺŋŋăďæăâőň ŕăàăčàăäě ććőďĺâáï ŕőŋïâĺě áŕěłâàă áĺčŋăńă ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă. Ćëçĺáńïîâáï áŕěłâàë Ţăăàă{Łàěáâěŋáőŋă áďćĺčőć ěďĺŋĺçŋőčő ĺňŕãńìáă | íńěňěŋâőć ěáâěáâćěŋŋőčő őàâőŋőàňĺàőćăŋŋőčő ąăğĺáă ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć. Ďőłăğëćăîâáï ăŋăńőčĺ ĺğćěáâŋëå âěőàěň ő áŕěłâàě áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă. Ŕàĺ íâőň, ć ğăćĺáĺňőáâĺ őâ ąăğĺáă, ć łăçěáâćě őŕěàăâőàă áďćĺčă ňőęěâ ćëáâãŕăâì æĺłńĺçěáłĺľ ĺńĺ n-ĺçŋëľ áďćĺč. Śőőâćěâáâćěŋŋő, áćěàâłă ĺ łőààěńïæĺï ňőęěâ ąëâì æĺłńĺçěáłőľ ĺńĺ n-ĺçŋőľ. Ďńï ąăğĺáă Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋőčő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě, ć łăçěáâćě őŕěàăâőàă áďćĺčă ćëáâãŕăěâ n-ĺçŋëľ áďćĺč. Şáâăŋăćńĺćăěâáï, çâő áďćĺč áĺčŋăńă ŕàĺćőďĺâ ł áďćĺčăň ćŋãâàĺ ąńőłőć ěčő áŕěłâàă á őďŋőćàěňěŋŋëň ŕőćőàőâőň áŕěłâàăńìŋëå łőíääĺæĺěŋâőć ć łőňŕńěłáŋőľ ŕńőáłőáâĺ, ă áćěàâłă ĺ łőààěńïæĺï ďćãå áĺčŋăńőć | áőőâćěâáâćěŋŋő ł ŕőąńőçŋőľ áćěàâłě ĺ łőààěńïæĺĺ ĺå áŕěłâàőć. Ć áńãçăě ąăğĺáă Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋőčő á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, őŕěàăâőàőň áďćĺčă ïćńïěâáï æĺłńĺçěáłĺľ áďćĺč. Ďńï áŕěłâàă áďćĺčă ć íâőň ąăğĺáě ŕőńãçěŋ àěğãńìâăâ, ăŋăńőčĺçŋëľ áńãçăî ŕàőàěęĺ-

{ 11 {

ćăŋĺï ŕő çăáâőâě. Ďńï áŕěłâàőć áćěàâłĺ ĺ łőààěńïæĺĺ àěğãńìâăâë ąőńěě âőŋłĺě: áćěàâłă ĺ łőààěńïæĺï ďćãå áĺčŋăńőć ŕàĺćőďïâ áőőâćěâáâćěŋŋő ł ňőďĺäĺæĺàőćăŋŋőľ áćěàâłě ĺ łőààěńïæĺĺ áőőâćěâáâćãîéĺå ąńőłőć ĺå áŕěłâàőć (ňőďĺäĺłăæĺï ğăłńîçăěâáï ć âőň, çâő ŕàĺ ćëçĺáńěŋĺĺ őáãéěáâćńïěâáï ŕőćőàőâ çăáâĺ áńăčăěňëå). Ć áńãçăě n = 2 (ďńï ďĺáłàěâŋëå ąăğĺáőć Ţăăàă) âěőàěňë ő áďćĺčě ĺ áćěàâłě ĺğãçăńĺáì ć [18].

Ć ďćěŋăďæăâőň ŕăàăčàăäě ãáâăŋăćńĺćăěâáï ćğăĺňőáćïğì ąăğĺáőć Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëå á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Łńîçěćãî àőńì ğďěáì ĺčàăěâ ŕěàěáâăŋőćłă reverse. Ććőďĺâáï ŕőŋïâĺě ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă Ţăăàă{Łàěáâěŋáőŋă. Şáâăŋăćńĺćăěâáï áćïğì ňěęďã áĺčŋăńăňĺ, ĺňěîéĺňĺ ć àăğńĺçŋëå ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă őďĺŋăłőćëľ áŕěłâà, ŕàĺ ãáńőćĺĺ, çâő íâőâ áŕěłâà ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Ć łăçěáâćě ĺńńîáâàăæĺĺ ćëçĺáńěŋ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă łãáőçŋő-ńĺŋěľŋőčő áĺčŋăńă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŕőďáçĺâăŋă àăğňěàŋőáâì ňŋőęěáâćă ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëå áŕěłâàőć. Ăŋăńőčĺçŋőě ĺááńěďőćăŋĺě ć çăáâŋőň áńãçăě n = 2 ŕàőćěďěŋő ć [17].

Ć âàĺŋăďæăâőň ŕăàăčàăäě ŕàěďáâăćńěŋë ďćă őąőąéěŋŋëå łàăâŋőňăáèâăąŋëå ăŋăńĺğă ŕő őáŋőćăŋĺî n ŕàőáâàăŋáâćă ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s, łőâőàëě ŕàĺćőďïâ ł ąăğĺáăň Ţăăàă{Łàěáâěŋáőŋă. Šěň áăňëň ãáâăŋăćńĺćăěâáï áćïğì ŕőńãçěŋŋëå àěğãńìâăâőć á őąéěľ ćěľćńěâŋőľ âěőàĺěľ [11, 26, 27].

{ 12 {

Ŋă ğăéĺâã ćëŋőáïâáï áńěďãîéĺě őáŋőćŋëě àěğãńìâăâë:

1) Ć ŕàőáâàăŋáâćě ďĺáłàěâŋëå N-ŕěàĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s ŕőáâàőěŋë àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć.

2) Ś ŕőňőéìî íâĺå ŕőáńěďőćăâěńìŋőáâěľ ąăğĺáőć ŕőáâàőěŋë çěâëàě ćăàĺăŋâă ąëáâàőčő ŕàěőąàăğőćăŋĺï Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă (ĄŔĆŁ).

3) Şáâăŋőćńěŋő, çâő ć ŕàőæěááě àěăńĺğăæĺĺ ăńčőàĺâňőć ĄŔĆŁ ćâőàőčő àőďă ćëçĺáńïîâáï łőíääĺæĺěŋâë ćěľćńěâŋëå àăğńőęěŋĺľ (ć çăáâŋőáâĺ, àăğńőęěŋĺľ ŕő ąăğĺáăň Ţăăàă{Łàěáâěŋáőŋă).

4) Ďőłăğăŋë âěőàěňë ő áŕěłâàě áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ ďĺáłàěâŋëå áĺčŋăńőć ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă.

5) Şáâăŋőćńěŋă áćïğì ňěęďã ąăğĺáăňĺ Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëňĺ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, ć âőň çĺáńě á ĺáŕőńìğőćăŋĺěň ŕőŋïâĺï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă.

6) Ŕőáâàőěŋë ďćă őąőąéěŋŋëå łàăâŋőňăáèâăąŋëå ăŋăńĺğă ŕő őáŋőćăŋĺî n ŕàőáâàăŋáâćă ďĺáłàěâŋëå N-ŕě-àĺőďĺçěáłĺå áĺčŋăńőć ŕàĺ N = n^s.

Őáŋőćŋëě àěğãńìâăâë ďĺááěàâăæĺĺ őŕãąńĺłőćăŋë ć àăąőâăå [16, 23, 24, 25, 41, 43].

{ 13 {

Ăćâőà ŕàĺŋőáĺâ čńãąőłãî ąńăčőďăàŋőáâì áćőěňã ŋăãçŋőňã àãłőćőďĺâěńî ŕàőäěááőàã Ć. Ŋ. Ňăńőğěňőćã ğă ŕőňőéì ć ŕőáâăŋőćłě ğăďăç ĺ ăŋăńĺğě àěğãńìâăâőć, ă âăłęě ğă ŕőáâőïŋŋőě ćŋĺňăŋĺě ć âěçěŋĺě ćáěčő ćàěňěŋĺ àăąőâë ŋăď ďĺááěàâăæĺěľ. Ăćâőà âăłęě ćëàăęăěâ ŕàĺğŋăâěńìŋőáâì àãłőćőďĺâěńïň ĺ ãçăáâŋĺłăň Ś.-Ŕěâěàąãàčáłőčő čőàőďáłőčő áěňĺŋăàă óĆáŕńěáłĺ ĺ ĺå ŕàĺńőęěŋĺïô (http://www.math.spbu.ru/user/dmp) ğă łőŋáâàãłâĺćŋëě ğăňěçăŋĺï ĺ őąáãęďěŋĺě ňăâěàĺăńă ďĺááěàâăæĺĺ.

Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (čàăŋâ 99-01-00747).

{ 14 {

Čńăćă I Ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă

x 1. Ŕàěďćăàĺâěńìŋëě áćěďěŋĺï

1.1. Őąőğŋăçĺň çěàěğ C_N ńĺŋěľŋőě ŕàőáâàăŋáâćő łőňŕńěłáŋőğŋăçŋëå N-ŕěàĺőďĺçěáłĺå äãŋłæĺľ æěńőçĺáńěŋŋőčő ăàčãňěŋâă x = x(j), j ∈ Z. İńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň ŋăğëćăâì áĺčŋă-

ńăňĺ. Ć C_N őąëçŋëň áŕőáőąőň ććőďĺâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě ĺ ŋőàňă: ⟨x, y⟩ = N −1∑

j=0 x(j) y(j), ‖x‖ = ⟨x, x⟩^{1/2}. Ěďĺŋĺçŋëň N-ŕěàĺőďĺçěáłĺň ĺňŕãńìáőň ŋăğëćăěâáï áĺčŋăń δ_N (j), àăćŋëľ ěďĺŋĺæě, łőčďă j ďěńĺâáï ŋă N, ĺ àăćŋëľ ŋãńî ŕàĺ őáâăńìŋëå j ∈ Z. Ć çăáâŋőáâĺ, δ_1(j) ≡ 1.

Śĺáâěňă áďćĺčőć δ_N (j), δ_N (j − 1), . . . , δ_N (j − N + 1) őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć C_N , âăł çâő ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě x(j) = N −1∑

k=0 x(k) δ_N (j − k) ∀j ∈ Z. (1.1) Ĺğ (1.1) ĺ çěâŋőáâĺ δ_N áńěďãěâ, çâő ŕàĺ äĺłáĺàőćăŋŋëå l, l^′ ∈ Z ⟨ δ_N (· − l), δ_N (· − l^′) ⟩ = N −1∑

j=0 δ_N (j − l) δ_N (l^′ − j) = δ_N (l^′ − l).

{ 15 {

Ŕőńőęĺň u_k(j) = ω^{kj}_N , čďě ω_N = exp(2πi/N) | łőàěŋì N-ľ áâěŕěŋĺ ĺğ 1. Śĺčŋăńë u_0(j), u_1(j), . . . , u_{N −1}(j) őąàăğãîâ ěéě őďĺŋ őàâőčőŋăńìŋëľ ąăğĺá ć C_N , łőâőàëľ ŋăğëćăěâáï íłáŕőŋěŋæĺăńìŋëň. Őàâőčőŋăńìŋőáâì áńěďãěâ ĺğ íńěňěŋâăàŋőľ äőàňãńë 1 N N −1∑

j=0 ω^{pj}_N = δ_N (p) ∀p ∈ Z. (1.2)

Őçěćĺďŋő, çâő ‖u_k‖^2 = N ŕàĺ ćáěå k = 0, 1, . . . , N − 1. Ńîąőľ áĺčŋăń x ňőęŋő ŕàěďáâăćĺâì ć ćĺďě x(j) = N −1∑

k=0 X(k) u_k(j) ∀j ∈ Z, čďě X(k) = N^{−1}⟨x, u_k⟩.

1.2. Ć ďăńìŋěľèěň áçĺâăěň, çâő N = n^s, čďě n ĺ s | ŋăâãàăńìŋëě çĺáńă, őâńĺçŋëě őâ ěďĺŋĺæë. Ŕőńőęĺň N_ν = N/n^ν, ´_ν = n^{ν−1}. Ć çăáâŋőáâĺ, N_0 = N, N_s = 1, ´_1 = 1, ´_2 = n, ´_{ν+1} = N_{s−ν} ŕàĺ ν = 0, 1, . . . , s.

Ŕőáâőïŋŋő ąãďãâ ĺáŕőńìğőćăâìáï áńěďãîéĺě őąőğŋăçěŋĺï: ⌊α⌋ | æěńăï çăáâì ćěéěáâćěŋŋőčő çĺáńă α; ⟨k⟩_n = k − ⌊k/n⌋n | őáâăâőł őâ ďěńěŋĺï æěńőčő çĺáńă k ŋă ŋăâãàăńìŋőě n.

Ńîąőě çĺáńő j ∈ {0, 1, . . . , N − 1} ňőęŋő ŕàěďáâăćĺâì ć ćĺďě

j = j_{s−1}n^{s−1} + j_{s−2}n^{s−2} + . . . + j_0,

čďě j_ν ∈ {0, 1, . . . , n−1} ŕàĺ ćáěå ν = 0, 1, . . . , s−1. Ďńï őąőğŋăçěŋĺï íâőčő äăłâă ąãďěň ĺáŕőńìğőćăâì áńěďãîéãî äőàňã ğăŕĺáĺ: j = (j_{s−1}, j_{s−2}, . . . , j_0)_n.

{ 16 {

Ŕãáâì âăłęě k ∈ {0, 1, . . . , N − 1}, k = (k_{s−1}, . . . , k_0)_n. Ŕőàăğàïďŋőľ áãňňőľ ŕő ňőďãńî n çĺáěń j ĺ k ŋăğëćăěâáï çĺáńő l = = (l_{s−1}, . . . , l_0)_n, âăłőě, çâő l_ν = ⟨j_ν +k_ν ⟩_n, ν = 0, 1, . . . , s−1. Łàăâłő íâő áőőâŋőèěŋĺě ğăŕĺáëćăěâáï âăł: l = j ⊕_n k. Őçěćĺďŋő, çâő őŕěàăæĺï \⊕_n " ŋě ćëćőďĺâ ĺğ ňŋőęěáâćă {0, 1, . . . , N − 1} ĺ őąńăďăěâ áńěďãîéĺňĺ áćőľáâćăňĺ: j ⊕_n k = k⊕_n j, j ⊕_n 0 = j, j ⊕_n (k⊕_n l) = (j ⊕_n k)⊕_n l. Ůĺáńő j^∗ ŋăğëćăěâáï n-ĺçŋő ŕàőâĺćőŕőńőęŋëň çĺáńã j, ěáńĺ j ⊕_n j^∗ = 0. Ŋěâàãďŋő ćĺďěâì, çâő ěáńĺ j^∗ = (j^∗_{s−1}, . . . , j^∗_0 )_n, âő ĺğ ãáńőćĺï ⟨j_ν + j^∗_ν ⟩_n = 0, ν = 0, 1, . . . , s − 1, áńěďãěâ

j^∗_ν = ⟨−j_ν ⟩_n = n − j_ν, j_ν ≠ 0, 0, j_ν = 0.

Ůĺáńő j ⊖_n k := j ⊕_n k^∗ ŋăğëćăěâáï ŕőàăğàïďŋőľ àăğŋőáâìî ŕő ňőďãńî n.

Ŕàĺćěďěň ŋěłőâőàëě áćőľáâćă ŕőàăğàïďŋőčő áńőęěŋĺï ĺ ćëçĺâăŋĺï, łőâőàëě ŕőâàěąãîâáï ć ďăńìŋěľèěň.

(1) (j ⊖_n k)⊕_n k = j, (j ⊕_n k)⊖_n k = j; (2) (j ⊖_n k)⊖_n (l⊖_n k) = j ⊖_n l;

(3) j ⊖_n k = 0 âőčďă ĺ âőńìłő âőčďă, łőčďă j = k; (4) δ_N (j ⊖_n k) = δ_N (j − k).

Ŕàőćěàĺň, ŋăŕàĺňěà, áćőľáâćő (2). Ĺňěěň

(j ⊖_n k)⊖_n (l⊖_n k) = s∑ ν=0 ⟨ ⟨j_ν − k_ν ⟩_n − ⟨l_ν − k_ν ⟩_n ⟩ n n^ν =

{ 17 { = s∑ ν=0 ⟨j_ν − l_ν⟩_n n^ν = j ⊖_n l. Śćőľáâćő (1) áńěďãěâ ĺğ őŕàěďěńěŋĺï ŕőàăğàïďŋőľ àăğŋőáâĺ, (3) | ĺğ (1), (4) | ĺğ (3).

Ğăäĺłáĺàãěň q ∈ {0, 1, . . . , N − 1}. Őâőąàăęěŋĺï j → j ⊕_n q ĺ j → j ⊖_n q, j ∈ {0, 1, . . . , N − 1}, ŋăğëćăîâáï áőőâćěâáâćěŋŋő n-áďćĺčőň ćŕàăćő ĺ n-áďćĺčőň ćńěćő ŋă ćěńĺçĺŋã q. Őâňěâĺň, çâő

n-áďćĺčĺ, âăł ęě łăł ĺ őâőąàăęěŋĺě j → j^∗, ïćńïîâáï ŕěàěáâăŋőćłăňĺ ňŋőęěáâćă {0, 1, . . . , N − 1}.

Ććěďěň ěéě őďŋã áŕěæĺăńìŋãî ŕěàěáâăŋőćłã. Ŕãáâì p ∈ {0, 1, . . . , ´_{ν+1} − 1} ŕàĺ ŋěłőâőàőň ν ≥ 1. Ğăŕĺèěň çĺáńő p ć n-ĺçŋőň łőďě: p = (p_{ν−1}, p_{ν−2}, . . . , p_0)_n. Őąőğŋăçĺň

rev_ν(p) = (p_0, p_1, . . . , p_{ν−1})_n.

Őŕěàăæĺï rev_ν áőŕőáâăćńïěâ çĺáńã p çĺáńő rev_ν(p), n-ĺçŋëľ łőď łőâőàőčő àăćěŋ ŕěàěćěàŋãâőňã n-ĺçŋőňã łőďã çĺáńă p. Ĺďěŋâĺäĺłăâőà rev áćïğăŋ áő áńőćőň reverse, ă ĺŋďěłá ν ã rev ãłăğëćăěâ ŋă łőńĺçěáâćő àěćěàâĺàãěňëå n-ĺçŋëå àăğàïďőć. Őçěćĺďŋő, çâő rev_ν ( rev_ν(p) ) = p. Ŕő őŕàěďěńěŋĺî rev_1(p) = p ŕàĺ p ∈ {0, 1, . . . , n − 1}. Ŕőńőęĺň âăłęě rev_0(0) = 0.

Őŕěàăæĺï rev_ν ŕàĺ ν ≥ 2 ïćńïěâáï ŕěàěáâăŋőćłőľ ňŋőęěáâćă {0, 1, . . . , ´_{ν+1} − 1}. Ńěňňă 1.1. Śŕàăćěďńĺćő àěłãààěŋâŋőě áőőâŋőèěŋĺě rev_0(0) = 0,

rev_ν (nl + σ) = σ´_ν + rev_{ν−1}(l) (1.3) ŕàĺ l ∈ {0, 1, . . . , ´_ν − 1}, σ ∈ {0, 1, . . . , n − 1}, ν = 1, . . . , s.

{ 18 { Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (1.3) âàĺćĺăńìŋă.

Ŕãáâì ν ≥ 2. Ĺňěěň nl + σ = l_{ν−2}n^{ν−1} + . . . + l_0n + σ. Ğŋăçĺâ, rev_ν(nl + σ) = σn^{ν−1} + l_0n^{ν−2} + . . . + l_{ν−2} = σ´_ν + rev_{ν−1}(l).

Ńěňňă ďőłăğăŋă. �

Ŕő áãéěáâćã, ńěňňă 1.1 őŕĺáëćăěâ ąëáâàëľ ăńčőàĺâň ćëçĺáńěŋĺï rev_s(k) áàăğã ďńï ćáěå k = 0, 1, . . . , N − 1. Ć âăąń. 1 ďěňőŋáâàĺàãěâáï, łăł, ŕőńìğãïáì ńěňňőľ 1.1 ŕàĺ N = 2^3, ćëçĺáńĺâì rev_3(k) ďńï ćáěå k = 0, 1, . . . , 7.

Š ă ą ń ĺ æ ă 1

ν rev_ν(k) ŕàĺ k = 0, 1, . . . , 2^ν − 1 1 0 1 2 0 2 1 3 3 0 4 2 6 1 5 3 7 1.3. Ŋăŕőňŋĺň, çâő N = n^s. Ćőğìňěň j, k ∈ {0, 1, . . . , N − 1},

j = (j_{s−1}, j_{s−2}, . . . , j_0)_n, k = (k_{s−1}, k_{s−2}, . . . , k_0)_n, ĺ ŕőńőęĺň {k, j}_s = s−1∑ ν=0 k_ν j_ν . Śĺčŋăńë v_k(j) = ω^{{k,j}s}_n , k = 0, 1, . . . , N − 1, (1.4) ŋăğëćăîâáï ďĺáłàěâŋëňĺ äãŋłæĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ťőàňãńőľ (1.4) áĺčŋăńë v_k(j) őŕàěďěńěŋë ŋă őáŋőćŋőň ŕěàĺőďě

{ 19 { j ∈ {0, 1, . . . , N − 1}. Ďăńěě őŋĺ ŕàőďőńęăîâáï N-ŕěàĺőďĺçěáłĺ ŋă ćáě æěńëě j ∈ Z.

Ŕàěďńőęěŋĺě 1.1. Śĺčŋăńë v_0, v_1, . . . , v_{N −1} őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N . Ŕàĺ íâőň ‖v_k‖^2 = N ŕàĺ ćáěå k = = 0, 1, . . . , N − 1. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ k, l ∈ {0, 1, . . . , N − 1} áőčńăáŋő (1.2) ĺňěěň ⟨v_k, v_l⟩ = N −1∑

j=0 ω^{{k,j}s−{l,j}s} n = n−1∑ js_−1=0 · · · n−1∑ j0=0 ω P_{s−1ν=0(kν−lν )jν} n =

= s−1∏ ν=0 n−1∑ jν =0 ω^{(kν−lν )jν} n = n^s s−1∏ ν=0 δ_n(k_ν − l_ν). Őâáîďă őçěćĺďŋëň őąàăğőň áńěďãěâ âàěąãěňőě. �

Ŕàěďńőęěŋĺě 1.2. Ąăğĺá v_0, v_1, . . . , v_{N −1} ïćńïěâáï ňãńìâĺŕńĺłăâĺćŋëň ć âőň áňëáńě, çâő ŕàĺ k, l ∈ {0, 1, . . . , N − 1}

v_k(j) v_l(j) = v_m(j),

čďě m = k⊕_n l.

Ďěľáâćĺâěńìŋő, ãçĺâëćăï, çâő ω^n = 1, ŕàĺ j ∈ {0, 1, . . . , N − 1} ŕőńãçăěň v_k(j) v_l(j) = ω^{{k,j}s+{l,j}s} n = ω P_{s−1ν=0⟨kν+lν ⟩n jν} n = v_m(j). 1.4. Ććěďěň łćăďàăâŋãî ňăâàĺæã V_N á íńěňěŋâăňĺ V_N [k, j] = v_k(j), k, j = 0, 1, . . . , N − 1. (1.5)

{ 20 {

Őâňěâĺň, çâő ğďěáì ĺ ďăńěě ĺŋďěłáë áâàőł ĺ áâőńąæőć łćăďàăâŋőľ ňăâàĺæë ŕőàïďłă N ĺğňěŋïîâáï őâ 0 ďő N −1. Ŋăèěľ ąńĺęăľèěľ æěńìî ïćńïěâáï äăłâőàĺğăæĺï ňăâàĺæë V_N .

Őąőğŋăçĺň çěàěğ F_n ňăâàĺæã Ťãàìě n-čő ŕőàïďłă á íńěňěŋâăňĺ F_n[k, j] = ω^{kj}_n , k, j = 0, 1, . . . , n − 1, ĺ çěàěğ F^{[s]}n | ěě s-î łàőŋěłěàőćã áâěŕěŋì (áň., ŋăŕàĺňěà, [7, á. 80{82]).

Ŕàěďńőęěŋĺě 1.3. Śŕàăćěďńĺćő àăćěŋáâćő V_N = F^{[s]}n . Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ćőáŕőńìğãěňáï áńěďãîéĺň őąéĺň äăłâőň: ěáńĺ łćăďàăâŋăï ňăâàĺæă B ŕőàïďłă N = n^s àăćŋă łàőŋěłěàőćã ŕàőĺğćěďěŋĺî s łćăďàăâŋëå ňăâàĺæ A_1, A_2, . . . , A_s ŕőàïďłă n, â. ě. B = A_1 ⊗ A_2 ⊗ · · · ⊗ A_s, âő íńěňěŋâ ňăâàĺæë B á ĺŋďěłáăňĺ k = (k_{s−1}, k_{s−2}, . . . , k_0)_n, j = (j_{s−1}, j_{s−2}, . . . , j_0)_n ćëçĺáńïěâáï ŕő äőàňãńě

B[k, j] = A_1[k_{s−1}, j_{s−1}] A_2[k_{s−2}, j_{s−2}] · · · A_s[k_0, j_0]. (1.6)

Ŕőáłőńìłã F^{[s]}n = F_n ⊗ F_n ⊗ · · · ⊗ F_n

s àăğ

, âő ć áĺńã (1.4) ĺ (1.5)

F^{[s]}_n [k, j] = F_n[k_{s−1}, j_{s−1}] F_n[k_{s−2}, j_{s−2}] · · · F_n[k_0, j_0] = = ω^{{k,j}s}_n = v_k(j) = V_N [k, j]. Şâćěàęďěŋĺě ďőłăğăŋő. �

Ŕãáâì E_n | ěďĺŋĺçŋăï ňăâàĺæă n-čő ŕőàïďłă. Ŕàĺ ν = 1, 2, . . . , s ŕőńőęĺň T_ν = E_n ⊗ E_n ⊗ · · · ⊗ E_n (s � ˚) àăğ ⊗F_n ⊗ E_n ⊗ E_n ⊗ · · · ⊗ E_n (˚ � 1) àăğ .

{ 21 { Ŕàěďńőęěŋĺě 1.4. Ňăâàĺæă V_N ďőŕãáłăěâ äăłâőàĺğăæĺî

V_N = T_1 T_2 · · · T_s. (1.7) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ćőáŕőńìğãěňáï äőàňãńőľ

(A_1 ⊗ A_2 ⊗ · · · ⊗ A_s)(A_{s+1} ⊗ A_{s+2} ⊗ · · · ⊗ A_{2s}) = = (A_1A_{s+1}) ⊗ (A_2A_{s+2}) ⊗ · · · ⊗ (A_sA_{2s}),

(1.8)

áŕàăćěďńĺćőľ ďńï ŕàőĺğćőńìŋëå łćăďàăâŋëå ňăâàĺæ A_1, A_2, . . . , A_{2s} ŕőàïďłă n. Śőčńăáŋő íâőľ äőàňãńě

T_1T_2 = (E_n ⊗ E_n ⊗ · · · ⊗ E_n

(s � 1) àăğ ⊗F_n)(E_n ⊗ · · · ⊗ E_n (s � 2) àăğă

⊗F_n ⊗ E_n) = = E_n ⊗ · · · ⊗ E_n (s � 2) àăğă ⊗F_n ⊗ F_n. Šěŕěàì ïáŋő, çâő T_1 T_2 · · · T_s = F_n ⊗ F_n ⊗ · · · ⊗ F_n

s àăğ

= F^{[s]}_n .

Őáâăěâáï áőáńăâìáï ŋă ŕàěďńőęěŋĺě 1.3. �

Ĺğ őŕàěďěńěŋĺï T_ν ĺ (1.8) áńěďãěâ, çâő T_ν T_μ = T_μT_ν ŕàĺ ν ≠ μ. İâő ğŋăçĺâ, çâő áőňŋőęĺâěńĺ ć ŕàăćőľ çăáâĺ (1.7) ňőęŋő ŕěàěáâăćĺâì ć ńîąőň ŕőàïďłě. Ć çăáâŋőáâĺ,

V_N = T_s T_{s−1} · · · T_1. (1.9)

{ 22 { Ććěďěň łćăďàăâŋãî ňăâàĺæã D ŕőàïďłă N × N, őŕàěďěńïěňãî áńěďãîéĺňĺ àăćěŋáâćăňĺ: D[lN_1 + p, pn + q] = F_n[l, q], p = 0, 1, . . . , N_1 − 1, l, q = 0, 1, . . . , n − 1; D[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1}. (1.10)

Ŕàěďńőęěŋĺě 1.5. Śŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

V_N = D^s. (1.11) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ďćă àăćěŋáâćă (1.10) ňőęŋő őąêěďĺŋĺâì ć őďŋő áńěďãîéĺň őąàăğőň: D[lN_1 + p, mn + q] = F_n[l, q] E_{N1} [p, m], (1.12) p, m = 0, 1, . . . , N_1 − 1, l, q = 0, 1, . . . , n − 1. Ŕőłăęěň, çâő áőőâŋőèěŋĺě (1.12) ďőŕãáłăěâ őąőąéěŋĺě:

D^ν[lN_ν + p, m´_{ν+1} + q] = F^{[ν]}_n [l, q] E_{Nν} [p, m], (1.13) p, m = 0, 1, . . . , N_ν − 1, l, q = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ďőłăęěň áŕàăćěďńĺćőáâì àăćěŋáâćă (1.13) ĺŋďãłæĺěľ ŕő ν. Ąăğőľ ĺŋďãłæĺĺ áńãęĺâ áńãçăľ ν = 1 | ć íâőň áńãçăě (1.13) áőćŕăďăěâ á (1.12). Ŕàőďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν. Ďńï p, m = 0, 1, . . . , N_ν − 1, l, q = 0, 1, . . . , ´_{ν+1} − 1 ĺňěěň

D^ν[lN_ν + p, m´_{ν+1} + q] = N −1∑

r=0 D[lN_ν + p, r] D^{ν−1}[r, m´_{ν+1} + q].

{ 23 { Ŕàěďáâăćĺň ĺŋďěłáë l, q, r ć áńěďãîéěň ćĺďě:

l = l^′´_ν + l^{′′}, q = q^′´_ν + q^{′′}, r = r^{′′}N_{ν−1} + r^{′′′}n + r^′, čďě l^′, q^′, r^′ ∈ {0, 1, . . . , n − 1}, l^{′′}, q^{′′}, r^{′′} ∈ {0, 1, . . . , ´_ν − 1}, r^{′′′} ∈ ∈ {0, 1, . . . , N_ν − 1}. Šőčďă ć áĺńã (1.12) ĺ ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï ŕőńãçĺň D^ν[lN_ν + p, m´_{ν+1} + q] = = n−1∑ r^′=0

Δν −1∑

r^{′′}=0

Nν −1∑

r^{′′′}=0 D[l^′N_1+(l^{′′}N_ν+p), (r^{′′}N_ν+r^{′′′})n+r^′]× × D^{ν−1}[r^{′′}N_{ν−1} + (r^{′′′}n + r^′), (mn + q^′)´_ν + q^{′′}] = = n−1∑ r^′=0

Δν −1∑

r^{′′}=0

Nν −1∑

r^{′′′}=0 F_n[l^′, r^′] E_{N1}[l^{′′}N_ν+p, r^{′′}N_ν+r^{′′′}]× × F^{[ν−1]}_n [r^{′′}, q^{′′}] E_{Nν−1} [r^{′′′}n + r^′, mn + q^′] = = F_n[l^′, q^′] F^{[ν−1]}_n [l^{′′}, q^{′′}] E_{Nν} [p, m] = F^{[ν]}_n [l, q] E_{Nν} [p, m]. Ĺâăł, áŕàăćěďńĺćőáâì àăćěŋáâćă (1.13) ãáâăŋőćńěŋă. Ŕàĺ ν = s ŕőńãçăěň D^s[l, q] = F^{[s]}_n [l, q], l, q = 0, 1, . . . , N − 1. Ć áĺńã ŕàěďńőęěŋĺï 1.3 ŕőáńěďŋěě àăćěŋáâćő àăćŋőáĺńìŋő (1.11). � Łăł ćĺďŋő ĺğ (1.10), áâàőłĺ ňăâàĺæë D àăğąĺâë ŋă n ąńőłőć ŕő n^{s−1} áâàőł ć łăęďőň. Ŕàĺ íâőň ŋăçăńìŋőľ áâàőłőľ ć l-ň ąńőłě ïćńïěâáï l-ï áâàőłă ňăâàĺæë F_n, ďőŕőńŋěŋŋăï (N − n) ŋãńïňĺ, ă łăęďăï áńěďãîéăï áâàőłă íâőčő ąńőłă ŕőńãçăěâáï ĺğ ŕàěďëďãéěľ á ŕőňőéìî æĺłńĺçěáłőčő áďćĺčă ŋă n ŕőğĺæĺľ ćŕàăćő.

{ 24 { Ăŋăńőčĺçŋëě ňăŋĺŕãńïæĺĺ ňőęŋő ŕàőĺğćěáâĺ ĺ áő áâőńąæăňĺ ňăâàĺæë F_n. Ă ĺňěŋŋő, ŕőáâàőĺň ňăâàĺæã C ŕőàïďłă N × N áńěďãîéĺň őąàăğőň: C[pn + l, qN_1 + p] = F_n[l, q], p = 0, 1, . . . , N_1 − 1, l, q = 0, 1, . . . , n − 1; C[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1}. (1.14)

Ŋěâàãďŋő ćĺďěâì, çâő ňăâàĺæă C ěáâì âàăŋáŕőŋĺàőćăŋŋăï ňăâàĺæă D. Ďěľáâćĺâěńìŋő, áőčńăáŋő (1.10) ĺňěěň D^⊤[pn + q, lN_1 + p] = F_n[l, q], p = 0, 1, . . . , N_1 − 1, l, q = 0, 1, . . . , n − 1; D^⊤[j, k] = 0 ŕàĺ őáâăńìŋëå j, k ∈ {0, 1, . . . , N − 1}, çâő áőćŕăďăěâ (1.14), ěáńĺ ŕőňěŋïâì ňěáâăňĺ l ĺ q (ŋãęŋő ãçěáâì, çâő F_n = F^⊤_n ). Ă ĺğ áĺňňěâàĺçŋőáâĺ ňăâàĺæë V_N ĺ ŕàěďáâăćńěŋĺï (1.11) ŕőńãçăěň V_N = V^⊤_N = (D^s)^⊤ = (D^⊤)^s.

Ŕàĺåőďĺň ł áńěďãîéěňã àěğãńìâăâã.

Ŕàěďńőęěŋĺě 1.6. Śŕàăćěďńĺćő àăćěŋáâćő

V_N = C^s. (1.15)

{ 25 {

x 2. Ŕěàćăï ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć

2.1. Ŋă őáŋőćě ŕàěďáâăćńěŋĺï (1.11) ŕőáâàőĺň ć C N ŕàĺ N = n^s ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {h_ν(k; j)}^{N −1}_{k=0} , ν = = 0, 1, . . . , s, âăł, çâőąë h_0(k; j) = δ_N (j − k) ĺ h_s(k; j) = v_k(j). Śĺčŋăńë h_ν(k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì h_ν(k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áâőńąæă h_ν = ( h_ν(0), h_ν(1), . . . , h_ν(N − 1) )_⊤ . Ŕőńőęĺň

h_ν = D^νh_0, ν = 1, . . . , s. (2.1)

Śőčńăáŋő (1.11), h_s = V_N h_0. Ŕőńìğãïáì (1.5) ĺ (1.1), ŕěàěŕĺèěň ŕőáńěďŋěě àăćěŋáâćő ć àăğćěàŋãâőň ćĺďě:

h_s(k; j) = N −1∑

l=0 V_N [k, l] δ_N (j − l) = N −1∑

l=0 v_k(l) δ_N (j − l) = v_k(j).

Řăğąěàěňáï á ŕàőňěęãâőçŋëňĺ ąăğĺáăňĺ h_1, . . . , h_{s−1}. Ŕàěęďě çěň ŕőłăğăâì, çâő íâő ďěľáâćĺâěńìŋő ąăğĺáë, ŕőńãçĺň ïćŋőě ŕàěďáâăćńěŋĺě ďńï ąăğĺáŋëå áĺčŋăńőć.

Šěőàěňă 2.1. Śŕàăćěďńĺćő àăćěŋáâćő

h_ν(lN_ν + p) = Δν+1−1 ∑ q=0 ω^{{l,q}ν}_n h_0(p´_{ν+1} + q), (2.2) p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺğ (2.1) ĺ (1.13) ŕőńãçăěň

h_ν(lN_ν + p) = Δν+1−1 ∑ q=0

Nν −1∑

m=0 D^ν[lN_ν + p, m´_{ν+1} + q] h_0(m´_{ν+1} + q) =

{ 26 {

= Δν+1−1 ∑ q=0 F^{[ν]}_n [l, q] h_0(p´_{ν+1} + q), p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Őáâăěâáï őâňěâĺâì, çâő F^{[ν]}n [l, q] = ω^{{l,q}ν}n . Šěőàěňă ďőłăğăŋă. � Šěőàěňă 2.2. Ŕàĺ łăęďőň ν = 1, . . . , s − 1 áĺáâěňă áĺčŋăńőć

h_ν(0), h_ν(1), . . . , h_ν(N − 1) őąàăğãěâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N .

Ŕàĺ íâőň ‖h_ν(k)‖^2 = n^ν ŕàĺ ćáěå k = 0, 1, . . . , N − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì p, p^′ ∈ {0, 1, . . . , N_ν − 1}, l, l^′ ∈ ∈ {0, 1, . . . , ´_{ν+1} − 1}. Ŕőłăęěň, çâő ěáńĺ p ≠ p^′ ĺńĺ l ≠ l^′, âő

⟨h_ν(lN_ν + p), h_ν(l^′N_ν + p^′)⟩ = 0. (2.3) Ŕàĺ p ≠ p^′ (2.3) ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ (2.2), ŕőáłőńìłã ć íâőň áńãçăě ŋőáĺâěńĺ ãłăğăŋŋëå áĺčŋăńőć ŋě ŕěàěáěłăîâáï.

Ŕãáâì p = p^′, âőčďă ć áĺńã (2.2), (1.4) ĺ ŕàěďńőęěŋĺï 1.1 ĺňěěň

⟨h_ν(lN_ν + p), h_ν(l^′N_ν + p)⟩ = Δν+1−1 ∑ q=0 ω^{{l,q}ν−{l′,q}ν} n = ´_{ν+1} δ_{Δν+1}(l − l^′).

Ŕàĺ l ≠ l^′ ŕàĺåőďĺň ł (2.3). Ŕàĺ l = l^′ ŕőńãçăěň ‖h_ν(lN_ν + p)‖^2 = = ´_{ν+1} = n^ν.

Šěőàěňă ďőłăğăŋă. � 2.2. Ĺğ (1.11) áńěďãěâ, çâő h_ν = Dh_{ν−1}, ν = 1, . . . , s. İâă äőàňãńă ĺ äőàňãńă (1.12) ŕőğćőńïîâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă h_{ν−1} ł ąăğĺáã h_ν: h_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

{ 27 {

h_ν(lN_1 + p) = n−1∑ q=0 ω^{lq}_n h_{ν−1}(pn + q), (2.4) p = 0, 1, . . . , N_1 − 1, l = 0, 1, . . . , n − 1, ν = 1, . . . , s. Śåěňă (2.4) ŕőğćőńïěâ áâàőĺâì ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć h_ν àěłãààěŋâŋő, ŋě ŕőńìğãïáì ŕàěďáâăćńěŋĺěň (2.2).

x 3. Ćâőàăï ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć

3.1. Ŋă őáŋőćě ŕàěďáâăćńěŋĺï (1.15) ŕőáâàőĺň ć C_N ŕàĺ N = n^s ěéě őďŋã ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {ξ_ν(k; j)}^{N −1}_{k=0} , ν = 0, 1, . . . , s, âăł, çâőąë ξ_0(k; j) = δ_N (j − k) ĺ ξ_s(k; j) = v_k(j). Śĺčŋăńë ξ_ν(k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì ξ_ν(k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áâőńąæă ξ_ν = ( ξ_ν(0), ξ_ν(1), . . . , ξ_ν(N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő áńěďãîéĺň őąàăğőň:

ξ_ν = C^νξ_0, ν = 1, . . . , s. (3.1)

Łăł ĺ ć ŕàěďëďãéěň ŕăàăčàăäě, ŕőłăęěň, çâő ŕőáâàőěŋŋëě âăłĺň őąàăğőň áĺčŋăńë őąàăğãîâ őàâőčőŋăńìŋëě ąăğĺáë, ŕàěďćăàĺâěńìŋő ŕőńãçĺć ďńï ŋĺå ïćŋőě ŕàěďáâăćńěŋĺě.

Šěőàěňă 3.1. Śŕàăćěďńĺćő àăćěŋáâćő

ξ_ν(p´_{ν+1} + l) = Δν+1−1 ∑ q=0 ω^{{l,q}ν}_n ξ_0(qN_ν + p), (3.2)

l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s.

{ 28 {

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Łăł ąëńő ŕőłăğăŋő ŋă á. 24, C = D^⊤. Őâáîďă, ćőáŕőńìğőćăćèĺáì (1.13), ŕőńãçĺň

C^ν[p´_{ν+1} +l, qN_ν +m] = D^ν[qN_ν +m, p´_{ν+1} +l] = F^{[ν]}[q, l] E_{Nν} [m, p], (3.3) l, q = 0, 1, . . . , ´_{ν+1} − 1, p, m = 0, 1, . . . , N_ν − 1. Ğăŕĺáăć á ãçěâőň íâőčő ćëàăęěŋĺï äőàňãńã (3.1) ć àăğćěàŋãâőň ćĺďě ĺ ŕàĺŋïć ł áćěďěŋĺî àăćěŋáâćő F^{[ν]}[q, l] = ω^{{q,l}ν}n = ω^{{l,q}ν}n , ŕàĺďěň ł (3.2). Šěőàěňă ďőłăğăŋă. �

Šěőàěňă 3.2. Ŕàĺ łăęďőň ν = 1, . . . , s − 1 áĺáâěňă áĺčŋăńőć

ξ_ν(0), ξ_ν(1), . . . , ξ_ν(N − 1) őąàăğãěâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N .

Ŕàĺ íâőň ‖ξ_ν(k)‖^2 = n^ν ŕàĺ ćáěå k = 0, 1, . . . , N − 1.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ć áĺńã (3.1) ãâćěàęďěŋĺě âěőàěňë àăćŋőáĺńìŋő âőňã, çâő áâàőłĺ ňăâàĺæë C^ν ŕőŕăàŋő őàâőčőŋăńìŋë ĺ łćăďàăâ ŋőàňë łăęďőľ ĺğ ŋĺå àăćěŋ n^ν. İâő ãáńőćĺě łőàőâłő ňőęŋő ğăŕĺáăâì âăł: C^ν (C^ν)^∗ = n^νE_N , čďě (C^ν)^∗ | áőŕàïęěŋŋăï ł C^ν ňăâàĺæă.

Ĺğ âěőàěňë 2.2 ĺ äőàňãńë (2.1) áńěďãěâ, çâő D^ν(D^ν)^∗ = n^νE_N . Ă ŕőáłőńìłã C = D^⊤, âő

C^ν(C^ν )^∗ = (D^ν)^⊤ ( (D^ν)^∗ )_⊤ = [ (D^ν)^∗D^ν) ]_⊤ = n^νE_N .

Šěőàěňă ďőłăğăŋă. � 3.2. Ğăŕĺèěň äőàňãńã (3.3) ŕàĺ ν = 1: C[pn + l, qN_1 + m] = F [q, l] E_{N1} [m, p], (3.4) l, q = 0, 1, . . . , n − 1, p, m = 0, 1, . . . , N_1 − 1.

{ 29 { Ĺğ (1.15) áńěďãěâ, çâő ξ_ν = Cξ_{ν−1}, ν = 1, . . . , s. İâő àăćěŋáâćő ć áőćőłãŕŋőáâĺ á äőàňãńőľ (3.4) ŕőğćőńïěâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă ξ_{ν−1} ł ąăğĺáã ξ_ν: ξ_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

ξ_ν(pn + l) = n−1∑ q=0 ω^{lq}_n ξ_{ν−1}(qN_1 + p), (3.5) l = 0, 1, . . . , n − 1, p = 0, 1, . . . , N_1 − 1, ν = 1, . . . , s. Śåěňă (3.5) ŕőğćőńïěâ áâàőĺâì ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć ξ_ν àěłãààěŋâŋő, ŋě ŕőńìğãïáì ŕàěďáâăćńěŋĺěň (3.2).

x 4. Ąëáâàőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕěàćőčő àőďă

4.1. Ńîąőľ áĺčŋăń x ∈ C_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã h_ν(0), h_ν(1), . . . , h_ν(N − 1) ŕàĺ łăęďőň ν = 0, 1, . . . , s: x = N −1∑

k=0 x_ν (k) h_ν(k). (4.1) Ğďěáì x_ν (k) = n^{−ν}⟨x, h_ν (k)⟩. Ć çăáâŋőáâĺ,

x_0(k) = N −1∑

j=0 x(j) δ_N (j − k) = x(k), k = 0, 1, . . . , N − 1. Śőčńăáŋő (2.4) x_ν(lN_1 + p) = n^{−ν} n−1∑ q=0 ω^{−lq}_n ⟨x, h_{ν−1}(pn + q)⟩ =

{ 30 { = 1 n n−1∑ q=0 ω^{−lq}_n x_{ν−1}(pn + q). Ŕàĺåőďĺň ł áńěďãîéěľ àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺľ (4.1): x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν(lN_1 + p) = 1 n n−1∑ q=0 ω^{−lq}_n x_{ν−1}(pn + q), (4.2) p = 0, 1, . . . , N_1 − 1, l = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň àăğńőęěŋĺě áĺčŋăńă x ŕő ąăğĺáã Ćĺńěŋłĺŋă{ Łàěáâěŋáőŋă (1.2): x(j) = N −1∑

k=0 x_s(k) v_k(j). (4.3) Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ćáěň ŕàőňěęãâőçŋëň ąăğĺáăň.

Ťőàňãńă (4.2) ďőŕãáłăěâ őąàăéěŋĺě: x_{ν−1}(pn + q) = n−1∑ l=0 ω^{lq}_n x_ν(lN_1 + p), (4.4) p = 0, 1, . . . , N_1 − 1, q = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. Őáŋőćŋăï àőńì äőàňãńë (4.4) ğăłńîçăěâáï ć âőň, çâő á ěě ŕőňőéìî ćëçĺáńïîâáï ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (4.3), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő: x(k) = x_0(k), k = 0, 1, . . . , N − 1.

4.2. Ăŋăńőčĺçŋő áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã ξ_ν(0), ξ_ν(1), . . . , ξ_ν(N − 1) ŕàĺ łăęďőň ν = 0, 1, . . . , s: x = N −1∑

k=0 y_ν(k) ξ_ν(k). (4.5)

{ 31 {

Ğďěáì y_ν(k) = n^{−ν}⟨x, ξ_ν (k)⟩. Łőíääĺæĺěŋâë àăğńőęěŋĺľ (4.5) ć áĺńã (3.5) ćëçĺáńïîâáï ŕő àěłãààěŋâŋőľ áåěňě y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν(pn + l) = 1 n n−1∑ q=0 ω^{−lq}_n y_{ν−1}(qN_1 + p), (4.6) l = 0, 1, . . . , n − 1, p = 0, 1, . . . , N_1 − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň x(j) = N −1∑

k=0 y_s(k) v_k(j), â. ě. y_s(k) = x_s(k) ŕàĺ ćáěå k = 0, 1, . . . , N − 1. Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő łăęďőňã ŕàőňěęãâőçŋőňã ąăğĺáã ξ_ν, łőâőàëě, łőŋěçŋő, őâńĺçŋë őâ łőíääĺæĺěŋâőć àăğńőęěŋĺľ ŕő ŕàőňěęãâőçŋëň ąăğĺáăň h_ν.

Ťőàňãńă (4.6) ďőŕãáłăěâ őąàăéěŋĺě:

y_{ν−1}(qN_1 + p) = n−1∑ l=0 ω^{lq}_n y_ν(pn + l), (4.7) q = 0, 1, . . . , n − 1, p = 0, 1, . . . , N_1 − 1, ν = s, s − 1, . . . , 1. Ś ŕőňőéìî (4.7) ňőęŋő ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (4.5) ŕàĺ ŋěłőâőàőň ν ∈ {1, . . . , s}, ŋă őáŋőćŋőň ŕěàĺőďě.

Ćëçĺáńĺâěńìŋëě áåěňë (4.2) ĺ (4.6) ŋăğőćěň ąëáâàëňĺ ŕàěőąàăğőćăŋĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŕěàćőčő àőďă, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

{ 32 { 4.3. Ŋăŕőňŋĺň, çâő v_k(j) = ω^{{k,j}s}_n , k, j ∈ {0, 1, . . . , N − 1}. Ć íâőľ äőàňãńě áâěŕěŋì {k, j}_s ĺğňěŋïěâáï ŋěňőŋőâőŋŋő ŕàĺ ćőğàăáâăŋĺĺ j őâ 0 ďő N − 1. Ŋăŕàĺňěà, ŕàĺ n = 2, s = 3, k = 2 = (0, 1, 0)_2 ĺňěěň

j 0 1 2 3 4 5 6 7 {k, j}_3 0 0 1 1 0 0 1 1 Ůâőąë ďőąĺâìáï ňőŋőâőŋŋőáâĺ, ğăŕĺèěň ďńï v_k(j) ďàãčőě ŕàěďáâăćńěŋĺě v_k(j) = ω P_{s−1ν=0 kν(jν +jν+1n+...+jsns−ν )} n . Őąőğŋăçĺň áâěŕěŋì çěàěğ φ_k(j). Šőčďă v_k(j) = ω^{φk(j)}_n . (4.8) Śçĺâăěň, çâő ăàčãňěŋâ j ĺğňěŋïěâáï őâ 0 ďő N, âăł çâő łőíääĺæĺěŋâ j_s ňőęěâ àăćŋïâìáï 0 ĺńĺ 1. Ŕàĺ íâőň, ěáńĺ j_s = 1, âő j_{s−1} = j_{s−2} = . . . = j_0 = 0.

Ŕőńőęĺň ŕàĺ l = 0, 1, . . . , s − 1 a_l = l∑ ν=0 k_νn^{l−ν} . Ńěňňă 4.1. Śŕàăćěďńĺćő àăćěŋáâćő

φ_k(j) = na_{s−1}j_s + s−1∑ l=0 a_lj_l. (4.9)

{ 33 { Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň φ_k(j) = s−1∑ ν=0 k_ν s∑ l=ν j_ln^{l−ν} = s−1∑ ν=0 k_ν j_sn^{s−ν} + s−1∑ ν=0 k_ν s−1∑ l=ν j_ln^{l−ν} =

= n j_sa_{s−1} + s−1∑ l=0 j_l l∑ ν=0 k_ν n^{l−ν} = na_{s−1}j_s + s−1∑ l=0 a_lj_l, çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì. �

Ńěňňă 4.2. Śŕàăćěďńĺćő àěłãààěŋâŋőě áőőâŋőèěŋĺě

a_l = (n − 1) l−1∑ ν=0 a_ν + l∑ p=0 k_p, l = 1, . . . , s − 1, (4.10) a_0 = k_0.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ťőàňãńă (4.10) áćïğăŋă áő áåěňőľ Čőàŋěàă, őďŋăłő ěě ňőęŋő ćëćěáâĺ ĺ ŋěŕőáàěďáâćěŋŋő. Ğăŕĺèěň l∑ ν=0 a_ν = l∑ ν=0 ν∑ p=0 k_pn^{ν−p} = l∑ ν=1 ν−1∑ p=0 k_pn^{ν−p} + l∑ p=0 k_p. (4.11) Őâňěâĺň, çâő l∑ ν=1 ν−1∑ p=0 k_pn^{ν−p} = l−1∑ ν^′=0 ν^′∑

p=0 k_pn^{ν′+1−p} = n l−1∑ ν^′=0 a_ν′. (4.12) Őąêěďĺŋïï (4.11) ĺ (4.12), ŕàĺåőďĺň ł (4.10). �

Ś ń ě ď á â ć ĺ ě. Ŕàĺ l ∈ {1, . . . , s − 1} ćëŕőńŋïěâáï ŋěàăćěŋáâćő a_l ≥ (n − 1) l−1∑ ν=0 a_ν. (4.13)

Šěőàěňă 4.1. Ŕàĺ ćőğàăáâăŋĺĺ j őâ 0 ďő N äãŋłæĺï φ_k(j) ĺğňěŋïěâáï őâ 0 ďő na_{s−1}, ňőŋőâőŋŋő ŋě ãąëćăï.

{ 34 { Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (4.9), φ_k(0) = 0, φ_k(N) = na_{s−1}.

Őáâăěâáï ŕàőćěàĺâì, çâő φ_k(j) ≤ φ_k(j + 1) ŕàĺ j = 0, 1, . . . , N − 1. Ŕãáâì j = (j_{s−1}, j_{s−2}, . . . , j_0)_n. Šőčďă φ_k(j) = ∑_{s−1} l=0 a_lj_l. Ěáńĺ j_0 ∈ {0, 1, . . . , n − 2}, âő φ_k(j + 1) = a_0(j_0 + 1) + s−1∑ l=1 a_lj_l ≥ φ_k(j). Ŕàěďŕőńőęĺň, çâő j_0 = n − 1. Ć áńãçăě j_0 = j_1 = . . . = j_{p−1} = = n − 1, j_p < n − 1 ŕàĺ ŋěłőâőàőň p ∈ {1, . . . , s − 1} ĺňěěň

φ_k(j + 1) = a_p(j_p + 1) + s−1∑ l=p+1 a_lj_l. Śőčńăáŋő (4.13)

φ_k(j + 1) − φ_k(j) = a_p − (n − 1) p−1∑ l=0 a_l ≥ 0. Ŋăłőŋěæ, ěáńĺ j = N − 1, âő

φ_k(j + 1) − φ_k(j) = na_{s−1} − (n − 1) s−1∑ l=0 a_l =

= a_{s−1} − (n − 1) s−2∑ l=0 a_l ≥ 0. Šěőàěňă ďőłăğăŋă. �

4.4. Ŕěàěŕĺèěň äőàňãńã (4.8) ć ćĺďě

v_k(j) = exp (_{2πi} n φ_k(j) ) . Ŕàĺ äĺłáĺàőćăŋŋőň j łőňŕńěłáŋőě çĺáńő v_k(j) ńěęĺâ ŋă ěďĺŋĺçŋőľ őłàãęŋőáâĺ łőňŕńěłáŋőľ ŕńőáłőáâĺ ĺ ěčő ăàčãňěŋâ àăćěŋ (2π/n)φ_k(j). Śőčńăáŋő âěőàěňě 4.1 íâőâ ăàčãňěŋâ ŕàĺ ćőğàăáâăŋĺĺ j őâ 0 ďő N ĺğňěŋïěâáï őâ 0 ďő 2πa_{s−1}, ňőŋőâőŋŋő ŋě ãąëćăï.

{ 35 {

Ďàãčĺňĺ áńőćăňĺ, ŕàĺ ćőğàăáâăŋĺĺ j őâ 0 ďő N âőçłă v_k(j) őąěčăěâ ěďĺŋĺçŋãî őłàãęŋőáâì a_{s−1} àăğ. Ůĺáńő a_{s−1} ěáâěáâćěŋŋő ŕàĺŋïâì ğă çăáâőâã ďĺáłàěâŋőľ äãŋłæĺĺ v_k(j).

Ŋăŕőňŋĺň, çâő a_{s−1} = k_0n^{s−1} + k_1n^{s−2} + . . . + k_{s−1}. Ŕőáłőńìłã k = k_{s−1}n^{s−1} + k_{s−2}n^{s−2} + . . . + k_0, âő a_{s−1} ěáâì æěńőě çĺáńő, n-ĺçŋëľ łőď łőâőàőčő àăćěŋ ŕěàěćěàŋãâőňã n-ĺçŋőňã łőďã çĺáńă k. Ďàãčĺňĺ áńőćăňĺ, a_{s−1} = rev_s(k). Šăłĺň őąàăğőň, ŕàĺåőďĺň ł áńěďãîéěňã àěğãńìâăâã: çăáâőâă äãŋłæĺĺ v_k(j) àăćŋă rev_s(k).

Šěŕěàì äãŋłæĺĺ őàâőčőŋăńìŋőľ ňãńìâĺŕńĺłăâĺćŋőľ áĺáâěňë v_0, v_1, . . . , v_{N −1} ňőęŋő ãŕőàïďőçĺâì ŕő ćőğàăáâăŋĺî çăáâőâë, ŕőńőęĺć Pal_k(j) := v_{revs(k)}(j), k = 0, 1, . . . , N − 1.

Őçěćĺďŋő, çâő çăáâőâă Pal_k(j) àăćŋă k. Ťőàňãńă (4.3) ŕàĺŋĺňăěâ ćĺď x(j) = N −1∑

k=0 x_s ( rev_s(k) ) Pal_k(j).

{ 36 {

x 5. Ąńőçŋëě őàâőčőŋăńìŋëě ąăğĺáë, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě

5.1. Őąàăâĺňáï ł äăłâőàĺğăæĺĺ (1.9). Ŕőáâàőĺň ŋă ěě őáŋőćě ć ŕàőáâàăŋáâćě C_N ŕàĺ N = n^s ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć {f_ν(k; j)}^{N −1}_{k=0} , ν = 0, 1, . . . , s, âăł, çâőąë f_0(k; j) = δ_N (j −k) ĺ f_s(k; j) = v_k(j). Śĺčŋăńë f_ν(k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì f_ν(k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áâőńąæă f_ν = ( f_ν(0), f_ν(1), . . . , f_ν(N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő äőàňãńőľ

f_ν = T_ν T_{ν−1} · · · T_1 f_0, ν = 1, . . . , s. (5.1)

Śőčńăáŋő (1.9), f_s = V_N f_0, ĺńĺ, ć àăğćěàŋãâőň ćĺďě, f_s(k; j) = v_k(j).

Řăğąěàěňáï á ŕàőňěęãâőçŋëňĺ ąăğĺáăňĺ f_1, . . . , f_{s−1}. Őąőğŋăçĺň Q_ν = T_ν T_{ν−1} · · · T_1.

Ńěňňă 5.1. Ŕàĺ ćáěå ν = 1, . . . , s áŕàăćěďńĺćă äőàňãńă

Q_ν Q^∗_ν = n^νE_N ,

čďě Q^∗_ν | áőŕàïęěŋŋăï ŕő őâŋőèěŋĺî ł Q_ν ňăâàĺæă.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàěęďě ćáěčő őâňěâĺň, çâő áőčńăáŋő (1.2) F_nF^∗_n = nE_n. Ďăńěě ć áĺńã (1.8) T_ν T^∗_ν = (E_n ⊗ E_n ⊗ · · · ⊗ E_n (s � ˚) àăğ ⊗F_n ⊗ E_n ⊗ · · · ⊗ E_n (˚ � 1) àăğ ) × × (E_n ⊗ E_n ⊗ · · · ⊗ E_n (s � ˚) àăğ ⊗F^∗_n ⊗ E_n ⊗ · · · ⊗ E_n (˚ � 1) àăğ ) = = E_n ⊗ E_n ⊗ · · · ⊗ E_n (s � ˚) àăğ ⊗(F_nF^∗_n ) ⊗ E_n ⊗ · · · ⊗ E_n (˚ � 1) àăğ = nE_N .

{ 37 { Ŋăłőŋěæ, Q_νQ^∗_ν = T_νT_{ν−1} · · · T_1T^∗_1 · · · T^∗_{ν−1}T^∗_ν = n^νE_N .

Ńěňňă ďőłăğăŋă. �

Ŕő áãéěáâćã ãáâăŋőćńěŋő, çâő áâàőłĺ ňăâàĺæë Q_ν ŕőŕăàŋő őàâőčőŋăńìŋë ĺ łćăďàăâ ŋőàňë łăęďőľ ĺğ ŋĺå àăćěŋ n^ν. Şçĺâëćăï áőőâŋőèěŋĺě f_ν = Q_νf_0, ŕàĺåőďĺň ł âăłőňã ćëćőďã.

Šěőàěňă 5.1. Ŕàĺ ćáěå ν ∈ {0, 1, . . . , s} áĺčŋăńë f_ν (0),

f_ν(1), . . . , f_ν(N − 1) őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N ĺ ‖f_ν(k)‖^2 = n^ν , k = 0, 1, . . . , N − 1.

5.2. Ĺğ (5.1) áńěďãěâ, çâő f_ν = T_ν f_{ν−1}, ν = 1, . . . , s. (5.2) Řăááňőâàĺň ňăâàĺæã T_ν ąőńěě ďěâăńìŋő.

Ńěňňă 5.2. Ňăâàĺæă T_ν ĺňěěâ áńěďãîéãî áâàãłâãàã:

T_ν [(np + σ)´_ν + l, (np + τ)´_ν + l] = ω^{στ}_n , l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ, τ = 0, 1, . . . , n − 1; T_ν[k, j] = 0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , N − 1}. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő őŕàěďěńěŋĺî T_ν ĺ (1.6) T_ν[k, j] = E_n[k_{s−1}, j_{s−1}] · · · E_n[k_ν , j_ν ] × × F_n[k_{ν−1}, j_{ν−1}] E_n[k_{ν−2}, j_{ν−2}] · · · E_n[k_0, j_0].

İâő ćëàăęěŋĺě őâńĺçŋő őâ ŋãńï âőńìłő âőčďă, łőčďă k_μ = j_μ, μ = 0, 1, . . . , ν − 2, ν, ν + 1, . . . , s − 1. (5.3)

{ 38 {

Ğăäĺłáĺàãěň k = (k_{s−1}, k_{s−2}, . . . , k_0)_n = (np + k_{ν−1})´_ν + l, čďě l ∈ {0, 1, . . . , ´_ν − 1}, p ∈ {0, 1, . . . , N_ν − 1}. Şáńőćĺě (5.3) ćëŕőńŋïěâáï ďńï ĺŋďěłáőć j ćĺďă j = (np + j_{ν−1})´_ν + l ĺ âőńìłő ďńï ŋĺå. Ŕàĺ íâőň T_ν[k, j] = ω^{kν−1jν−1}n . Şłăğăŋŋëě äăłâë áőőâćěâáâćãîâ ãâćěàęďěŋĺî ńěňňë. �

Ś ń ě ď á â ć ĺ ě. Ć áâàőłě ňăâàĺæë T_ν á ĺŋďěłáőň k = p´_{ν+1}+ +σ´_ν +l őâńĺçŋë őâ ŋãńï ńĺèì n íńěňěŋâőć. Ŋěŋãńěćëě íńěňěŋâë ŕàĺŋĺňăîâ ğŋăçěŋĺï 1, ω^σ_n , ω^{2σ}_n , . . . , ω^{(n−1)σ}n .

Ťőàňãńă (5.2) ĺ ńěňňă 5.2 ŕőğćőńïîâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă f_{ν−1} ł ąăğĺáã f_ν:

f_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1;

f_ν(l + σ´_ν + p´_{ν+1}) = n−1∑ τ =0 ω^{στ}_n f_{ν−1} ( l + (np + τ)´_ν ) , (5.4) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = 1 äőàňãńă (5.4) ŕàĺŋĺňăěâ ćĺď

f_1(np + σ) = n−1∑ τ =0

ω^{στ}_n f_0(np + τ), (5.5) σ = 0, 1, . . . , n − 1, p = 0, 1, . . . , N_1 − 1. 5.3. Ŕőńãçĺň ïćŋőě ŕàěďáâăćńěŋĺě ďńï ąăğĺáŋëå áĺčŋăńőć.

Ďńï íâőčő ŕőâàěąãěâáï őďŋő ćáŕőňőčăâěńìŋőě ãâćěàęďěŋĺě. Őąőğŋăçĺň V_{Δν+1} = F^{[ν]}n , ν = 1, . . . , s.

{ 39 { Ńěňňă 5.3. Ŕàĺ l, q ∈ {0, 1, . . . , ´_ν −1}, σ, τ ∈ {0, 1, . . . , n−1}, ν ∈ {2, . . . , s} áŕàăćěďńĺćë äőàňãńë

V_{Δν} [l, q] = V_{Δν+1} [l, q] = ω^{−στ}_n V_{Δν+1}[l + σ´_ν , q + τ´_ν], (5.6) V_{Δν} [l, q] = V_{Δν+1}[nl, nq] = ω^{−στ}_n V_{Δν+1}[nl + σ, nq + τ]. (5.7) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (1.5) ĺ (1.4) V_{Δν+1}[l, q] = ω^{{l,q}ν}_n ŕàĺ l, q ∈ {0, 1, . . . , ´_{ν+1} − 1}. (5.8) Ěáńĺ l, q ∈ {0, 1, . . . , ´_ν − 1}, âő {l, q}_{ν−1} = {l, q}_ν = {l + σ´_ν, q + τ´_ν }_ν − στ = = {nl, nq}_ν = {nl + σ, nq + τ}_ν − στ. Őâáîďă ĺ ĺğ (5.8) áńěďãěâ âàěąãěňőě. �

Šěőàěňă 5.2. Ĺňěěâ ňěáâő ïćŋőě ŕàěďáâăćńěŋĺě

f_ν(l + p´_{ν+1}) = Δν+1−1 ∑ q=0 V_{Δν+1} [l, q] f_0(q + p´_{ν+1}), (5.9)

l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (5.9) ŕàĺŋĺňăěâ ćĺď f_1(l + np) = n−1∑ q=0 ω^{lq}_n f_0(q + np),

l = 0, 1, . . . , n − 1, p = 0, 1, . . . , N_1 − 1. İâő áőćŕăďăěâ á (5.5), ěáńĺ ğăňěŋĺâì l ŋă σ ĺ q ŋă τ. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν.

{ 40 {

Ćőğìňěň ĺŋďěłá l ∈ {0, 1, . . . , ´_{ν+1} − 1} ĺ ćőáŕőńìğãěňáï âěň, çâő l = σ´_ν + l^′ ŕàĺ ŋěłőâőàëå l^′ ∈ {0, 1, . . . , ´_ν − 1} ĺ σ ∈ ∈ {0, 1, . . . , n − 1}. Ŋă őáŋőćăŋĺĺ (5.4), ĺŋďãłæĺőŋŋőčő ŕàěďŕőńőęěŋĺï ĺ (5.6) ŕőńãçăěň

f_ν(l + p´_{ν+1}) = f_ν(l^′ + σ´_ν + p´_{ν+1}) = = n−1∑ τ =0 ω^{στ}_n f_{ν−1} ( l^′ + (np + τ)´_ν ) =

= n−1∑ τ =0 ω^{στ}_n {^Δν^{−1}∑

q^′=0

V_{Δν} [l^′, q^′] f_0 ( q^′ + (np + τ)´_ν )} =

= n−1∑ τ =0

Δν−1∑

q^′=0

V_{Δν+1}[l^′ + σ´_ν, q^′ + τ´_ν] f_0(q^′ + τ´_ν + p´_{ν+1}) =

= Δν+1−1 ∑ q=0 V_{Δν+1}[l, q] f_0(q + p´_{ν+1}).

Šěőàěňă ďőłăğăŋă. �

5.4. Ěáńĺ áàăćŋĺâì ŕàăćëě çăáâĺ äőàňãń (5.9) ĺ (2.2), âő ňőęŋő ãąěďĺâìáï, çâő őŋĺ áőćŕăďăîâ. İâő áńěďãěâ ĺğ àăćěŋáâćă (5.8) ĺ őŕàěďěńěŋĺï ąăğĺáőć f_0 ĺ h_0. Šăłĺň őąàăğőň, ŕàĺ łăęďőň ν = 0, 1, . . . , s ąăğĺáë f_ν ĺ h_ν ĺďěŋâĺçŋë á âőçŋőáâìî ďő ŕěàě-

ŋãňěàăæĺĺ ąăğĺáŋëå áĺčŋăńőć. Šőçŋěě,

h_ν(lN_ν + p) = f_ν(l + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, l = 0, 1, . . . , ´_{ν+1} − 1, ν = 1, . . . , s. Čńăćŋőě őâńĺçĺě íâĺå ąăğĺáőć ğăłńîçăěâáï ĺňěŋŋő ć áŕőáőąě ĺŋďěłáăæĺĺ ĺå íńěňěŋâőć. Ŋãňěàăæĺï áĺčŋăńőć ąăğĺáă f_ν ŕőğćő-

{ 41 {

ńïěâ ěáâěáâćěŋŋëň őąàăğőň ĺå áčàãŕŕĺàőćăâì, ćëďěńĺć ąńőłĺ, łőâőàëě őďĺŋăłőćëň őąàăğőň ŕàěőąàăğãîâáï áőčńăáŋő áåěňě àěłãààěŋâŋőčő ŕěàěåőďă (5.4).

Ŕőïáŋĺň íâã áåěňã. Ŕàěďŕőńăčăěâáï, çâő ąăğĺá f_{ν−1} àăğąĺâ ŋă ´_ν ąńőłőć; ąńőłĺ ŕőňěçěŋë ĺŋďěłáőň l. Łăęďëľ âăłőľ ąńőł áőďěàęĺâ N_{ν−1} íńěňěŋâőć á ćŋãâàěŋŋěľ ĺŋďěłáăæĺěľ np + τ. Śőčńăáŋő (5.4) ąńőł á ĺŋďěłáőň l ąăğĺáă f_{ν−1} ŕőàőęďăěâ n ąńőłőć ąăğĺáă f_ν á ĺŋďěłáăňĺ l + σ´_ν, σ = 0, 1, . . . , n − 1, ŕàĺçěň ć łăęďőň âăłőň ąńőłě ŋăåőďĺâáï N_ν íńěňěŋâőć á ćŋãâàěŋŋĺň ĺŋďěłáőň p. Řĺá. 1 ĺńńîáâàĺàãěâ áåěňã ćěâćńěŋĺï (5.4) ŕàĺ N = 3^2. Łćăďàăâăňĺ ćëďěńěŋë ąńőłĺ. Ůĺáńő ćŋãâàĺ łćăďàăâă ŕőłăğëćăěâ, áłőńìłő íńěňěŋâőć (áĺčŋăńőć) áőďěàęĺâáï ć ďăŋŋőň ąńőłě.

1 1 1

3

1 1 1

3

1 1 1

3

9

Řĺá. 1

Ďěńěŋĺě ąăğĺáőć ŋă ąńőłĺ ŋăğëćăěâáï áěłæĺőŋĺàőćăŋĺěň. Ďăŋŋëľ ŕàĺěň ĺčàăěâ łńîçěćãî àőńì ŕàĺ ŕőáâàőěŋĺĺ őàâőčőŋăńìŋëå ćěľćńěâŋëå ąăğĺáőć. Ŕőďàőąŋěě íâőâ ćőŕàőá ąãďěâ őáćěéěŋ ć čńăćě II.

{ 42 { 5.5. Ĺááńěďãěň ąăğĺáë f_ν ąőńěě ďěâăńìŋő. Ŕàěďńőęěŋĺě 5.1. Śŕàăćěďńĺćë äőàňãńë

f_ν(0; j) = Δν+1−1 ∑ q=0 δ_N (j − q), ν = 0, 1, . . . , s; (5.10)

f_ν(σ´_ν; j) = n−1∑ τ =0 ω^{στ}_n Δν−1∑

q=0 δ_N (j − q − τ´_ν), (5.11) σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ťőàňãńă (5.10) őçěćĺďŋă. Ŕàőćěàĺň (5.11). Śőčńăáŋő (5.9) ĺ (5.8) ĺňěěň f_ν(σ´_ν ; j) = n−1∑ τ =0

(τ +1)Δν−1 ∑ q^′=τ Δν V_{Δν+1} [σ´_ν , q^′] f_0(q^′; j) =

= n−1∑ τ =0 ω^{στ}_n (τ +1)Δν−1 ∑ q^′=τ Δν δ_N (j − q^′) = n−1∑ τ =0 ω^{στ}_n Δν −1∑

q=0 δ_N (j − q − τ´_ν), çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì. � Ěáńĺ őčàăŋĺçĺâìáï őáŋőćŋëň ŕěàĺőďőň, âő äőàňãńë (5.10) ĺ (5.11) ňőęŋő ŕěàěŕĺáăâì âăł:

f_ν(0; j) =

1 ŕàĺ j = 0, 1, . . . , ´_{ν+1} − 1, 0 ŕàĺ j = ´_{ν+1}, . . . , N − 1;

f_ν(σ´_ν; j) = ω^{στ}_n ŕàĺ j = τ´_ν, . . . , (τ + 1)´_ν − 1, τ = 0, 1, . . . , n − 1; 0 ŕàĺ j = ´_{ν+1}, . . . , N − 1.

{ 43 { Šěőàěňă 5.3. Śŕàăćěďńĺćő âőęďěáâćő

f_ν(l + p´_{ν+1}; j) = f_ν(l; j − p´_{ν+1}), (5.12) l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ć áőőâćěâáâćĺĺ á (5.9) ĺňěěň f_ν(l; j) = Δν+1−1 ∑ q=0 V_{Δν+1}[l, q] δ_N (j − q). Ŕőíâőňã

f_ν(l; j − p´_{ν+1}) = Δν+1−1 ∑ q=0 V_{Δν+1}[l, q] δ_N ( j − (q + p´_{ν+1}) ) =

= Δν+1−1 ∑ q=0 V_{Δν+1}[l, q] f_0(q + p´_{ν+1}; j) = f_ν(l + p´_{ν+1}; j).

Šěőàěňă ďőłăğăŋă. �

Šăłĺň őąàăğőň, áĺčŋăńë l-čő ąńőłă ć ąăğĺáě f_ν ŕőńãçăîâáï ĺğ áĺčŋăńă f_ν(l; j) á ŕőňőéìî áďćĺčă ăàčãňěŋâă ŋă çĺáńő, łàăâŋőě ´_{ν+1}.

Šěőàěňă 5.4. Ŕàĺ j ∈ {0, 1, . . . , N − 1} ćëŕőńŋïěâáï áőőâŋőèěŋĺě

f_{ν+1}(σ´_{ν+1}; j) = f_ν (σ´_ν; ⌊j/n⌋), (5.13) σ = 1, . . . , n − 1, ν = 1, . . . , s − 1. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ćőáŕőńìğãěňáï âěň, çâő δ_N (⌊j/n⌋) = n−1∑ r=0 δ_N (j − r), j = −N + n, . . . , N − 1. (5.14)

{ 44 {

Ŕàĺ j ∈ {0, 1, . . . , n − 1} őąě çăáâĺ ć (5.14) àăćŋë ěďĺŋĺæě, ă ŕàĺ j ∈ {n, . . . , N − 1} ∪ {−N + n, . . . , −1} àăćŋë ŋãńî. Őâňěâĺň, çâő ŕàĺ j = N ĺ j = −N + n − 1 àăćěŋáâćő (5.14) ŋăàãèăěâáï.

Śőčńăáŋő (5.11) ĺ (5.14) ŕàĺ j ∈ {0, 1, . . . , N − 1} ĺňěěň f_ν(σ´_ν; ⌊j/n⌋) = = n−1∑ τ =0 ω^{στ}_n Δν−1∑

q=0 δ_N ( ⌊(j − qn − τ´_{ν+1})/n⌋ ) =

= n−1∑ τ =0 ω^{στ}_n Δν −1∑

q=0 n−1∑ r=0 δ_N ( j − (qn + r) − τ´_{ν+1} ) =

= n−1∑ τ =0 ω^{στ}_n Δν+1−1 ∑ q^′=0

δ_N (j − q^′ − τ´_{ν+1}) = f_{ν+1}(σ´_{ν+1}; j).

Šěőàěňă ďőłăğăŋă. �

x 6. Ąńőçŋëě őàâőčőŋăńìŋëě ąăğĺáë, áćïğăŋŋëě á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ

6.1. Ćâőàãî ŕőáńěďőćăâěńìŋőáâì őàâőčőŋăńìŋëå ąăğĺáőć ć C_N ŕàĺ N = n^s őąőğŋăçĺň {g_ν(k; j)}^{N −1}_{k=0} , ν = 0, 1, . . . , s. Őŋă áâàőĺâáï ŋă őáŋőćě àăğńőęěŋĺï (1.7) âăł, çâőąë g_0(k; j) = δ_N (j − k) ĺ g_s(k; j) = v_k(j). Śĺčŋăńë g_ν(k; j) łăł íńěňěŋâë ŕàőáâàăŋáâćă C_N ąãďěň őąőğŋăçăâì g_ν (k); ν-ľ ąăğĺá ğăŕĺèěň ć ćĺďě ćěłâőà-áâőńąæă g_ν = ( g_ν (0), g_ν(1), . . . , g_ν(N − 1) )_⊤ ĺ őŕàěďěńĺň ěčő äőàňãńőľ g_ν = T_{s−ν+1} T_{s−ν+2} · · · T_s g_0, ν = 1, . . . , s. Šăł ęě, łăł ĺ ć ŕàěďëďãéěň ŕăàăčàăäě, ďőłăğëćăěâáï áńěďãîéěě ãâćěàęďěŋĺě.

{ 45 { Šěőàěňă 6.1. Ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s} áĺčŋăńë g_ν (0),

g_ν(1), . . . , g_ν(N − 1) őąàăğãîâ őàâőčőŋăńìŋëľ ąăğĺá ć C_N ĺ ‖g_ν(k)‖^2 = n^ν, k = 0, 1, . . . , N − 1.

6.2. Śőčńăáŋő ńěňňě 5.2

T_{s−ν+1}[(np + σ)´_{s−ν+1} + l, (np + τ)´_{s−ν+1} + l] = ω^{στ}_n , (6.1) l = 0, 1, . . . , ´_{s−ν+1} − 1, p = 0, 1, . . . , N_{s−ν+1} − 1. Őâňěâĺň, çâő ´_{s−ν+1} = N_ν ĺ N_{s−ν+1} = ´_ν. Ŕőňěŋïć ć (6.1) ňěáâăňĺ ĺŋďěłáë p ĺ l, ŕőńãçĺň T_{s−ν+1}[(nl + σ)N_ν + p, (nl + τ)N_ν + p] = ω^{στ}_n , (6.2) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1. Řăćěŋáâćő g_ν = T_{s−ν+1} g_{ν−1} ĺ äőàňãńă (6.2) ŕőğćőńïîâ ğăŕĺáăâì àăğćěàŋãâãî áåěňã ŕěàěåőďă őâ ąăğĺáă g_{ν−1} ł ąăğĺáã g_ν : g_0(k) = δ_N (· − k), k = 0, 1, . . . , N − 1; g_ν ( (nl + σ)N_ν + p ) = n−1∑ τ =0 ω^{στ}_n g_{ν−1}(lN_{ν−1} + τN_ν + p), (6.3) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = 1 äőàňãńă (6.3) ŕàĺŋĺňăěâ ćĺď

g_1(σN_1 + p) = n−1∑ τ =0

ω^{στ}_n g_0(τN_1 + p), (6.4) p = 0, 1, . . . , N_1 − 1, σ = 0, 1, . . . , n − 1.

{ 46 {

6.3. Ŕőńãçĺň ïćŋőě ćëàăęěŋĺě ďńï ąăğĺáŋëå áĺčŋăńőć. Šěőàěňă 6.2. Ĺňěěâ ňěáâő ŕàěďáâăćńěŋĺě

g_ν(lN_ν + p) = Δν+1−1 ∑ q=0 V_{Δν+1} [l, q] g_0(qN_ν + p), (6.5)

l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (6.5) áőćŕăďăěâ á (6.4), ěáńĺ ğăňěŋĺâì l ŋă σ ĺ q ŋă τ. Śďěńăěň ĺŋďãłæĺőŋŋëľ ŕěàěåőď őâ ν − 1 ł ν.

Ćőğìňěň ĺŋďěłá l ∈ {0, 1, . . . , ´_{ν+1} − 1} ĺ ćőáŕőńìğãěňáï âěň, çâő l = l^′n + σ ŕàĺ ŋěłőâőàëå σ ∈ {0, 1, . . . , n − 1} ĺ l^′ ∈ ∈ {0, 1, . . . , ´_ν − 1}. Őŕĺàăïáì ŋă (6.4), ĺŋďãłæĺőŋŋőě ŕàěďŕőńőęěŋĺě ĺ (5.7), ğăŕĺèěň

g_ν(lN_ν + p) = g_ν ( (nl^′ + σ)N_ν + p ) = = n−1∑ τ =0

ω^{στ}_n g_{ν−1}(l^′N_{ν−1} + τN_ν + p) =

= n−1∑ τ =0 ω^{στ}_n {^Δν^{−1}∑

q^′=0

V_{Δν} [l^′, q^′] g_0(q^′N_{ν−1} + τN_ν + p) } =

= n−1∑ τ =0

Δν−1∑

q^′=0

V_{Δν+1}[l^′n + σ, q^′n + τ] g_0 ( (q^′n + τ)N_ν + p ) =

= Δν+1−1 ∑ q=0 V_{Δν+1} [l, q] g_0(qN_ν + p).

Šěőàěňă ďőłăğăŋă. �

{ 47 {

6.4. Ěáńĺ áàăćŋĺâì ŕàăćëě çăáâĺ äőàňãń (6.5) ĺ (3.2), âő ňőęŋő ãąěďĺâìáï, çâő őŋĺ áőćŕăďăîâ. İâő áńěďãěâ ĺğ àăćěŋáâćă (5.8) ĺ őŕàěďěńěŋĺï ąăğĺáőć g_0 ĺ ξ_0. Šăłĺň őąàăğőň, ŕàĺ łăęďőň ν = 0, 1, . . . , s ąăğĺáë g_ν ĺ ξ_ν ĺďěŋâĺçŋë á âőçŋőáâìî ďő ŕěàě-

ŋãňěàăæĺĺ ąăğĺáŋëå áĺčŋăńőć. Šőçŋěě,

ξ_ν(p´_{ν+1} + l) = g_ν (lN_ν + p), l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1, ν = 1, . . . , s. Šăł ęě, łăł ĺ ć áńãçăě á ąăğĺáăňĺ f_ν, ŋãňěàăæĺï áĺčŋăńőć ąăğĺáă g_ν ŕőğćőńïěâ őáãéěáâćĺâì áěłæĺőŋĺàőćăŋĺě, àăğďěńïï ąăğĺáŋëě áĺčŋăńë ŋă ąńőłĺ, łőâőàëě ŕàěőąàăğãîâáï áőčńăáŋő áåěňě àěłãààěŋâŋőčő ŕěàěåőďă (6.3).

Ŕőïáŋĺň íâã áåěňã. Ŕàěďŕőńăčăěâáï, çâő ąăğĺá g_{ν−1} àăğąĺâ ŋă ´_ν ąńőłőć; ąńőłĺ ŕőňěçěŋë ĺŋďěłáőň l. Łăęďëľ âăłőľ ąńőł áőďěàęĺâ N_{ν−1} íńěňěŋâőć á ćŋãâàěŋŋěľ ĺŋďěłáăæĺěľ τN_ν + p. Śőčńăáŋő (6.3) ąńőł á ĺŋďěłáőň l ąăğĺáă g_{ν−1} ŕőàőęďăěâ n ąńőłőć ąăğĺáă g_ν á ĺŋďěłáăňĺ nl + σ, σ = 0, 1, . . . , n − 1, ŕàĺçěň ć łăęďőň âăłőň ąńőłě ŋăåőďĺâáï N_ν íńěňěŋâőć á ćŋãâàěŋŋĺň ĺŋďěłáőň p. Ŕàĺćěďěŋŋëľ àăŋěě àĺá. 1 ĺńńîáâàĺàãěâ áåěňã ćěâćńěŋĺï (6.3) ŕàĺ N = 3^2.

6.5. Ĺğãçĺň ąăğĺáë g_ν ŕőďàőąŋěě. Ŕàěďńőęěŋĺě 6.1. Śŕàăćěďńĺćë äőàňãńë

g_ν(0; j) = δ_{Nν} (j), ν = 0, 1, . . . , s; (6.6)

{ 48 {

g_ν(σN_ν; j) = n−1∑ τ =0 ω^{στ}_n δ_{Nν−1} (j − τN_ν), (6.7) σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ťőàňãńă (6.6) àăćŋőáĺńìŋă őçěćĺďŋőňã áőőâŋőèěŋĺî_{Δν+1−1} ∑ q=0 δ_N (j − qN_ν) = δ_{Nν} (j). (6.8) Ŕàőćěàĺň (6.7). Śőčńăáŋő (6.5), (5.8) ĺ (6.8) ĺňěěň

g_ν(σN_ν; j) = n−1∑ τ =0

Δν−1∑

q=0 V_{Δν+1}[σ, qn + τ] g_0 ( (qn + τ)N_ν; j ) =

= n−1∑ τ =0 ω^{στ}_n Δν −1∑

q=0 δ_N (j − τN_ν − qN_{ν−1}) = n−1∑ τ =0 ω^{στ}_n δ_{Nν−1} (j − τN_ν), çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì. �

Ťőàňãńă (6.7) ŕőłăğëćăěâ, ć çăáâŋőáâĺ, çâő áĺčŋăń g_ν(σN_ν; j) ïćńïěâáï N_{ν−1}-ŕěàĺőďĺçěáłĺň.

Ĺğ (6.7) áńěďãěâ âăłęě àăćěŋáâćő g_{ν+1}(σN_{ν+1}; j) = g_ν(σN_ν; nj), (6.9) σ = 1, . . . , n − 1, ν = 1, . . . , s − 1. Ďěľáâćĺâěńìŋő, g_ν(σN_ν; nj) = n−1∑ τ =0 ω^{στ}_n δ_{Nν−1} ( n(j − τN_{ν+1}) ) =

= n−1∑ τ =0

ω^{στ}_n δ_{Nν} (j − τN_{ν+1}) = g_{ν+1}(σN_{ν+1}; j).

{ 49 { Šěőàěňă 6.3. Ŕàĺ ν ∈ {1, . . . , s} ćëŕőńŋïîâáï âőęďěáâćă

g_ν(lN_ν + p; j) = g_ν(lN_ν; j − p), (6.10) l = 0, 1, . . . , ´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1; g_ν(σN_ν; j − kN_ν ) = ω^{−σk}_n g_ν (σN_ν; j), (6.11) σ = 1, . . . , n − 1, k ∈ Z. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (6.5)

g_ν(lN_ν ; j) = Δν+1−1 ∑ q=0 V_{Δν+1} [l, q] δ_N (j − qN_ν), âăł çâő g_ν(lN_ν; j − p) = Δν+1−1 ∑ q=0 V_{Δν+1} [l, q] δ_N ( j − (qN_ν + p) ) =

= Δν+1−1 ∑ q=0 V_{Δν+1}[l, q] g_0(qN_ν + p; j) = g_ν (lN_ν + p; j).

Šőęďěáâćő (6.10) ãáâăŋőćńěŋő.

Ŕěàěåőďï ł (6.11), ğăäĺłáĺàãěň j ĺ ććěďěň ďĺáłàěâŋãî äãŋłæĺî h(τ) = ω^{στ}_n δ_{Nν−1} (j − τN_ν). İâă äãŋłæĺï n-ŕěàĺőďĺçŋă, ŕőíâőňã_{n−1} ∑ τ =0

h(τ + k) = n−1∑ τ =0 h(τ) ∀k ∈ Z. (6.12)

{ 50 {

Ś ãçěâőň (6.7) ŕőńãçăěň

g_ν (σN_ν; j − kN_ν) = n−1∑ τ =0 ω^{σ(τ +k)−σk} n δ_{Nν−1} ( j − (τ + k)N_ν ) =

= ω^{−σk}_n n−1∑ τ =0 h(τ + k) = ω^{−σk}_n n−1∑ τ =0 h(τ) = ω^{−σk}_n g_ν(σN_ν; j). Šěőàěňă ďőłăğăŋă. �

x 7. Ąëáâàőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ćâőàőčő àőďă

7.1. Ńîąőľ áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã f_ν(0), f_ν(1), . . . , f_ν(N − 1) ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s}: x = N −1∑

k=0 x_ν(k) f_ν(k). (7.1)

Ğďěáì x_ν (k) = n^{−ν}⟨x, f_ν (k)⟩. Ć çăáâŋőáâĺ,

x_0(k) = N −1∑

j=0 x(j) δ_N (j − k) = x(k), k = 0, 1, . . . , N − 1. Śőčńăáŋő (5.4)

x_ν(l + σ´_ν + p´_{ν+1}) = n^{−ν} n−1∑ τ =0 ω^{−στ}_n ⟨ x, f_{ν−1} ( l + (np + τ)´_ν )⟩ =

= 1 n n−1∑ τ =0 ω^{−στ}_n x_{ν−1} ( l + (np + τ)´_ν ) .

{ 51 { Ŕàĺåőďĺň ł áńěďãîéěľ àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺľ (7.1): x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν (l + σ´_ν + p´_{ν+1}) = 1 n n−1∑ τ =0 ω^{−στ}_n x_{ν−1} ( l + (np + τ)´_ν ) , (7.2) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň àăğńőęěŋĺě áĺčŋăńă x ŕő ąăğĺáã Ćĺńěŋłĺŋă{ Łàěáâěŋáőŋă (1.4): x(j) = N −1∑

k=0 x_s(k) v_k(j). (7.3) Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő ćáěň ŕàőňěęãâőçŋëň ąăğĺáăň.

Ťőàňãńă (7.2) ďőŕãáłăěâ őąàăéěŋĺě: x_{ν−1} ( l + (np + τ)´_ν ) = n−1∑ σ=0 ω^{στ}_n x_ν(l + σ´_ν + p´_{ν+1}), (7.4) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, τ = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. Őáŋőćŋăï àőńì äőàňãńë (7.4) ğăłńîçăěâáï ć âőň, çâő á ěě ŕőňőéìî ćëçĺáńïîâáï ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (7.3), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő: x(k) = x_0(k), k = 0, 1, . . . , N − 1.

7.2. Ăŋăńőčĺçŋő áĺčŋăń x ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã g_ν(0), g_ν(1), . . . , g_ν(N −1) ŕàĺ łăęďőň ν ∈ {0, 1, . . . , s}: x = N −1∑

k=0 y_ν(k) g_ν (k). (7.5)

{ 52 {

Ğďěáì y_ν(k) = n^{−ν} ⟨x, g_ν (k)⟩. Łőíääĺæĺěŋâë àăğńőęěŋĺľ (7.5) ć áĺńã (6.3) ćëçĺáńïîâáï ŕő àěłãààěŋâŋőľ áåěňě y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν ( (nl + σ)N_ν + p ) = 1 n n−1∑ τ =0 ω^{−στ}_n y_{ν−1}(lN_{ν−1} + τN_ν + p), (7.6) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ ν = s ŕőńãçăěň x(j) = N −1∑

k=0 y_s(k) v_k(j), â. ě. y_s(k) = x_s(k) ŕàĺ ćáěå k = 0, 1, . . . , N − 1. Ŕőŕãâŋő ćëçĺáńïîâáï łőíääĺæĺěŋâë àăğńőęěŋĺľ ŕő łăęďőňã ŕàőňěęãâőçŋőňã ąăğĺáã g_ν, łőâőàëě, łőŋěçŋő, őâńĺçŋë őâ łőíääĺæĺěŋâőć àăğńőęěŋĺľ ŕő ŕàőňěęãâőçŋëň ąăğĺáăň f_ν.

Ťőàňãńă (7.6) ďőŕãáłăěâ őąàăéěŋĺě:

y_{ν−1}(lN_{ν−1} + τN_ν + p) = n−1∑ σ=0 ω^{στ}_n y_ν ( (nl + σ)N_ν + p ) , (7.7) l = 0, 1, . . . , ´_ν − 1, p = 0, 1, . . . , N_ν − 1, τ = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. Ś ŕőňőéìî (7.7) ňőęŋő ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (7.5) ŕàĺ ŋěłőâőàőň ν ∈ {1, . . . , s}, ŋă őáŋőćŋőň ŕěàĺőďě.

Śåěňë (7.2) ĺ (7.6) ŋăğőćěň ąëáâàëňĺ ŕàěőąàăğőćăŋĺïňĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ćâőàőčő àőďă, áćïğăŋŋëňĺ áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

{ 53 {

7.3. Ć § 4 ąëńő ãáâăŋőćńěŋő, çâő çăáâőâă ďĺáłàěâŋőľ äãŋłæĺĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă v_k àăćŋă rev_s(k), ĺ çâő äãŋłæĺĺ őàâőčőŋăńìŋőľ áĺáâěňë v_0, v_1, . . . , v_{N −1} ňőęŋő ŕěàěãŕőàïďőçĺâì, ŕőńőęĺć Pal_k(j) = v_{revs(k)}(j). Ŕàĺ íâőň çăáâőâă äãŋłæĺĺ Pal_k(j) àăćŋă k. Ć íâĺå őąőğŋăçěŋĺïå äőàňãńă (7.3) ŕàĺňěâ ćĺď x(j) = N −1∑

k=0 x_s ( rev_s(k) ) Pal_k(j). (7.8)

Ďńï æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć áńěďãěâ ĺáŕőńìğőćăâì ĺňěŋŋő àăğńőęěŋĺě (7.8), ŕőáłőńìłã ąăğĺáŋëě äãŋłæĺĺ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ć íâőň àăğńőęěŋĺĺ ãŕőàïďőçěŋë ŕő ćőğàăáâăŋĺî çăáâőâë.

x 8. Śćïğì çěâëàěå ćăàĺăŋâőć äăłâőàĺğăæĺĺ ňăâàĺæë Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă

8.1. Ććěďěň łćăďàăâŋãî ňăâàĺæã R_ν ŕőàïďłă ´_{ν+1} á íńěňěŋâăňĺ

R_ν[k, j] = 1, ěáńĺ j = rev_ν(k),

0 ŕàĺ őáâăńìŋëå k, j ∈ {0, 1, . . . , ´_{ν+1} − 1}.

Ć çăáâŋőáâĺ, R_0 = 1, R_1 = E_n. Őçěćĺďŋő, çâő R_ν | áĺňňěâàĺçŋăï ňăâàĺæă ĺ R_νR_ν = E_{Δν+1}. (8.1) Ďěľáâćĺě R_ν őŕàěďěńïěâáï âăł: y = R_νx ⇔ y(k) = x ( rev_ν (k) ) , k ∈ {0, 1, . . . , ´_{ν+1} − 1}.

{ 54 { Ć áćïğĺ á íâĺň ňăâàĺæă R_ν ŋăğëćăěâáï ňăâàĺæěľ àěćěàáŋëå ŕěàěáâăŋőćőł. Ěáńĺ A | łćăďàăâŋăï ňăâàĺæă ŕőàïďłă ´_{ν+1}, âő ãňŋőęěŋĺě R_νA àěćěàâĺàãěâ áâàőłĺ ňăâàĺæë A, ă ãňŋőęěŋĺě AR_ν àěćěàâĺàãěâ áâőńąæë ňăâàĺæë A.

Ŋăň ŕőâàěąãěâáï ďőŕőńŋĺâěńìŋăï ĺŋäőàňăæĺï ő ŕěàěáâăŋőćłě reverse.

Ńěňňă 8.1. Śŕàăćěďńĺćő áőőâŋőèěŋĺě rev_ν (σ´_ν + l) = n rev_{ν−1}(l) + σ (8.2) ŕàĺ l ∈ {0, 1, . . . , ´_ν − 1}, σ ∈ {0, 1, . . . , n − 1}, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = 1 äőàňãńă (8.2) âàĺćĺăńìŋă.

Ŕãáâì ν ≥ 2. Ŕőńőęĺň l^′ = rev_{ν−1}(l). Śőčńăáŋő (1.3) rev_ν(nl^′ + σ) = σ´_ν + rev_{ν−1}(l^′), çâő àăćŋőáĺńìŋő nl^′ + σ = rev_ν ( σ´_ν + rev_{ν−1}(l^′) ) . Şçĺâëćăï, çâő rev_{ν−1}(l^′) = l, ŕàĺåőďĺň ł (8.2). �

8.2. Şáâăŋőćĺň áćïğì ňěęďã çěâëàìňï ćăàĺăŋâăňĺ äăłâőàĺğăæĺĺ (1.7), (1.9), (1.11), (1.15) ňăâàĺæë äãŋłæĺľ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă V_N .

Šěőàěňă 8.1. Ŕàĺ łăęďőň ν = 1, . . . , s áŕàăćěďńĺćő àăćěŋáâćő T_ν = (R_{s−ν+1} ⊗ R_{ν−1})D(R_{s−ν} ⊗ R_ν). (8.3)

{ 55 { Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő ńěňňě 5.2 T_ν [p´_{ν+1} + σ´_ν + l, q´_{ν+1} + τ´_ν + m] = E_{Nν} [p, q] F_n[σ, τ] E_{Δν} [l, m], l, m = 0, 1, . . . , ´_ν −1, σ, τ = 0, 1, . . . , n−1, p, q = 0, 1, . . . , N_ν −1. Őąőğŋăçĺň ŕàăćãî çăáâì àăćěŋáâćă (8.3) çěàěğ ~_ν ĺ ŕőłăęěň, çâő ~_ν = T_ν . Ŕàĺ l, m = 0, 1, . . . , ´_ν − 1, σ, τ = 0, 1, . . . , n − 1, p, q = 0, 1, . . . , N_ν − 1 ć áĺńã (1.3), (8.1) ĺ (1.12) ĺňěěň ~_ν[p´_{ν+1} + σ´_ν + l, q´_{ν+1} + τ´_ν + m] = = D[rev_{s−ν+1}(pn+σ)´_ν +rev_{ν−1}(l), rev_{s−ν} (q)´_{ν+1} +rev_ν(τ´_ν +m)] = = D [( σ´_{s−ν+1}+rev_{s−ν} (p) ) ´_ν+rev_{ν−1}(l), rev_{s−ν} (q)´_{ν+1} + n rev_{ν−1}(m) + τ ] = = D [ σN_1+ ( rev_{s−ν} (p)´_ν +rev_{ν−1}(l) ) , ( rev_{s−ν} (q)´_ν + rev_{ν−1}(m) ) n + τ ] = = F_n[σ, τ] E_{N1} [rev_{s−ν} (p)´_ν + rev_{ν−1}(l), rev_{s−ν} (q)´_ν + rev_{ν−1}(m)].

Őáâăńőáì ğăňěâĺâì, çâő

E_{N1}[rev_{s−ν} (p)´_ν + rev_{ν−1}(l), rev_{s−ν} (q)´_ν + rev_{ν−1}(m)] = = E_{Nν} [rev_{s−ν} (p), rev_{s−ν} (q)] E_{Δν} [rev_{ν−1}(l), rev_{ν−1}(m)] = = E_{Nν} [p, q] E_{Δν} [l, m]. Šěőàěňă ďőłăğăŋă. � Ŕőłăęěň, łăł á ŕőňőéìî (8.3) ŕőńãçĺâì äăłâőàĺğăæĺî (1.7) ĺğ (1.11). Ŋěâàãďŋő ćĺďěâì, çâő V_N = R_sV_N R_s (íâő áńěďãěâ ĺğ (1.5), (1.4) ĺ őŕàěďěńěŋĺï őŕěàăæĺĺ {·, ·}_s). Ś ãçěâőň (8.1) ĺňěěň

{ 56 {

V_N = R_sD^sR_s = = R_sD(R_{s−1} ⊗ R_1)(R_{s−1} ⊗ R_1)D(R_{s−2} ⊗ R_2)(R_{s−2} ⊗ R_2)D × . . .

. . . × (R_2 ⊗ R_{s−2})D(R_1 ⊗ R_{s−1})(R_1 ⊗ R_{s−1})DR_s = = T_1T_2T_3 · · · T_{s−1}T_s.

Ďăńěě, âàăŋáŕőŋĺàãï (8.3) ĺ ŕàĺŋĺňăï ćő ćŋĺňăŋĺě áĺňňěâàĺçŋőáâì ňăâàĺæ T_ν ĺ R_ν ĺ àăćěŋáâćő C = D^⊤, ŕőńãçăěň T_ν = (R_{s−ν} ⊗ R_ν)C(R_{s−ν+1} ⊗ R_{ν−1}). (8.4) Ś ŕőňőéìî (8.4) ňőęŋő ćëćěáâĺ äăłâőàĺğăæĺî (1.9) ĺğ (1.15): V_N = R_sC^sR_s = = R_sC(R_1 ⊗ R_{s−1})(R_1 ⊗ R_{s−1})C(R_2 ⊗ R_{s−2}) · · · (R_{s−1} ⊗ R_1)CR_s = = T_sT_{s−1} · · · T_1.

{ 57 {

Čńăćă II Ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě

Ţăăàă{Łàěáâěŋáőŋă

x 9. Ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ

9.1. Ŋă àĺá. 1 ąëńő ŕőłăğăŋő, łăł ŋă čőàĺğőŋâăńìŋëå ãàőćŋïå ν = 0, 1, . . . , s ŕőáńěďőćăâěńìŋő äőàňĺàãîâáï őàâőčőŋăńìŋëě ąăğĺáë f_0, f_1, . . . , f_s ĺ g_0, g_1, . . . , g_s. Łőńĺçěáâćő őàâőčőŋăńìŋëå ąăğĺáőć ć C_N ňőęŋő ğŋăçĺâěńìŋő ãćěńĺçĺâì, ěáńĺ ĺáŕőńìğőćăâì ćěàâĺłăńìŋãî áőáâăćńïîéãî. İâő ďěňőŋáâàĺàãěâáï ŋă àĺá. 2 ŕàĺ N = 3^3. Śĺčŋăńë, ŋăåőďïéĺěáï ć ćĺáïçĺå ąńőłăå, ćő ćáěå çěâëàěå ŕàěďáâăćńěŋŋëå ŕàĺňěàăå őąàăğãîâ őàâőčőŋăńìŋëě ąăğĺáë. Ďěľáâćĺâěńìŋő, őàâőčőŋăńìŋőáâì áĺčŋăńőć ν-čő ãàőćŋï ĺğćěáâŋă. Śĺčŋăńë łăęďőčő ćĺáïçěčő ąńőłă (ν + 1)-čő ãàőćŋï ïćńïîâáï ńĺŋěľŋëňĺ łőňąĺŋăæĺïňĺ áĺčŋăńőć ŋěłőâőàőčő ąńőłă ν-čő ãàőćŋï ĺ ŕőíâőňã őŋĺ őàâőčőŋăńìŋë áĺčŋăńăň ĺğ őáâăńìŋëå ąńőłőć ν-čő ãàőćŋï.

Őàâőčőŋăńìŋëě ąăğĺáë ć C_N , őąàăğőćăŋŋëě ĺğ ąńőłőć ćáěå ãàőćŋěľ ν = 1, . . . , s, ąãďěň ŋăğëćăâì őąőąéěŋŋëňĺ ćěľćńěâŋëňĺ ąăğĺáăňĺ. Ďăńěě ňë ďěâăńìŋő àăááňőâàĺň őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áőőâćěâáâćãîéĺě áåěňě ćěâćńěŋĺï (a) ŋă àĺá. 2.

{ 58 {

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 9 9 9 27

(a) (b)

1 1 1

3 3 3

9 9 9 27

1 1 1

3 3 3 9 3 3 3 9 9 27

(c) (d)

Řĺá. 2

9.2. Ćŋăçăńě ćőáŕőńìğãěňáï ŕőáńěďőćăâěńìŋőáâìî ąăğĺáőć g_0,

g_1, . . . , g_s. Őąőğŋăçĺň çěàěğ V_ν, ν ∈ {0, 1, . . . , s}, ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî ŋă áĺčŋăńë g_ν (p), p = 0, 1, . . . , N_ν − 1, ă çěàěğ W^{(σ)}ν , σ ∈ {1, . . . , n − 1}, ν ∈ {1, . . . , s}, | ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî ŋă g_ν (σN_ν + p), p = 0, 1, . . . , N_ν − 1. Ŕő âěőàěňě 6.1 ŕőďŕàőáâàăŋáâćă V_ν , W^{(1)}ν , . . . , W^{(n−1)}ν ŕőŕăàŋő őàâőčőŋăńìŋë ŕàĺ ćáěå ν ∈ {1, . . . , s}.

{ 59 { Śőčńăáŋő (6.3) ŕàĺ l = 0 ĺňěěň

g_ν(σN_ν + p) = n−1∑ τ =0 ω^{στ}_n g_{ν−1}(τN_ν + p), (9.1) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő V_ν ⊂ V_{ν−1} ĺ W^{(σ)}ν ⊂ V_{ν−1} ŕàĺ σ = 1, . . . , n − 1. Ěáńĺ ãçěáâì, çâő àăğňěàŋőáâì ćáěå ŕőďŕàőáâàăŋáâć V_ν , W^{(1)}ν , . . . , W^{(n−1)}ν àăćŋă N_ν ĺ çâő áãňňă íâĺå àăğňěàŋőáâěľ àăćŋă àăğňěàŋőáâĺ V_{ν−1}, âő ŕàĺďěň ł ŕàěďáâăćńěŋĺî V_{ν−1} = V_ν ⊕ W^{(1)}_ν ⊕ . . . ⊕ W^{(n−1)}_ν . (9.2) Őąőğŋăçĺň W_ν = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν . Šőčďă äőàňãńã (9.2) ňőęŋő ğăŕĺáăâì łőàőçě: V_{ν−1} = W_ν ⊕ V_ν , ν = 1, . . . , s. (9.3) Ŕőáłőńìłã

V_0 = lin ({ g_0(p) }_{N −1} p=0 ) = lin ({ δ_N (· − p) }_{N −1} p=0 ) = C N ,

âő ć áĺńã (9.3) ŕőńãçăěň ćěľćńěâŋőě àăğńőęěŋĺě

C N = V0 = W1 ⊕ V1 = W1 ⊕ (W2 ⊕ V2) = . . . =

= W_1 ⊕ W_2 ⊕ . . . ⊕ W_s ⊕ V_s. (9.4) 9.3. Ćëïáŋĺň áâàãłâãàã ćěľćńěâŋëå ŕőďŕàőáâàăŋáâć. Šěőàěňă 9.1. Śŕàăćěďńĺćë äőàňãńë

V_ν = C_{Nν} , ν = 0, 1, . . . , s; (9.5)

{ 60 {

W^{(σ)}_ν = { x ∈ C N_{ν−1}^| x(j − τNν) = ω^{−στ}_n x(j) ∀ τ ∈ {1, . . . , n − 1}^},_{(9.6)} σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (6.10) ĺ (6.6), ŕàĺ p = 0, 1, . . . , N_ν − 1 ĺňěěň

g_ν(p; j) = g_ν (0; j − p) = δ_{Nν} (j − p).

Őâáîďă őçěćĺďŋëň őąàăğőň áńěďãěâ (9.5). Ć çăáâŋőáâĺ, V_s := = lin ( g_s(0) ) ěáâì ŕőďŕàőáâàăŋáâćő łőňŕńěłáŋëå łőŋáâăŋâ, âăł łăł g_s(0; j) ≡ 1 ć áĺńã (6.5).

Őąőğŋăçĺň ŕàăćãî çăáâì äőàňãńë (9.6) çěàěğ G^{(σ)}ν ĺ ŕőłăęěň ćŋăçăńě, çâő W^{(σ)}ν ⊂ G^{(σ)}ν . Ŕãáâì x ∈ W^{(σ)}ν . Šőčďă x(j) = Nν −1∑

p=0 c(p) g_ν(σN_ν ; j − p). Łăł őâňěçăńőáì ć § 6, áĺčŋăńë g_ν (σN_ν; j) ïćńïîâáï N_{ν−1}-ŕěàĺőďĺçěáłĺňĺ, ŕőíâőňã x ∈ C_{Nν−1} . Ďăńěě ć áĺńã (6.11) x(j − τN_ν ) = Nν −1∑

p=0 c(p) [ ω^{−στ}_n g_ν(σN_ν ; j − p) ] = ω^{−στ}_n x(j). Ŕőńãçĺńĺ, çâő x ∈ G^{(σ)}ν . Ćłńîçěŋĺě W^{(σ)}ν ⊂ G^{(σ)}ν ãáâăŋőćńěŋő.

Ŕàőćěàĺň őąàăâŋőě ćłńîçěŋĺě. Ćőğìňěň x ∈ G^{(σ)}ν . Ŕőáłőńìłã

x ∈ C N_{ν−1} , âő x(j) = Nν_−1−1 ∑ p=0 a(p) δ_{Nν−1} (j − p) = nNν −1∑

p=0 a(p) g_{ν−1}(0; j − p).

{ 61 {

Ŕő őŕàěďěńěŋĺî G^{(σ)}ν ŕàĺ τ = 0, 1, . . . , n − 1 ĺňěěň x(j) = ω^{στ}_n x(j − τN_ν) = ω^{στ}_n nNν −1∑

p=0 a(p) g_{ν−1}(0; j − p − τN_ν) =

= ω^{στ}_n nNν −1∑

p=0 a(p) g_{ν−1}(τN_ν; j − p). Śńőęĺć íâĺ àăćěŋáâćă ĺ ŕőďěńĺć ŋă n, ŋă őáŋőćăŋĺĺ (9.1), (6.11) ĺ (6.10) ŕőńãçĺň x(j) = 1 n nNν −1∑

p=0 a(p) n−1∑ τ =0 ω^{στ}_n g_{ν−1}(τN_ν; j − p) =

= 1 n nNν −1∑

p=0 a(p) g_ν(σN_ν ; j − p) =

= 1 n n−1∑ k=0

(k+1)Nν −1 ∑ p=kNν a(p) g_ν(σN_ν ; j − p) =

= 1 n n−1∑ k=0

Nν −1∑

p=0 a(p + kN_ν ) g_ν(σN_ν; j − p − kN_ν ) =

= 1 n Nν −1∑

p=0 (^{n−1}∑ k=0 ω^{−σk}_n a(p + kN_ν) ) g_ν(σN_ν + p; j). Ğŋăçĺâ, x ∈ W^{(σ)}ν . Ćłńîçěŋĺě G^{(σ)}ν ⊂ W^{(σ)}ν , ă á ŋĺň ĺ âěőàěňă, ďőłăğăŋë. �

9.4. Śőčńăáŋő (9.4) ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x = y_s(0) g_s(0) + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 y_ν(σN_ν + p) g_ν(σN_ν + p). (9.7)

{ 62 {

Ğďěáì y_s(0) = N^{−1}⟨x, g_s(0)⟩ = 1 N N −1∑

j=0 x(j) ĺ

y_ν(σN_ν + p) = n^{−ν} ⟨x, g_ν (σN_ν + p)⟩. Şçĺâëćăï (9.1), ğăŕĺèěň y_ν(σN_ν + p) = n^{−ν} n−1∑ τ =0 ω^{−στ}_n ⟨x, g_{ν−1}(τN_ν + p)⟩ =

= 1 n n−1∑ τ =0 ω^{−στ}_n y_{ν−1}(τN_ν + p). Ŕàĺ íâőň

y_0(k) = ⟨x, g_0(k)⟩ = N −1∑

j=0 x(j) δ_N (j − k) = x(k),

k = 0, 1, . . . , N − 1. Ŕàĺåőďĺň ł àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï (9.7): y_0(k) = x(k), k = 0, 1, . . . , N − 1; y_ν(σN_ν + p) = 1 n n−1∑ τ =0 ω^{−στ}_n y_{ν−1}(τN_ν + p), (9.8) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Łőíääĺæĺěŋâë y_ν(p), p = 0, 1, . . . , N_ν − 1, áőőâćěâáâćãîéĺě ĺŋďěłáã σ = 0, ĺáŕőńìğãîâáï ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć (ν + 1)-čő ãàőćŋï.

{ 63 {

Őąàăéěŋĺě ŕàěőąàăğőćăŋĺï (9.8) ŕàĺćőďĺâ ł áńěďãîéěľ áåěňě:

y_{ν−1}(τN_ν + p) = n−1∑ σ=0 ω^{στ}_n y_ν(σN_ν + p), p = 0, 1, . . . , N_ν − 1, τ = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. İâă áåěňă ŕőğćőńïěâ ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (9.7), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő: x(k) = y_0(k), k = 0, 1, . . . , N − 1. Řăğńőęěŋĺě (9.7) ŋăğőćěň àăğńőęěŋĺěň Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ, ă áåěňã (9.8) | ąëáâàëň ŕàěőąàăğőćăŋĺěň Ţăăàă{Łàěáâěŋáőŋă.

Őâňěâĺň, çâő ć (9.7) ąăğĺáŋëě áĺčŋăńë g_ν (σN_ν+p) ňőęŋő áäőàňĺàőćăâì ĺğ n − 1 áĺčŋăńă g_1(σN_1), σ = 1, . . . , n − 1. İâő áńěďãěâ ĺğ (6.9) ĺ (6.10). Ďńï őąàăğãîéĺå áĺčŋăńőć g_1(σN_1) áőčńăáŋő (6.7) ĺňěěâáï ïćŋőě ŕàěďáâăćńěŋĺě

g_1(σN_1; j) = n−1∑ τ =0 ω^{στ}_n δ_N (j − τN_1). 9.5. Ťőàňãńã (9.7) ňőęŋő ćëćěáâĺ ŋěŕőáàěďáâćěŋŋő, ąěğ ŕàĺćńěçěŋĺï ćëáőłőľ âěőàĺĺ. Ğăŕĺèěň âőęďěáâćő x(j) = n−1∑ τ =0 ( 1 n n−1∑ σ=0 ω^{στ}_n ) x(j − τN_1) = 1 n n−1∑ σ=0 (^{n−1}∑ τ =0 ω^{στ}_n x(j − τN_1) ) = =^1_n [ x(j) + x(j − N_1) + x(j − 2N_1) + . . . + x ( j − (n − 1)N_1 )] + +^1_n [ x(j) + ω_nx(j − N_1) + ω^2_nx(j − 2N_1) + . . . + ω^{n−1}_n x ( j − (n − 1)N_1 )] + · · · · · · · · · · · · · · · · · · · ·

{ 64 {

+^1_n [ x(j) + ω^{n−1}_n x(j − N_1) + ω^{2(n−1)}n x(j − 2N_1) + . . . +

+ ω^{(n−1)2}_n x ( j − (n − 1)N_1 )] =: =: v_1(j) + w^{(1)}_1 (j) + . . . + w^{(n−1)}_1 (j).

Ğďěáì

v_1(j) = 1 n n−1∑ τ =0

x(j − τN_1) = 1 n n−1∑ τ =0

N −1∑

q=0 x(q) δ_N (j − q − τN_1) =

= 1 n n−1∑ τ =0 n−1∑ k=0

N1−1∑

p=0 x(kN_1 + p) δ_N ( j − p − (τ + k)N_1 ) =

= 1 n N1−1∑

p=0 n−1∑ k=0 x(kN_1 + p) n−1∑ τ =0 δ_N ( j − p − (τ + k)N_1 ) =

= N1−1∑

p=0 {1 n n−1∑ k=0 y_0(kN_1 + p) }{^{n−1}∑ τ^′=0

δ_N (j − p − τ^′N_1) } =

= N1−1∑

p=0 y_1(p) n−1∑ τ^′=0

g_0(τ^′N_1 + p; j) = N1−1∑

p=0 y_1(p) g_1(p; j).

Ăŋăńőčĺçŋő ŕàĺ σ = 1, . . . , n − 1

w^{(σ)}_1 (j) = 1 n n−1∑ τ =0 ω^{στ}_n x(j − τN_1) =

= 1 n n−1∑ τ =0 ω^{στ}_n N −1∑

q=0 x(q) δ_N (j − q − τN_1) =

= 1 n n−1∑ τ =0 n−1∑ k=0

N1−1∑

p=0 ω^{σ(τ +k)−σk} n x(kN_1 + p) δ_N ( j − p − (τ + k)N_1 ) =

{ 65 {

= N1−1∑

p=0 { 1 n n−1∑ k=0 ω^{−σk}_n y_0(kN_1 + p) }{^{n−1}∑ τ^′=0

ω^{στ ′}_n g_0(τ^′N_1 + p; j) } =

= N1−1∑

p=0 y_1(σN_1 + p) g_1(σN_1 + p; j).

Ňë ćőáŕőńìğőćăńĺáì äőàňãńőľ (6.12). Śńăčăěňëě w^{(σ)}_1 (j) ïćńïîâáï ćěľćńěâŋëňĺ áőáâăćńïîéĺňĺ. Őŋĺ ćåőďïâ ć (9.7) ŕàĺ ν = 1. Śĺčŋăń v_1(j) ŕàěőąàăğãěâáï ŕő âăłőňã ęě ŕàăćĺńã

v_1(j) = v_2(j) + w^{(1)}_2 (j) + . . . + w^{(n−1)}_2 (j), čďě v_2(j) = 1 n n−1∑ τ =0

v_1(j−τN_2) = 1 n n−1∑ τ =0

N1−1∑

q=0 y_1(q) g_1(q; j−τN_2) =

= 1 n n−1∑ τ =0 n−1∑ k=0

N2−1∑

p=0 y_1(kN_2 + p) g_1(kN_2 + p; j − τN_2) =

= 1 n N2−1∑

p=0 n−1∑ k=0 y_1(kN_2 + p) n−1∑ τ =0

g_1 ( 0; j − p − (τ + k)N_2 ) =

= N2−1∑

p=0 { 1 n n−1∑ k=0 y_1(kN_2 + p) }{^{n−1}∑ τ^′=0

g_1(0; j − p − τ^′N_2) } =

= N2−1∑

p=0 y_2(p) n−1∑ τ^′=0

g_1(τ^′N_2 + p; j) = N2−1∑

p=0 y_2(p) g_2(p; j) ;

{ 66 {

w^{(σ)}_2 (j) = 1 n n−1∑ τ =0

ω^{στ}_n v_1(j−τN_2) =

= 1 n n−1∑ τ =0 n−1∑ k=0

N2−1∑

p=0 ω^{στ}_n y_1(kN_2 + p) g_1 ( 0; j − p − (τ + k)N_2 ) =

= N2−1∑

p=0 { 1 n n−1∑ k=0 ω^{−σk}_n y_1(kN_2 + p) }{^{n−1}∑ τ^′=0

ω^{στ ′}_n g_1(τ^′N_2 + p; j) } =

= N2−1∑

p=0 y_2(σN_2 + p) g_2(σN_2 + p; j).

Ňë ćőáŕőńìğőćăńĺáì n-ŕěàĺőďĺçŋőáâìî ďĺáłàěâŋőľ äãŋłæĺĺ h(τ) = ω^{στ}_n g_1(0; j − p − τN_2) ĺ äőàňãńőľ (6.12). Śńăčăěňëě w^{(σ)}_2 (j), σ = 1, . . . , n−1, ćåőďïâ ć (9.7) ŕàĺ ν = 2. Śĺčŋăń v_2(j) ŕőďćěàčăěâáï ďăńìŋěľèěňã ŕàěőąàăğőćăŋĺî.

Őąéĺľ èăč íâőčő ŕàőæěááă ćëčńïďĺâ âăł:

v_ν (j) = v_{ν+1}(j) + w^{(1)}_{ν+1}(j) + . . . + w^{(n−1)}_{ν+1} (j), ν = 1, . . . , s − 1.

Ğďěáì v_{ν+1}(j) = 1 n n−1∑ τ =0 v_ν (j − τN_{ν+1}),

w^{(σ)}_{ν+1}(j) = 1 n n−1∑ τ =0 ω^{στ}_n v_ν (j − τN_{ν+1}). Őáãéěáâćĺć ćáě ãłăğăŋŋëě àăğńőęěŋĺï, ŕàĺďěň ł (9.7).

{ 67 {

x 10. Ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě

10.1. Ŕàőćěďěň ăŋăńőčĺçŋőě ĺááńěďőćăŋĺě, ĺáŕőńìğãï ŕőáńěďőćăâěńìŋőáâì ąăğĺáőć f_0, f_1, . . . , f_s. Őąőğŋăçĺň çěàěğ V_ν, ν ∈ {0, 1, . . . , s}, ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî ŋă áĺčŋăńë f_ν(p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, ă çěàěğ W^{(σ)}ν , σ ∈ {1, . . . , n − 1}, ν ∈ {1, . . . , s}, | ńĺŋěľŋãî őąőńőçłã, ŋăâïŋãâãî ŋă f_ν(σ´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1. Ŕő âěőàěňě 5.1 ŕőďŕàőáâàăŋáâćă V_ν, W^{(1)}ν , . . . , W^{(n−1)}ν ŕőŕăàŋő őàâőčőŋăńìŋë ŕàĺ ćáěå ν ∈ {1, . . . , s}. Śőčńăáŋő (5.4) ŕàĺ l = 0 ĺňěěň

f_ν(σ´_ν + p´_{ν+1}) = n−1∑ τ =0

ω^{στ}_n f_{ν−1}(τ´_ν + p´_{ν+1}), (10.1) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Őâáîďă, łăł ĺ ć ŕàěďëďãéěň ŕăàăčàăäě, áńěďãěâ ŕàěďáâăćńěŋĺě

V_{ν−1} = V_ν ⊕ W^{(1)}_ν ⊕ W^{(2)}_ν ⊕ . . . ⊕ W^{(n−1)}_ν .

Őąőğŋăçĺň W_ν = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν . Şçĺâëćăï, çâő V_0 = C_N , ŕàĺåőďĺň ł ćěľćńěâŋőňã àăğńőęěŋĺî

C N = V0 = W1 ⊕ V1 = W1 ⊕ (W2 ⊕ V2) = . . . =

= W_1 ⊕ W_2 ⊕ . . . ⊕ W_s ⊕ V_s. (10.2)

10.2. Ćëïáŋĺň áâàãłâãàã ćěľćńěâŋëå ŕőďŕàőáâàăŋáâć. Ŋăň ŕőâàěąãîâáï ďćě ńěňňë, ć łőâőàëå ĺáŕőńìğãîâáï őŕěàăæĺĺ ŕőàăğàïďŋőčő áńőęěŋĺï ĺ ćëçĺâăŋĺï ŕő ňőďãńî n ďćãå æěńëå ŋěőâàĺæăâěńìŋëå çĺáěń, ŕàěďáâăćńěŋŋëå áćőĺňĺ n-ĺçŋëňĺ łőďăňĺ (áň. § 1).

{ 68 { Ńěňňă 10.1. Ŕãáâì ν ∈ {1, . . . , s}, σ ∈ {0, 1, . . . , n − 1}, p ∈ {0, 1, . . . , N_ν −1}. Ŕàĺ ńîąëå τ = 0, 1, . . . , n−1 ĺ j = 0, 1, . . . , N −1 ćëŕőńŋïěâáï àăćěŋáâćő

f_ν(σ´_ν + p´_{ν+1}; j ⊕_n τ´_ν) = ω^{στ}_n f_ν(σ´_ν + p´_{ν+1}; j). (10.3)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (5.12) ĺ (5.11) ĺňěěň

f_ν(σ´_ν + p´_{ν+1}; j ⊕_n τ´_ν) = f_ν ( σ´_ν; (j ⊕_n τ´_ν) − p´_{ν+1} ) = = n−1∑ λ=0 ω^{σλ}_n Δν −1∑

q=0 δ_N ( (j ⊕_n τ´_ν) − p´_{ν+1} − q − λ´_ν ) . (10.4)

Őąőğŋăçĺň çěàěğ τ^∗ æěńőě çĺáńő ĺğ {0, 1, . . . , n − 1}, âăłőě, çâő τ ⊕_n τ^∗ = 0. Šőčďă δ_N ( (j ⊕_n τ´_ν ) − p´_{ν+1} − q − λ´_ν ) = δ_N ( (j_{s−1}´_s + . . . + j_ν ´_{ν+1}+

+(j_{ν−1} ⊕_n τ)´_ν + j_{ν−2}´_{ν−1} + . . . + j_0) − p´_{ν+1} − λ´_ν − q ) =

= 1, ěáńĺ j_{s−1}´_s + . . . + j_ν´_{ν+1} = p´_{ν+1}, j_{ν−1} = λ⊕_n τ^∗,

j_{ν−2}´_{ν−1} + . . . + j_0 = q;

0 ŕàĺ őáâăńìŋëå j ∈ {0, 1, . . . , N − 1} =

= δ_N ( j − p´_{ν+1} − (λ⊕_n τ^∗)´_ν − q ) = = δ_N ( j − p´_{ν+1} − (λ⊖_n τ)´_ν − q ) . (10.5)

Őâňěâĺň, çâő ω^{σλ}_n = ω^{σ[(λ ⊖n τ ) ⊕n τ ]} n = ω^{σ(λ ⊖n τ )+στ} n . (10.6)

{ 69 {

Ŕőďáâăćńïï (10.5) ĺ (10.6) ć (10.4), ŕőńãçăěň

f_ν(σ´_ν + p´_{ν+1}; j ⊕_n τ´_ν) = = ω^{στ}_n Δν−1∑

q=0 n−1∑ λ=0 ω^{σ(λ ⊖n τ )} n δ_N ( j − p´_{ν+1} − (λ⊖_n τ)´_ν − q ) =

= ω^{στ}_n Δν−1∑

q=0 n−1∑ λ^′=0

ω^{σλ′}_n δ_N (j − p´_{ν+1} − λ^′´_ν − q) =

= ω^{στ}_n f_ν(σ´_ν; j − p´_{ν+1}) = ω^{στ}_n f_ν(σ´_ν + p´_{ν+1}; j).

Ňë ćőáŕőńìğőćăńĺáì âěň, çâő ŕàĺ äĺłáĺàőćăŋŋőň τ őâőąàăęěŋĺě λ → λ⊖_n τ ěáâì ŕěàěáâăŋőćłă ňŋőęěáâćă {0, 1, . . . , n − 1}. Ńěňňă ďőłăğăŋă. �

Ńěňňă 10.2. Ğăäĺłáĺàãěň áĺčŋăń x ĺ ĺŋďěłá ν ∈ {1, . . . , s}. Śńěďãîéĺě ďćă ãâćěàęďěŋĺï íłćĺćăńěŋâŋë: x(j) = x ( ⌊j/´_{ν+1}⌋´_{ν+1} ) , j = 0, 1, . . . , N − 1; (10.7) x(j ⊕_n q) = x(j), q = 0, 1, . . . , ´_{ν+1} −1, j = 0, 1, . . . , N −1. (10.8) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì j = p´_{ν+1} + l, čďě l ∈ {0, 1, . . . , ´_{ν+1} − 1}, p ∈ {0, 1, . . . , N_ν − 1}. Ěáńĺ ćëŕőńŋïěâáï ãáńőćĺě (10.7), âő x(j) = x(p´_{ν+1}). Ćňěáâě á âěň, ŕàĺ ńîąőň q ∈ {0, 1, . . . , ´_{ν+1}−1} ć áĺńã âőčő ęě ãáńőćĺï (10.7) ĺňěěň x(j ⊕_n q) = x ( ⌊(j ⊕_n q)/´_{ν+1}⌋´_{ν+1} ) = = x (⌊( p´_{ν+1} + (l⊕_n q) ) /´_{ν+1} ⌋ ´_{ν+1} ) = x(p´_{ν+1}) = x(j),

â. ě. ćëŕőńŋïěâáï ãáńőćĺě (10.8).

{ 70 {

Ŋăőąőàőâ, áőčńăáŋő (10.8)

x(j) = x(p´_{ν+1} + l) = x(p´_{ν+1} ⊕_n l) = x(p´_{ν+1}) = = x ( ⌊j/´_{ν+1}⌋´_{ν+1} ) , âăł çâő ĺğ (10.8) áńěďãěâ (10.7). Ńěňňă ďőłăğăŋă. �

Ğ ă ň ě ç ă ŋ ĺ ě. Şáńőćĺě (10.8) àăćŋőáĺńìŋő ąőńěě ŕàőáâőňã ãáńő- ćĺî x(j ⊕_n ´_μ) = x(j), μ = 1, . . . , ν, j = 0, 1, . . . , N − 1. (10.9) Ďőáâăâőçŋő ŕàőćěàĺâì ĺňŕńĺłăæĺî (10.9) ⇒ (10.8). Śŋăçăńă őâňěâĺň, çâő x(j ⊕_n τ´_μ) = x(j), τ = 0, 1, . . . , n − 1. (10.10) Ŕàĺ τ = 0 ĺ τ = 1 íâő őçěćĺďŋő. Ŕàĺ τ ≥ 2 ŋă őáŋőćăŋĺĺ (10.9) ŕőńãçăěň

x(j ⊕_n τ´_μ) = x (( j ⊕_n (τ − 1)´_μ ) ⊕_n ´_μ ) = x ( j ⊕_n (τ − 1)´_μ ) = = . . . = x(j ⊕_n ´_μ) = x(j).

Şçĺâëćăï (10.10), ğăŕĺèěň x(j ⊕_n q) = x ( j ⊕_n (q_{ν−1}´_ν + . . . + q_1´_2 + q_0´_1) ) = = x (( j ⊕_n (q_{ν−1}´_ν + . . . + q_1´_2) ) ⊕_n q_0´_1 ) = = x ( j ⊕_n (q_{ν−1}´_ν + . . . + q_1´_2) ) = . . . = x(j ⊕_n q_{ν−1}´_ν) = x(j), çâő ĺ âàěąőćăńőáì ãáâăŋőćĺâì.

Šěŕěàì ňë čőâőćë őåăàăłâěàĺğőćăâì áâàãłâãàã ŕőďŕàőáâàăŋáâć V_ν ĺ W^{(σ)}ν .

{ 71 { Šěőàěňă 10.1. Śĺčŋăń x ïćńïěâáï íńěňěŋâőň ŕőďŕàőáâàăŋáâćă V_ν âőčďă ĺ âőńìłő âőčďă, łőčďă ćëŕőńŋïěâáï ãáńőćĺě (10.8).

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕő őŕàěďěńěŋĺî, V_ν áőáâőĺâ ĺğ áĺčŋăńőć ćĺďă x(j) = Nν −1∑

p=0 c(p) f_ν(0; j − p´_{ν+1}).

Ŕőáłőńìłã

f_ν(0; j) =

1 ŕàĺ j = 0, 1, . . . , ´_{ν+1} − 1, 0 ŕàĺ j = ´_{ν+1}, . . . , N − 1, âő íńěňěŋâë V_ν ïćńïîâáï łãáőçŋő-ŕőáâőïŋŋëňĺ äãŋłæĺïňĺ, âőç- ŋěě x(j) = x(p´_{ν+1}) ŕàĺ j = p´_{ν+1}, . . . , (p + 1)´_{ν+1} − 1, p = 0, 1, . . . , N_ν − 1. Ŕőáńěďŋěě ãáńőćĺě ňőęŋő ğăŕĺáăâì ĺŋăçě: x(j) = x ( ⌊j/´_{ν+1}⌋´_{ν+1} ) , j = 0, 1, . . . , N − 1. Őáâăěâáï áőáńăâìáï ŋă ńěňňã (10.2). �

Šěőàěňă 10.2. Śŕàăćěďńĺćă äőàňãńă

W^{(σ)}ν = { x ∈ V_{ν−1} | | x(j ⊕_n τ´_ν) = ωστ_n x(j) ŕàĺ ćáěå τ = 1, . . . , n − 1 ĺ j = 0, 1, . . . , N − 1 } . (10.11)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őąőğŋăçĺň çěàěğ G^{(σ)}ν ňŋőęěáâćő, áâőïéěě ć ŕàăćőľ çăáâĺ (10.11), ĺ ŕőłăęěň áŋăçăńă, çâő W^{(σ)}ν ⊂ G^{(σ)}ν .

{ 72 { Ŕãáâì x ∈ W^{(σ)}ν . Šăł łăł W^{(σ)}ν ⊂ W_ν ⊂ V_{ν−1}, âő x ∈ V_{ν−1}. Ďăńěě x = Nν −1∑

p=0 c(p) f_ν(σ´_ν + p´_{ν+1}).

Śőčńăáŋő (10.3)

x(j ⊕_n τ´_ν) = Nν −1∑

p=0 c(p) f_ν(σ´_ν + p´_{ν+1}; j ⊕_n τ´_ν) = ω^{στ}_n x(j).

Ğŋăçĺâ, x ∈ G^{(σ)}ν . Ćłńîçěŋĺě W^{(σ)}ν ⊂ G^{(σ)}ν ãáâăŋőćńěŋő.

Ŕàőćěàĺň őąàăâŋőě ćłńîçěŋĺě. Ŕãáâì x ∈ G^{(σ)}ν . Ć çăáâŋőáâĺ, x ∈ V_{ν−1}. Şçĺâëćăï, çâő V_{ν−1} = V_ν ⊕ W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν , ğăŕĺèěň x = n−1∑ λ=0

Nν−1∑

p=0 c(λ, p) f_ν (λ´_ν + p´_{ν+1}).

Ć áĺńã őŕàěďěńěŋĺï G^{(σ)}ν ĺ (10.3) ŕàĺ τ = 0, 1, . . . , n − 1 ĺňěěň x(j) = ω^{−στ}_n x(j ⊕_n τ´_ν ) = = ω^{−στ}_n n−1∑ λ=0

Nν −1∑

p=0 c(λ, p) ω^{λτ}_n f_ν (λ´_ν + p´_{ν+1}; j).

Śńőęĺć íâĺ àăćěŋáâćă ĺ ŕőďěńĺć ŋă n, ŕőńãçĺň x = 1 n n−1∑ τ =0 ω^{−στ}_n n−1∑ λ=0

Nν −1∑

p=0 ω^{λτ}_n c(λ, p) f_ν (λ´_ν + p´_{ν+1}) =

= Nν −1∑

p=0 n−1∑ λ=0 c(λ, p) f_ν (λ´_ν + p´_{ν+1}) { 1 n n−1∑ τ =0 ω^{(λ−σ)τ} n } =

= Nν −1∑

p=0 c(σ, p) f_ν(σ´_ν + p´_{ν+1}),

{ 73 {

â. ě. x ∈ W^{(σ)}ν . Ćłńîçěŋĺě G^{(σ)}ν ⊂ W^{(σ)}ν , ă á ŋĺň ĺ âěőàěňă, ďőłăğăŋë. �

10.3. Śőčńăáŋő (10.2) ńîąőľ áĺčŋăń x ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x = x_s(0) f_s(0) + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 x_ν(σ´_ν + p´_{ν+1}) f_ν(σ´_ν + p´_{ν+1}). (10.12) Ğďěáì x_s(0) = N^{−1}⟨x, f_s(0)⟩ = 1 N N −1∑

j=0 x(j) ĺ

x_ν (σ´_ν + p´_{ν+1}) = n^{−ν} ⟨x, f_ν(σ´_ν + p´_{ν+1})⟩. Şçĺâëćăï (10.1), ğăŕĺèěň

x_ν(σ´_ν + p´_{ν+1}) = n^{−ν} n−1∑ τ =0 ω^{−στ}_n ⟨x, f_{ν−1}(τ´_ν + p´_{ν+1})⟩ =

= 1 n n−1∑ τ =0

ω^{−στ}_n x_{ν−1}(τ´_ν + p´_{ν+1}).

Ŕàĺ íâőň x_0(k) = ⟨x, f_0(k)⟩ = x(k), k = 0, 1, . . . , N − 1. Ŕàĺåőďĺň ł àěłãààěŋâŋőľ áåěňě ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï (10.12): x_0(k) = x(k), k = 0, 1, . . . , N − 1; x_ν (σ´_ν + p´_{ν+1}) = 1 n n−1∑ τ =0

ω^{−στ}_n x_{ν−1}(τ´_ν + p´_{ν+1}), (10.13) p = 0, 1, . . . , N_ν − 1, σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Łőíääĺæĺěŋâë x_ν (p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, áőőâćěâáâćãîéĺě ĺŋďěłáã σ = 0, ĺáŕőńìğãîâáï ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć (ν + 1)-čő ãàőćŋï.

{ 74 {

Őąàăéěŋĺě ŕàěőąàăğőćăŋĺï (10.13) ŕàĺćőďĺâ ł áńěďãîéěľ áåěňě:

x_{ν−1}(τ´_ν + p´_{ν+1}) = n−1∑ σ=0 ω^{στ}_n x_ν (σ´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, τ = 0, 1, . . . , n − 1, ν = s, s − 1, . . . , 1. İâă áåěňă ŕőğćőńïěâ ćëçĺáńĺâì ğŋăçěŋĺï áĺčŋăńă x, ğăďăŋŋőčő ć ćĺďě (10.12), ŋă őáŋőćŋőň ŕěàĺőďě, ă ĺňěŋŋő: x(k) = x_0(k), k = 0, 1, . . . , N − 1. Řăğńőęěŋĺě (10.12) ŋăğőćěň àăğńőęěŋĺěň Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëň á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě, ă áåěňã (10.13) | ąëáâàëň ŕàěőąàăğőćăŋĺěň Ţăăàă{Łàěáâěŋáőŋă.

Őâňěâĺň, çâő ć (10.12) ąăğĺáŋëě áĺčŋăńë f_ν (σ´_ν + p´_{ν+1}) ňőęŋő áäőàňĺàőćăâì ĺğ n − 1 áĺčŋăńă f_1(σ´_1), σ = 1, . . . , n − 1. İâő áńěďãěâ ĺğ (5.12) ĺ (5.13). Ďńï őąàăğãîéĺå áĺčŋăńőć f_1(σ´_1) áőčńăáŋő (5.11) ĺňěěâáï ïćŋőě ŕàěďáâăćńěŋĺě

f_1(σ´_1; j) = n−1∑ τ =0 ω^{στ}_n δ_N (j − τ). 10.4. Ťőàňãńã (10.12) ňőęŋő ćëćěáâĺ ŋěŕőáàěďáâćěŋŋő. Ŕàĺ íâőň ŕàőïáŋïěâáï àőńì őŕěàăæĺľ ŕőàăğàïďŋőčő áńőęěŋĺï ĺ ćëçĺâăŋĺï ŕő ňőďãńî n ŕàĺ ŕàőàěęĺćăŋĺĺ ŕő çăáâőâě.

Ŋăçŋěň á őďŋőčő ćáŕőňőčăâěńìŋőčő ãâćěàęďěŋĺï. Ńěňňă 10.3. Śŕàăćěďńĺćő àăćěŋáâćő

f_ν(p´_{ν+1}; j) = f_ν(0; j ⊖_n p´_{ν+1}), (10.14) p = 0, 1, . . . , N_ν − 1, ν = 0, 1, . . . , s, j = 0, 1, . . . , N − 1, .

{ 75 { Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ ν = s äőàňãńă (10.14) âàĺćĺăńìŋă, ŕőáłőńìłã f_s(0; j) ≡ 1. Ŕãáâì ν ∈ {0, 1, . . . , s − 1}. Ć áĺńã (5.10)

f_ν(0; j ⊖_n p´_{ν+1}) = f_ν(0; j ⊕_n p^∗´_{ν+1}) = Δν+1−1 ∑ q=0 δ_N ( (j ⊕_n p^∗´_{ν+1}) − q ) , čďě çěàěğ p^∗ őąőğŋăçěŋő æěńőě çĺáńő ĺğ {0, 1, . . . , N_ν − 1}, őŕàěďěńïěňőě ãáńőćĺěň p⊕_n p^∗ = 0. Ŕàĺ íâőň δ_N ( (j ⊕_n p^∗´_{ν+1}) − q ) = δ_N ( (⌊j/´_{ν+1}⌋⊕_n p^∗)´_{ν+1} + ⟨j⟩_{Δν+1} − q ) =

= 1, ěáńĺ ⌊j/´_{ν+1}⌋ = p ĺ ⟨j⟩_{Δν+1} = q ; 0 ŕàĺ őáâăńìŋëå j ∈ {0, 1, . . . , N − 1} = = δ_N (j − p´_{ν+1} − q).

Ğŋăçĺâ,

f_ν(0; j ⊖_n p´_{ν+1}) = Δν+1−1 ∑ q=0 δ_N (j − p´_{ν+1} − q) =

= f_ν(0; j − p´_{ν+1}) = f_ν(p´_{ν+1}; j). Ńěňňă ďőłăğăŋă. �

Ĺğ (10.14) áńěďãěâ, çâő

f_ν(p´_{ν+1}; j ⊕_n k´_{ν+1}) = f_ν ( (p⊖_n k)´_{ν+1}; j ) , (10.15) p, k = 0, 1, . . . , N_ν − 1, ν = 0, 1, . . . , s, j = 0, 1, . . . , N − 1. Ďěľáâćĺâěńìŋő,

f_ν(p´_{ν+1}; j ⊕_n k´_{ν+1}) = f_ν(0; j ⊕_n k´_{ν+1} ⊖_n p´_{ν+1}) =

{ 76 { = f_ν ( 0; j ⊕_n (k⊖_n p)´_{ν+1} ) = f_ν ( (p⊖_n k)´_{ν+1}; j ) . Ňë ćőáŕőńìğőćăńĺáì âěň, çâő (k⊖_n p)^∗ = p⊖_n k.

Ŕěàěåőďĺň ł ŋěŕőáàěďáâćěŋŋőňã ćëćőďã äőàňãńë (10.12). Ŕàĺ j ∈ {0, 1, . . . , N − 1} ĺňěěň

x(j) = n−1∑ τ =0 { 1 n n−1∑ σ=0 ω^{−στ}_n } x(j ⊕_n τ) = 1 n n−1∑ σ=0 n−1∑ τ =0 ω^{−στ}_n x(j ⊕_n τ) = = v_1(j) + w^{(1)}_1 (j) + . . . + w^{(n−1)}_1 (j).

Ğďěáì

v_1(j) = 1 n n−1∑ τ =0 x(j ⊕_n τ) = 1 n n−1∑ τ =0

N −1∑

q=0 x(q) f_0(q; j ⊕_n τ). Ŕőńìğãïáì äőàňãńőľ (10.15) ŕàĺ ν = 0 ĺ (10.1), ŕőńãçăěň

v_1(j) = 1 n n−1∑ τ =0

N −1∑

q=0 x(q) f_0(q⊖_n τ; j) = 1 n n−1∑ τ =0

N −1∑

q^′=0

x(q^′ ⊕_n τ) f_0(q^′; j) =

= 1 n n−1∑ τ =0

N1−1∑

p=0 n−1∑ k=0 x ( np + (k⊕_n τ) ) f_0(np + k; j) =

= N1−1∑

p=0 {^{n−1}∑ k=0 f_0(k´_1 + p´_2; j) }{ 1 n n−1∑ τ^′=0

x_0(τ^′´_1 + p´_2) } =

= N1−1∑

p=0 x_1(p´_2) f_1(p´_2; j).

Ăŋăńőčĺçŋő ŕàĺ σ = 1, . . . , n − 1

w^{(σ)}_1 (j) := 1 n n−1∑ τ =0 ω^{−στ}_n x(j ⊕_n τ) = 1 n n−1∑ τ =0

N −1∑

q=0 ω^{−στ}_n x(q⊕_n τ) f_0(q; j) =

{ 77 {

= 1 n n−1∑ τ =0

N1−1∑

p=0 n−1∑ k=0 ω^{−σ(k ⊕n τ )+σk} n x ( np + (k⊕_n τ) ) f_0(np + k; j) =

= N1−1∑

p=0 {^{n−1}∑ k=0 ω^{σk}_n f_0(k´_1 + p´_2; j) }{ 1 n n−1∑ τ^′=0

ω^{−στ ′}_n x_0(τ^′´_1 + p´_2) } =

= N1−1∑

p=0 x_1(σ´_1 + p´_2) f_1(σ´_1 + p´_2; j).

Śńăčăěňëě w^{(σ)}_1 (j) ïćńïîâáï ćěľćńěâŋëňĺ áőáâăćńïîéĺňĺ. Őŋĺ ćåőďïâ ć (10.12) ŕàĺ ν = 1. Śĺčŋăń v_1(j) ŕàěőąàăğãěâáï ŕő âăłőňã ęě ŕàăćĺńã

v_1(j) = v_2(j) + w^{(1)}_2 (j) + . . . + w^{(n−1)}_2 (j).

Ğďěáì

v_2(j) = 1 n n−1∑ τ =0

v_1(j ⊕_n τ´_2) = 1 n n−1∑ τ =0

N1−1∑

q=0 x_1(q´_2) f_1(q´_2; j ⊕_n τ´_2) =

= 1 n n−1∑ τ =0

N1−1∑

q=0 x_1(q´_2) f_1 ( (q⊖_n τ)´_2; j ) =

= 1 n n−1∑ τ =0

N −1∑

q^′=0

x_1 ( (q^′ ⊕_n τ)´_2 ) f_1(q^′´_2; j) =

= 1 n n−1∑ τ =0

N2−1∑

p=0 n−1∑ k=0 x_1 ( p´_3 + (k⊕_n τ)´_2 ) f_1(p´_3 + k´_2; j) =

= N2−1∑

p=0 {^{n−1}∑ k=0 f_1(k´_2 + p´_3; j) }{ 1 n n−1∑ τ^′=0

x_1(τ^′´_2 + p´_3) } =

= N2−1∑

p=0 x_2(p´_3) f_2(p´_3; j) ;

{ 78 {

w^{(σ)}_2 (j) := 1 n n−1∑ τ =0

ω^{−στ}_n v_1(j ⊕_n τ´_2) =

= N2−1∑

p=0 x_2(σ´_2 + p´_3) f_2(σ´_2 + p´_3; j) .

Őąéĺľ èăč íâőčő ŕàőæěááă ćëčńïďĺâ âăł:

v_ν (j) = v_{ν+1}(j) + w^{(1)}_{ν+1}(j) + . . . + w^{(n−1)}_{ν+1} (j), ν = 1, . . . , s − 1, čďě v_{ν+1}(j) = 1 n n−1∑ τ =0

v_ν (j ⊕_n τ´_{ν+1}),

w^{(σ)}_{ν+1}(j) = 1 n n−1∑ τ =0 ω^{−στ}_n v_ν(j ⊕_n τ´_{ν+1}). Őáãéěáâćĺć ćáě ãłăğăŋŋëě àăğńőęěŋĺï, ŕàĺďěň ł (10.12).

x 11. Śŕěłâàăńìŋëě âěőàěňë ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă

11.1. Ć ďćãå ŕàěďëďãéĺå ŕăàăčàăäăå ąëńĺ ŕőáâàőěŋë őàâőčőŋăńìŋëě ćěľćńěâŋëě ąăğĺáë Ţăăàă{Łàěáâěŋáőŋă { f_s(0); f_ν(σ´_ν + p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } , { g_s(0); g_ν (σN_ν + p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } ,

{ 79 {

áćïğăŋŋëě áőőâćěâáâćěŋŋő á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ĺ ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Śŕőáőą ŋãňěàăæĺĺ ąăğĺáŋëå áĺčŋăńőć ąëń áćïğăŋ á àěłãààěŋâŋëňĺ áőőâŋőèěŋĺïňĺ, ĺáŕőńìğãěňëňĺ ďńï ŕőáâàőěŋĺï íâĺå ąăğĺáőć. Şłăğăŋŋëě áőőâŋőèěŋĺï, ć áćőî őçěàěďì, ąëńĺ ŕőńãçěŋë łăł çăáâŋëľ áńãçăľ ąőńěě őąéĺå àěłãààěŋâŋëå áőőâŋőèěŋĺľ, ŕàěďŋăğŋăçěŋŋëå ďńï ŕőáâàőěŋĺï ŕőáńěďőćăâěńìŋőáâěľ őàâőčőŋăńìŋëå ąăğĺáőć, ćěďãéĺå őâ ąăğĺáă ĺğ áďćĺčőć ěďĺŋĺçŋőčő ĺňŕãńìáă ł ąăğĺáã äãŋłæĺľ Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă. Ďńï ŕőńãçěŋĺï àěğãńìâăâőć, ŕàěďáâăćńěŋŋëå ć íâőň ĺ ďćãå ŕőáńěďãîéĺå ŕăàăčàăäăå, ŋĺłăłĺå àěłãààěŋâŋëå áőőâŋőèěŋĺľ ŋě âàěąãěâáï, ŕőíâőňã ŋěőąåőďĺňőáâì ć áâőńì áŕěæĺäĺçěáłőň áŕőáőąě ŋãňěàăæĺĺ ąăğĺáŋëå áĺčŋăńőć őâŕăďăěâ.

Ąăğĺáë Ţăăàă{Łàěáâěŋáőŋă ĺňěîâ ďàěćőćĺďŋãî ąńőçŋő-ãàőć-ŋěćãî áâàãłâãàã (áň. àĺá. 2a), ĺ ďńï ĺďěŋâĺäĺłăæĺĺ ąăğĺáŋőčő áĺčŋăńă ďőáâăâőçŋő ãłăğăâì ěčő ãàőćěŋì, ąńőł ĺ ŋőňěà ćŋãâàĺ ąńőłă (ĺňěŋŋő ďńï íâőčő ĺ ĺáŕőńìğãîâáï ĺŋďěłáë ν, σ ĺ p áőőâćěâáâćěŋŋő). Ĺğńĺèŋïï áńőęŋőáâì ć ĺŋďěłáăæĺĺ ňőęěâ ćëğćăâì ďőŕőńŋĺâěńìŋëě âàãďŋőáâĺ ć äőàňãńĺàőćłě ĺńĺ âàăłâőćłě ďăńìŋěľèĺå àěğãńìâăâőć. Ć áćïğĺ á íâĺň, ŋăçĺŋăï á ďăŋŋőčő ŕăàăčàăäă, ąãďěň ĺáŕőńìğőćăâì ŋőćëľ, óőąńěčçěŋŋëľô áŕőáőą ŋãňěàăæĺĺ áĺčŋăńőć ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă. Ąãďěň ŕĺáăâì f_ν(σ) ćňěáâő f_ν(σ´_ν) ĺ g_ν(σ) ćňěáâő g_ν (σN_ν). Ŕàĺ íâőň, á ãçěâőň âőęďěáâć (5.12) ĺ (6.10), áĺčŋăńã f_ν(σ´_ν + p´_{ν+1}; j) ąãďěâ áőőâćěâáâćőćăâì ğăŕĺáì f_ν(σ; j − p´_{ν+1}), ă áĺčŋăńã g_ν (σN_ν + p; j) | ğăŕĺáì g_ν(σ; j − p). Śĺčŋăńë f_s(0) ĺ g_s(0) ćëďěńĺň őáőąő: ŕőáłőńìłã f_s(0; j) ≡ g_s(0; j) ≡ 1, âő ďńï íâĺå áĺčŋăńőć ąãďěâ ĺáŕőńìğőćăâìáï őďŋő őąéěě őąőğŋăçěŋĺě c(j).

{ 80 {

Ć ŋőćëå őąőğŋăçěŋĺïå ąăğĺáë Ţăăàă{Łàěáâěŋáőŋă ąãďãâ ćëčńïďěâì áńěďãîéĺň őąàăğőň: { c(j); f_ν(σ; j − p´_{ν+1}), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } , (11.1)

{ c(j); g_ν(σ; j − p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } . (11.2)

Ğďěáì ć áőőâćěâáâćĺĺ á (5.11) ĺ (6.7)

f_ν(σ; j) = n−1∑ τ =0 ω^{στ}_n (τ +1)Δν−1 ∑ q=τ Δν δ_N (j − q), (11.3)

g_ν(σ; j) = n−1∑ τ =0 ω^{στ}_n δ_{Nν−1} (j − τN_ν). (11.4) 11.2. Ĺğãçĺň ŕőďàőąŋěě ąăğĺá Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Ńěňňă 11.1. Ŕàĺ σ = 1, . . . , n − 1 áŕàăćěďńĺćă äőàňãńă f_ν(σ; j) = ω^{σ⌊j/Δν ⌋}_n δ_{Nν} ( ⌊j/´_{ν+1}⌋ ) , j ∈ Z. (11.5) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàăćăï çăáâì (11.5) àăćŋă ω^{στ}_n ŕàĺ j ∈ ∈ {τ´_ν, τ´_ν +1, . . . , (τ +1)´_ν −1}, τ = 0, 1, . . . , n−1, ĺ àăćŋă 0 ŕàĺ j ∈ {´_{ν+1}, ´_{ν+1} +1, . . . , N −1} (áńěďãěâ ãçěáâì, çâő N = ´_{ν+1}N_ν). Šě ęě ğŋăçěŋĺï ŕàĺ ãłăğăŋŋëå j ŕàĺŋĺňăěâ áőčńăáŋő (11.3) ĺ f_ν(σ; j). Šăłĺň őąàăğőň, ŕàĺ j ∈ {0, 1, . . . , N − 1} àăćěŋáâćő (11.5) ćěàŋő. Őáâăěâáï ŕàőćěàĺâì N-ŕěàĺőďĺçŋőáâì ŕàăćőľ çăáâĺ (11.5).

{ 81 {

Őŋă áńěďãěâ ĺğ âőčő, çâő ŕàĺ ńîąőň k ∈ Z j + kN ´_ν = j ´_ν + nkN_ν, j + kN ´_{ν+1} = j ´_{ν+1} + kN_ν . Ńěňňă ďőłăğăŋă. � Ś ń ě ď á â ć ĺ ě. Ŕàĺ p = 0, 1, . . . , N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő f_ν(σ; j − p´_{ν+1}) = ω^{σ⌊j/Δν ⌋}_n δ_{Nν} ( ⌊j/´_{ν+1}⌋ − p ) . (11.6)

Ťőàňãńë (11.5) ĺ (11.6) ŋěáłőńìłő ãŕàőéăîâáï ŕàĺ j ∈ {0, 1, . . . , N − 1}. Ă ĺňěŋŋő, ěáńĺ j = (j_{s−1}, . . . , j_0)_n, âő ⌊ j ´_ν ⌋ = j_{s−1}n^{s−ν} + . . . + n j_ν + j_{ν−1}, âăł çâő ω^{⌊j/Δν ⌋} n = ω^{jν−1}_n . (11.7)

Ńěňňă 11.2. Ŕàĺ äĺłáĺàőćăŋŋőň q ∈ {0, 1, . . . , N − 1},

q = (q_{s−1}, . . . , q_0)_n, áŕàăćěďńĺćő àăćěŋáâćő f_ν(σ; j ⊖_n q) = ω^{−σqν−1}_n f_ν ( σ; j − ⌊q/´_{ν+1}⌋´_{ν+1} ) , (11.8) j = 0, 1, . . . , N − 1. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺňěěň j = ⌊j/´_{ν+1}⌋´_{ν+1}+j_{ν−1}´_ν +⟨j⟩_{Δν} , q = ⌊q/´_{ν+1}⌋´_{ν+1} + q_{ν−1}´_ν + ⟨q⟩_{Δν} . Ğŋăçĺâ, j ⊖_n q = (⌊ j ´_{ν+1} ⌋ ⊖_n ⌊ q ´_{ν+1} ⌋) ´_{ν+1} +

+ ⟨j_{ν−1} − q_{ν−1}⟩_n ´_ν + ( ⟨j⟩_{Δν} ⊖_n ⟨q⟩_{Δν} ) . Śőčńăáŋő (11.5) ĺ (11.7) ŕőńãçăěň

{ 82 {

f_ν(σ; j ⊖_n q) = ω^{σ(jν−1−qν−1)} n δ_{Nν} ( ⌊j/´_{ν+1}⌋⊖_n ⌊q/´_{ν+1}⌋ ) . (11.9)

Łăł őâňěçăńőáì ć § 1, ŕàĺ a, b ∈ {0, 1, . . . , N_ν − 1} áŕàăćěďńĺćő áőőâŋőèěŋĺě δ_{Nν} (a⊖_n b) = δ_{Nν} (a − b), ŕőíâőňã àăćěŋáâćő (11.9) ŕàĺŋĺňăěâ ćĺď f_ν(σ; j ⊖_n q) = ω^{−σqν−1}_n [ ω^{σjν−1}_n δ_{Nν} ( ⌊j/´_{ν+1}⌋ − ⌊q/´_{ν+1}⌋ )] . Şçĺâëćăï (11.6) ĺ (11.7), ŕàĺåőďĺň ł (11.8). Ńěňňă ďőłăğăŋă. � Ś ń ě ď á â ć ĺ ě. Ŕàĺ p = 0, 1, . . . , N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő

f_ν(σ; j ⊖_n p´_{ν+1}) = f_ν(σ; j − p´_{ν+1}), (11.10) j = 0, 1, . . . , N − 1. Ńěňňă 11.3. Ŕàĺ j = 0, 1, . . . , N − 1, σ = 1, . . . , n − 1 áŕàăćěďńĺćő àăćěŋáâćő

f_ν(σ; j^∗) = f_ν (σ; j). (11.11)

Ğďěáì, łăł őąëçŋő çěàěğ j^∗ őąőğŋăçěŋő çĺáńő, n-ĺçŋő ŕàőâĺćőŕőńőęŋőě çĺáńã j.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ěáńĺ j ∈ {´_{ν+1}, ´_{ν+1} + 1, . . . , N − 1}, âő ĺ j^∗ ∈ {´_{ν+1}, ´_{ν+1} + 1, . . . , N − 1}, ŕőíâőňã ŕàĺ âăłĺå j (11.11) ŕàěćàăéăěâáï ć âőęďěáâćő 0 = 0. Ŕãáâì âěŕěàì j ∈ {τ´_ν, τ´_ν + 1, . . . , (τ + 1)´_ν − 1} ŕàĺ ŋěłőâőàőň τ ∈ {0, 1, . . . , n − 1}. İâő ğŋăçĺâ, çâő j = (τ, j_{ν−2}, . . . , j_0)_n, ŕőíâőňã j^∗ = (τ^∗, j^∗_{ν−2}, . . . , j^∗_0 )_n. Śőčńăáŋő (11.5) ĺ (11.7) ŕàĺ âăłőň j ĺňěěň

f_ν(σ; j^∗) = ω^{στ ∗}_n = ω^{−στ}_n = f_ν(σ; j).

Ńěňňă ďőłăğăŋă. �

{ 83 {

11.3. Ŕěàěľďěň ł ąăğĺáã Ţăăàă{Łàěáâěŋáőŋă, áćïğăŋŋőňã á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Ńěňňă 11.4. Ŕàĺ σ = 1, . . . , n − 1 áŕàăćěďńĺćă äőàňãńă g_ν(σ; j) = ω^{σ⌊j/Nν ⌋}_n δ_{Nν} (j), j ∈ Z. (11.12) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śĺčŋăń g_ν(σ; j) ć áĺńã (11.4) ïćńïěâáï N_{ν−1}-ŕěàĺőďĺçěáłĺň. Šěň ęě áćőľáâćőň őąńăďăěâ ĺ áĺčŋăń, áâőïéĺľ ć ŕàăćőľ çăáâĺ (11.12). Ğŋăçĺâ, àăćěŋáâćő (11.12) ďőáâăâőçŋő ŕàőćěàĺâì ŋă őáŋőćŋőň ŕěàĺőďě {0, 1, . . . , N_{ν−1} − 1}.

Ŕãáâì j = τN_ν ŕàĺ ŋěłőâőàőň τ ∈ {0, 1, . . . , n − 1}. Šőčďă ŕàăćăï çăáâì (11.12) ŕàĺŋĺňăěâ ğŋăçěŋĺě ω^{στ}_n . İâő ęě ğŋăçěŋĺě áőčńăáŋő (11.4) ŕàĺŋĺňăěâ ĺ g_ν (σ; j). Ŕàĺ őáâăńìŋëå j ∈ ∈ {0, 1, . . . , N_{ν−1} − 1} àăćěŋáâćő (11.12) ŕàěćàăéăěâáï ć 0 = 0. Ńěňňă ďőłăğăŋă. �

Ś ń ě ď á â ć ĺ ě. Ŕàĺ p = 0, 1, . . . , N_ν − 1 áŕàăćěďńĺćő àăćěŋáâćő g_ν(σ; j − p) = ω^{σ⌊j/Nν ⌋}_n δ_{Nν} (j − p), j ∈ Z. (11.13) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕőłăęěň, çâő ω^{σ⌊(j−p)/Nν ⌋} n δ_{Nν} (j − p) = ω^{σ⌊j/Nν ⌋}_n δ_{Nν} (j − p). (11.14) Ŕőáłőńìłã ć őąěĺå çăáâïå íâőčő àăćěŋáâćă áâőïâ N_{ν−1}-ŕěàĺőďĺçěáłĺě ŕő j áĺčŋăńë, âő ďőáâăâőçŋő ŕàőćěàĺâì ěčő ŋă ŕěàĺőďě {p, p + 1, . . . , p + N_{ν−1} − 1. Ŕàĺ j = p + τN_ν , τ = 0, 1, . . . , n − 1, àăćěŋáâćő (11.14) ćěàŋő. Ŋő őŋő âăłęě ćěàŋő ĺ ŕàĺ őáâăńìŋëå j ĺğ ãłăğăŋŋőčő ŕěàĺőďă, ŕőáłőńìłã ć íâőň áńãçăě őąě çăáâĺ (11.14) àăćŋë ŋãńî. Šăłĺň őąàăğőň, àăćěŋáâćő (11.14) ŕàĺ p = 0, 1, . . . , N_ν − 1 ĺ j ∈ Zãáâăŋőćńěŋő.

{ 84 { Šěŕěàì (11.13) áńěďãěâ ĺğ (11.12) ĺ (11.14). � Ťőàňãńë (11.12) ĺ (11.13) ŕàĺŋĺňăîâ ąőńěě ŕàőáâőľ ćĺď ŕàĺ j ∈ {0, 1, . . . , N − 1}. Ă ĺňěŋŋő, ěáńĺ j = (j_{s−1}, . . . , j_0)_n, âő ⌊ j N_ν ⌋ = j_{s−1}n^{ν−1} + . . . + j_{s−ν+1} n + j_{s−ν} , âăł çâő ω^{⌊j/Nν ⌋} n = ω^{js−ν}_n . (11.15) Ńěňňă 11.5. Ŕàĺ ćáěå æěńëå j ĺ p g_ν(σ; j − p) = ω^{σ⌊p/Nν ⌋}_n g_ν ( σ; j − ⟨p⟩_{Nν} ) . (11.16) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (11.12) ŕàĺ j, k ∈ Zĺňěěň g_ν(σ; j − kN_ν ) = ω^{σk}_n g_ν(σ; j). (11.17) Ŕőáłőńìłã p = ⌊p/N_ν⌋N_ν + ⟨p⟩_{Nν} , âő j − p = ( j − ⟨p⟩_{Nν} ) − ⌊p/N_ν⌋N_ν. Őáâăěâáï ćőáŕőńìğőćăâìáï äőàňãńőľ (11.17). �

Ńěňňă 11.6. Ŕàĺ σ = 1, . . . , n − 1 áŕàăćěďńĺćë âőęďěáâćă

g_ν(σ; −j) = g_ν(σ; j) = g_ν(n − σ; j), j ∈ Z. (11.18) Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàőćěàĺň, çâő ω^{σ⌊−j/Nν ⌋} n δ_{Nν} (j) = ω^{−σ⌊j/Nν ⌋}_n δ_{Nν} (j), j ∈ Z (11.19) Ďěľáâćĺâěńìŋő, ěáńĺ j = kN_ν ŕàĺ ŋěłőâőàőň k ∈ Z, âő ńěćăï ĺ ŕàăćăï çăáâì (11.19) àăćŋă ω^{−σk}_n . Ŕàĺ őáâăńìŋëå j ∈ Z őąě çăáâĺ àăćěŋáâćă (11.19) àăćŋë ŋãńî.

{ 85 { Ŕěàěľďěň ł ďőłăğăâěńìáâćã àăćěŋáâćă (11.18). Śőčńăáŋő (11.12) ĺ (11.19) ĺňěěň g_ν(σ; −j) = ω^{σ⌊−j/Nν ⌋} n δ_{Nν} (−j) = ω^{−σ⌊j/Nν ⌋}_n δ_{Nν} (j) = g_ν(σ; j). Ś ďàãčőľ áâőàőŋë, ω^{−σ⌊j/Nν ⌋} n δ_{Nν} (j) = ω^{(n−σ)⌊j/Nν ⌋} n δ_{Nν} (j) = g_ν (n − σ; j). Ńěňňă ďőłăğăŋă. � 11.4. Ńîąőľ áĺčŋăń x ∈ C_N ňőęŋő àăğńőęĺâì ŕő őàâőčőŋăńìŋőňã ąăğĺáã (11.1):

x(j) = α + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 x_ν (σ, p) f_ν(σ; j − p´_{ν+1}), j ∈ Z. (11.20) Łőíääĺæĺěŋâë íâőčő àăğńőęěŋĺï áãâì łőíääĺæĺěŋâë Ťãàìě: α = 1 N N −1∑

j=0 x(j), x_ν(σ, p) = 1 n^ν N −1∑

j=0 x(j) f_ν(σ; j − p´_{ν+1}). Śőćőłãŕŋőáâì íâĺå łőíääĺæĺěŋâőć

H_f (x) = { α; x_ν(σ, p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } őąàăğãěâ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă x, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě. Ŕàěőąàăğőćăŋĺě x → H_f (x) ŋăğëćăěâáï ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

Ăŋăńőčĺçŋő, ńîąőľ áĺčŋăń y ∈ C_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě y(j) = α + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 y_ν(σ, p) g_ν (σ; j − p), j ∈ Z. (11.21)

{ 86 {

Ğďěáì α = 1 N N −1∑

j=0 x(j), y_ν(σ, p) = 1 n^ν N −1∑

j=0 x(j) g_ν(σ; j − p). Śőćőłãŕŋőáâì łőíääĺæĺěŋâőć àăğńőęěŋĺï (11.21)

H_g(y) = { α; y_ν(σ, p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } őąàăğãěâ áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă y, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŕàěőąàăğőćăŋĺě y → H_g(y) ŋăğëćăěâáï ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ţăăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

Ćëçĺáńĺň áŕěłâàë Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńőć ěáâěáâćěŋŋőčő őàâőŋőàňĺàőćăŋŋőčő ąăğĺáă ć ŕàőáâàăŋáâćě C_N | áďćĺčőć ěďĺŋĺçŋőčő ĺňŕãńìáă.

Ğăäĺłáĺàãěň çĺáńő q ∈ {0, 1, . . . , N − 1}, q = (q_{s−1}, . . . , q_0)_n. Šěőàěňă 11.1. Śĺčŋăń δ_N (· − q) ďőŕãáłăěâ áńěďãîéěě ŕàěďáâăćńěŋĺě ć ąăğĺáě Ţăăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě:

δ_N (j − q) = 1 N + s∑ ν=1 n−1∑ σ=1 n^{−ν}ω^{−σqν−1} n f_ν(σ; j − p^0_ν (q)´_{ν+1}),

čďě p^0_ν (q) = ⌊q/´ν+1⌋.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàěďáâăćĺň áĺčŋăń x = δ_N (· − q) ć áőőâćěâáâćĺĺ á (11.20):

δ_N (j − q) = α + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 x_ν (σ, p) f_ν(σ; j − p´_{ν+1}).

{ 87 {

Šőčďă α = 1 N N −1∑

j=0 δ_N (j − q) = 1 N ,

x_ν(σ, p) = n^{−ν} N −1∑

j=0 δ_N (j − q) f_ν(σ; j − p´_{ν+1}) =

= n^{−ν} f_ν(σ; q − p´_{ν+1}).

Şçĺâëćăï (11.6) ĺ (11.7), ŕőńãçăěň x_ν(σ, p) = n^{−ν} ω^{−σqν−1}_n δ_{Nν} ( ⌊q/´_{ν+1}⌋ − p ) =

= n^{−ν}ω^{−σqν−1} n , ěáńĺ p = ⌊q/´_{ν+1}⌋, 0 ŕàĺ őáâăńìŋëå p ∈ {0, 1, . . . , N_ν − 1}.

Šěőàěňă ďőłăğăŋă. � Šěőàěňă 11.2. Śĺčŋăń δ_N (· − q) ďőŕãáłăěâ áńěďãîéěě ŕàěďáâăćńěŋĺě ć ąăğĺáě Ţăăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ:

δ_N (j − q) = 1 N + s∑ ν=1 n−1∑ σ=1 n^{−ν} ω^{−σqs−ν} n g_ν(σ; j − p^1_ν(q)), čďě p^1_ν (q) = ⟨q⟩N_ν .

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàěďáâăćĺň áĺčŋăń y = δ_N (· − q) ć áőőâćěâáâćĺĺ á (11.21):

δ_N (j − q) = β + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 y_ν(σ, p) g_ν(σ; j − p).

{ 88 {

Šőčďă β = 1 N N −1∑

j=0 δ_N (j − q) = 1 N ,

y_ν(σ, p) = n^{−ν} N −1∑

j=0 δ_N (j − q) g_ν(σ; j − p) = n^{−ν} g_ν(σ; q − p). Şçĺâëćăï (11.13) ĺ (11.15), ŕőńãçăěň y_ν(σ, p) = n^{−ν}ω^{−σqs−ν}_n δ_{Nν} (q − p) =

= n^{−ν}ω^{−σqs−ν} n , ěáńĺ p = ⟨q⟩_{Nν} , 0 ŕàĺ őáâăńìŋëå p ∈ {0, 1, . . . , N_ν − 1}.

Šěőàěňă ďőłăğăŋă. � 11.5. Ćëïáŋĺň, łăł ćëčńïďïâ âěőàěňë ő áŕěłâàě áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă.

Ŋăçŋěň á ąăğĺáă (11.1). Şáâăŋőćĺň áćïğì ňěęďã áŕěłâàăňĺ ĺáåőďŋőčő ĺ n-ĺçŋő áďćĺŋãâőčő áĺčŋăńă.

Šěőàěňă 11.3. Ğăäĺłáĺàãěň q ∈ {0, 1, . . . , N − 1}, q = = (q_{s−1}, . . . , q_0)_n. Ŋăàïďã á áĺčŋăńőň x ∈ C_N àăááňőâàĺň áĺčŋăń ~x(j) = x(j ⊖_n q), j = 0, 1, . . . , N − 1. Ŕãáâì H_f (x) = {α; x_ν(σ, p)}, H_f (~x) = {~α; ~x_ν(σ, p)}. Šőčďă ~α = α ĺ ~x_ν (σ, p) = ω^{−σqν−1}_n x_ν ( σ, p⊖_n ⌊q/´_{ν+1}⌋ ) , p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (11.20) ĺ (11.10)

x(j ⊖_n q) = α + s∑ ν=1 n−1∑ σ=1

Nν −1∑

k=0 x_ν (σ, k) f_ν ( σ; (j ⊖_n q)⊖_n k´_{ν+1} ) .

{ 89 { Šăł łăł (j ⊖_n q)⊖_n k´_{ν+1} = j ⊖_n (q⊕_n k´_{ν+1}) = = j ⊖_n ( (⌊q/´_{ν+1}⌋⊕_n k)´_{ν+1} + q_{ν−1}´_ν + ⟨q⟩_{Δν} ) , âő ć áĺńã (11.8) ĺňěěň x(j ⊖_n q) = α + + s∑ ν=1 n−1∑ σ=1

Nν −1∑

k=0 x_ν(σ, k) ω^{−σqν−1}_n f_ν ( σ; j − (⌊q/´_{ν+1}⌋⊕_n k)´_{ν+1} ) . Ŕàőĺğćěďï ğăňěŋã p = k⊕_n ⌊q/´_{ν+1}⌋, ŕőńãçĺň x(j ⊖_n q) = α + + s∑ ν=1 n−1∑ σ=1

Nν−1∑

p=0 x_ν (σ, p⊖_n ⌊q/´_{ν+1}⌋) ω^{−σqν−1}_n f_ν (σ; j − p´_{ν+1}). Őáâăěâáï ãçěáâì ěďĺŋáâćěŋŋőáâì àăğńőęěŋĺï ŕő őàâőčőŋăńìŋőňã ąăğĺáã. �

Ŕěàěľďěň ł ćőŕàőáã ő áŕěłâàě áćěàâłĺ. Ŕãáâì x, y ∈ C_N ; áĺčŋăń z, äőàňĺàãěňëľ ŕő ŕàăćĺńã z(j) = N −1∑

k=0 x(k) y(j ⊖_n k), (11.22) j = 0, 1, . . . , N − 1, ŋăğëćăěâáï n-ĺçŋőľ áćěàâłőľ áĺčŋăńőć x ĺ y.

Šěőàěňă 11.4. Ŕãáâì z | n-ĺçŋăï áćěàâłă áĺčŋăńőć x ĺ y, H_f (x) = {α; x_ν (σ, p)}, H_f (y) = {β; y_ν(σ, p)}, H_f (z) = {γ; z_ν(σ, p)}. Šőčďă γ = αβN ĺ z_ν (σ, p) = n^ν Nν −1∑

q=0 x_ν(σ, q) y_ν(σ, p⊖_n q),

{ 90 { p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕő ŕàěďëďãéěľ âěőàěňě y(j ⊖_n k) = y(k^∗ ⊖_n j^∗) =

= β + s∑ ν=1 n−1∑ σ=1

Nν −1∑

l=0 ω^{−σj∗ν−1} n y_ν(σ, l⊖_n ⌊j^∗/´_{ν+1}⌋) f_ν(σ; k^∗ − l´_{ν+1}). (11.23) Śőčńăáŋő (11.10) ĺ (11.11) f_ν(σ; k^∗ − l´_{ν+1}) = f_ν (σ; k^∗ ⊖_n l´_{ν+1}) = = f_ν(σ; k⊖_n l^∗´_{ν+1}) = f_ν(σ; k − l^∗´_{ν+1}).

Ŕàőĺğćěďï ć (11.23) ğăňěŋã q = l^∗, á ãçěâőň ŕàěďëďãéěčő àăćěŋáâćă ŕőńãçĺň y(j ⊖_n k) = β+ s∑ ν=1 n−1∑ σ=1

Nν −1∑

q=0 ω^{σjν−1}_n y_ν(σ, q^∗ ⊕_n ⌊j/´_{ν+1}⌋) f_ν(σ; k−q´_{ν+1}). (11.24) Łăł ãęě ãŕőňĺŋăńőáì, ąăğĺá (1.1) ïćńïěâáï őàâőčőŋăńìŋëň; łàőňě âőčő, áőčńăáŋő âěőàěňě 5.1 ‖f_ν(σ; · − q´_{ν+1})‖^2 = n^ν. Şçĺâëćăï íâĺ äăłâë, ă âăłęě äőàňãńë (11.20), (11.24) ĺ őŕàěďěńěŋĺě (11.22), ğăŕĺèěň z(j) = αβN + s∑ ν=1 n−1∑ σ=1

Nν −1∑

q=0 x_ν (σ, q) ω^{σjν−1}_n y_ν(σ, q^∗ ⊕_n ⌊j/´_{ν+1}⌋) n^ν. Ŋő ć áĺńã (11.6) ω^{σjν−1}_n y_ν(σ, q^∗ ⊕_n ⌊j/´_{ν+1}⌋) =

{ 91 {

= Nν −1∑

p=0 y_ν(σ, q^∗ ⊕_n p) ω^{σjν−1}_n δ_{Nν} ( ⌊j/´_{ν+1}⌋ − p ) =

= Nν −1∑

p=0 y_ν(σ, p⊖_n q) f_ν(σ; j − p´_{ν+1}). Ğŋăçĺâ, z(j) = αβN + + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 { n^ν Nν −1∑

q=0 x_ν(σ, q) y_ν(σ, p⊖_n q) } f_ν(σ; j − p´_{ν+1}).

Šěőàěňă ďőłăğăŋă. � Ŕãáâì x, y ∈ C_N . Śĺčŋăń r, äőàňĺàãěňëľ ŕő ŕàăćĺńã r(j) = N −1∑

k=0 x(k) y(k⊖_n j), (11.25) j = 0, 1, . . . , N − 1, ŋăğëćăěâáï n-ĺçŋőľ łőààěńïæĺěľ áĺčŋăńőć x ĺ y.

Šěőàěňă 11.5. Ŕãáâì r | n-ĺçŋăï łőààěńïæĺï áĺčŋăńőć x ĺ y, H_f (x) = {α; x_ν (σ, p)}, H_f (y) = {β; y_ν(σ, p)}, H_f (r) = = {ϱ; r_ν(σ, p)}. Šőčďă ϱ = αβN ĺ r_ν(σ, p) = n^ν Nν −1∑

q=0 x_ν(σ, q) y_ν(σ, q⊖_n p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śĺčŋăń (11.25) ŕàěďáâăćńïěâ áőąőľ n-ĺç-ŋãî áćěàâłã áĺčŋăńőć x ĺ v, čďě v(j) = y(j^∗), j = 0, 1, . . . , N − 1.

{ 92 { Śőčńăáŋő (11.10) ĺ (11.11)

v(j) = β + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 y_ν(σ, p) f_ν(σ; j^∗ − p´_{ν+1}) =

= β + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 y_ν(σ, p) f_ν(σ; j − p^∗´_{ν+1}).

Őâáîďă ŕő âěőàěňě 11.4 ŕőńãçăěň ϱ = αβN, r_ν (σ, p) = n^ν Nν −1∑

q=0 x_ν(σ, q) v_ν (σ, p⊖_n q) =

= n^ν Nν −1∑

q=0 x_ν(σ, q) y_ν(σ, q⊖_n p),

p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Šěőàěňă ďőłăğăŋă. � 11.6. Őąàăâĺňáï ł ćěľćńěâŋőňã ąăğĺáã (11.2).

Şáâăŋőćĺň áćïğì ňěęďã áŕěłâàăňĺ ĺáåőďŋőčő ĺ æĺłńĺçěáłĺ áďćĺŋãâőčő áĺčŋăńă.

Šěőàěňă 11.6. Ğăäĺłáĺàãěň q ∈ {0, 1, . . . , N − 1}. Ŋăàïďã á áĺčŋăńőň x ∈ C_N àăááňőâàĺň áĺčŋăń ~x(j) = x(j − q). Ŕãáâì

H_g(x) = {α; x_ν (σ, p)}, H_g(~x) = {~α; ~x_ν (σ, p)}. Šőčďă ~α = α ĺ ~x_ν(σ, p) = ω^{−σ⌊(p−q)/Nν ⌋} n x_ν ( σ, ⟨p − q⟩_{Nν} ) , p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (11.20) ĺ (11.16) ĺňěěň x(j − q) = α + s∑ ν=1 n−1∑ σ=1

Nν −1∑

k=0 x_ν (σ, k) g_ν(σ; j − q − k) =

{ 93 {

= α + s∑ ν=1 n−1∑ σ=1

Nν −1∑

k=0 x_ν (σ, k) ω^{σ⌊(q+k)/Nν ⌋} n g_ν ( σ; j − ⟨q + k⟩_{Nν} ) . Ŕàőĺğćěďěň ğăňěŋã p = ⟨q + k⟩_{Nν} . Ć íâőň áńãçăě k = ⟨p − q⟩_{Nν} ĺ ⌊q + k N_ν ⌋ = ⌊q + ⟨p − q⟩_{Nν} N_ν ⌋ = ⌊q/N_ν⌋ + ⌊⟨q⟩_{Nν} + ⟨p − q⟩_{Nν} N_ν ⌋ . Őâňěâĺň, çâő ⌊⟨q⟩_{Nν} + ⟨p − q⟩_{Nν} N_ν ⌋ = 0, ěáńĺ p ≥ ⟨q⟩_{Nν} 1, ěáńĺ p < ⟨q⟩_{Nν} = − ⌊p − ⟨q⟩_{Nν} N_ν ⌋ .

Ğŋăçĺâ, ⌊ q + k N_ν ⌋ = ⌊q/N_ν⌋ − ⌊p − ⟨q⟩_{Nν} N_ν ⌋ = = − (⌊ p − ⟨q⟩_{Nν} N_ν ⌋ − ⌊q/N_ν⌋ ) = − ⌊p − q N_ν ⌋ . Őłőŋçăâěńìŋő ŕőńãçăěň x(j − q) = α + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 x_ν ( σ, ⟨p − q⟩_{Nν} ) ω^{−σ⌊(p−q)/Nν ⌋} n g_ν(σ; j − p). Šěőàěňă ďőłăğăŋă. � Ŕěàěľďěň ł ćőŕàőáã ő áŕěłâàě áćěàâłĺ. Ŋăŕőňŋĺň, çâő æĺłńĺçěáłőľ áćěàâłőľ áĺčŋăńőć x ĺ y ĺğ C_N ŋăğëćăěâáï áĺčŋăń z = x ∗ y á łőňŕőŋěŋâăňĺ z(j) = N −1∑

k=0 x(k) y(j − k), j ∈ Z. (11.26) Šěőàěňă 11.7. Ŕãáâì z | æĺłńĺçěáłăï áćěàâłă áĺčŋăńőć x ĺ y, H_g(x) = {α; x_ν(σ, p)}, H_g(y) = {β; y_ν(σ, p)}, H_g(z) =

{ 94 {

= {γ; z_ν (σ, p)}. Šőčďă γ = αβN ĺ z_ν (n − σ, p) = n^ν { p∑ q=0 x_ν (σ, q) y_ν(σ, p − q) +

+ ω^σ_n Nν −1∑

q=p+1 x_ν (σ, q) y_ν(σ, N_ν + p − q) } ,

p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕő âěőàěňě 11.6 y(j − k) = y ( − k − (−j) ) = = β + s∑ ν=1 n−1∑ σ=1

Nν −1∑

l=0 ω^{−σ⌊(l+j)/Nν ⌋} n y_ν ( σ, ⟨l + j⟩_{Nν} ) g_ν(σ; −k − l). Śďěńăěň ğăňěŋã q = ⟨−l⟩_{Nν} . Šőčďă l = ⟨−q⟩_{Nν} .

Ŕàĺ q = 1, . . . , N_ν − 1 ŕőńãçăěň ⟨ ⟨−q⟩_{Nν} + j ⟩ Nν = ⟨j − q⟩_{Nν} , ⌊⟨−q⟩_{Nν} + j N_ν ⌋ = ⌊N_ν − q + j N_ν ⌋ = ⌊j − q N_ν ⌋ + 1.

Łàőňě âőčő, ć áĺńã (11.17) g_ν ( σ; −k − ⟨−q⟩_{Nν} ) = g_ν (σ; −k − N_ν + q) = ω^σ_n g_ν(σ; q − k).

Šăłĺň őąàăğőň, áńăčăěňőě á ĺŋďěłáőň q ĺňěěâ ćĺď ω^{−σ⌊(j−q)/Nν ⌋} n y_ν ( σ, ⟨j − q⟩_{Nν} ) g_ν(σ; q − k). (11.27) Ŕàĺ q = 0 ŕőńãçăěň ⟨−q⟩_{Nν} = 0; áńăčăěňőě á ĺŋďěłáőň q = 0 ĺňěěâ ćĺď ω^{−σ⌊j/Nν ⌋} n y_ν ( σ, ⟨j⟩_{Nν} ) g_ν(σ; −k), çâő äőàňăńìŋő áőćŕăďăěâ á (11.27).

{ 95 {

Şçĺâëćăï áłăğăŋŋőě ćëèě ĺ ńěňňã 11.6, ŕàĺåőďĺň ł àăćěŋáâćã y(j − k) = β + s∑ ν=1 n−1∑ σ=1

Nν −1∑

q=0 ω^{−σ⌊(j−q)/Nν ⌋} n y_ν ( σ, ⟨j − q⟩_{Nν} ) g_ν(σ; k − q). (11.28) Łăł ãęě ãŕőňĺŋăńőáì, ąăğĺá (1.2) ïćńïěâáï őàâőčőŋăńìŋëň;

łàőňě âőčő, áőčńăáŋő âěőàěňě 6.1 ‖g_ν(σ; · − q)‖^2 = n^ν. Őŕĺàăïáì ŋă íâĺ äăłâë, ă âăłęě ŋă äőàňãńë (11.20), (11.28) ĺ őŕàěďěńěŋĺě (11.26), ğăŕĺèěň z(j) = αβN + s∑ ν=1 n−1∑ σ=1

Nν −1∑

q=0 x_ν (σ, q) ω^{−σ⌊(j−q)/Nν ⌋} n y_ν ( σ, ⟨j − q⟩_{Nν} ) n^ν . Ŋő ω^{−σ⌊(j−q)/Nν ⌋} n y_ν ( σ, ⟨j − q⟩_{Nν} ) =

= ω^{−σ⌊j/Nν ⌋} n ω^{−σ⌊(⟨j⟩Nν −q)/Nν ⌋} n y_ν ( σ, ⟨ ⟨j⟩_{Nν} − q ⟩ Nν ) =

= ω^{−σ⌊j/Nν ⌋} n Nν −1∑

p=0 ω^{−σ⌊(p−q)/Nν ⌋} n y_ν ( σ, ⟨p − q⟩_{Nν} ) δ_{Nν} ( ⟨j⟩_{Nν} − p ) . Śőčńăáŋő (11.13) ĺ (11.18) ω^{−σ⌊j/Nν ⌋} n δ_{Nν} ( ⟨j⟩_{Nν} − p ) = ω^{−σ⌊j/Nν ⌋} n δ_{Nν} (j − p) = g_ν (n − σ; j − p), ŕőíâőňã z(j) = αβN + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 { n^ν Nν −1∑

q=0 x_ν(σ, q) ×

× ω^{−σ⌊(p−q)/Nν ⌋} n y_ν ( σ, ⟨p − q⟩_{Nν} ) } g_ν(n − σ; j − p).

{ 96 { Őáâăńőáì ğăňěâĺâì, çâő Nν −1∑

q=0 ω^{−σ⌊(p−q)/Nν ⌋} n x_ν (σ, q) y_ν ( σ, ⟨p − q⟩_{Nν} ) =

= p∑ q=0 x_ν (σ, q) y_ν(σ, p − q) + ω^σ_n Nν −1∑

q=p+1 x_ν(σ, q) y_ν(σ, N_ν + p − q). Šěőàěňă ďőłăğăŋă. � Ŋăŕőňŋĺň, çâő æĺłńĺçěáłőľ łőààěńïæĺěľ áĺčŋăńőć x ĺ y ĺğ

C N ŋăğëćăěâáï áĺčŋăń r á łőňŕőŋěŋâăňĺ r(j) = N −1∑

k=0 x(k) y(k − j), j ∈ Z. (11.29) Šěőàěňă 11.8. Ŕãáâì r | æĺłńĺçěáłăï łőààěńïæĺï áĺčŋăńőć x ĺ y, H_g(x) = {α; x_ν (σ, p)}, H_g(y) = {β; y_ν(σ, p)}, H_g(r) = = {ϱ; r_ν(σ, p)}. Šőčďă ϱ = αβN ĺ r_ν(n − σ, p) = n^ν {_{Nν −1}∑ q=p x_ν (σ, q) y_ν(σ, q − p) +

+ ω^{−σ}_n p−1∑ q=0 x_ν (σ, q) y_ν(σ, N_ν + q − p) } , p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śĺčŋăń (11.29) ěáâì æĺłńĺçěáłăï áćěàâłă áĺčŋăńă x á áĺčŋăńőň

v(j) := y(−j) = β + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 y_ν(σ, p) g_ν(σ; −j − p) =

{ 97 {

= β + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 y_ν(σ, p) g_ν(σ; j + p). Ňë ćőáŕőńìğőćăńĺáì äőàňãńőľ (11.18).

Ŋăľďěň áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă v, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŕàĺ p = 1, . . . , N_ν −1 áőčńăáŋő (11.17) ĺňěěň

g_ν(σ; j + p) = ω^{−σ}_n g_ν(σ; j + p − N_ν) = ω^{−σ}_n g_ν ( σ; j − (N_ν − p) ) , ŕőíâőňã v_ν(σ, p) = ω^{−σ}_n y_ν(σ, N_ν − p), p = 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Ŕàĺ íâőň, őçěćĺďŋő, v_ν (σ, 0) = y_ν(σ, 0), σ = 1, . . . , n − 1, ν = 1, . . . , s. Ŕő âěőàěňě 11.7 ŕőńãçăěň ϱ = αβN, r_ν (n − σ, p) = n^ν { p−1∑ q=0 x_ν (σ, q) v_ν(σ, p − q) + x_ν(σ, p) v_ν (σ, 0)+

+ω^σ_n Nν −1∑

q=p+1 x_ν(σ, q) v_ν (σ, N_ν + p − q) } =

= n^ν { ω^{−σ}_n p−1∑ q=0 x_ν (σ, q) y_ν(σ, N_ν + q − p) + x_ν(σ, p) y_ν(σ, 0)+

+ Nν −1∑

q=p+1 x_ν(σ, q) y_ν(σ, q − p) } . Šěőàěňă ďőłăğăŋă. �

{ 98 {

x 12. Ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëě áŕěłâàë

12.1. Ć íâőň ŕăàăčàăäě ąãďěâ ãáâăŋőćńěŋă áćïğì ňěęďã ąăğĺáăňĺ Ţăăàă{Łàěáâěŋáőŋă (11.1) ĺ (11.2). Šěőàěňă 12.1. Ŕãáâì σ ∈ {1, . . . , n−1}, p ∈ {0, 1, . . . , N_ν −1}. Śŕàăćěďńĺćő âőęďěáâćő f_ν ( σ; rev_s(j) − p´_{ν+1} ) = g_ν ( σ; j − rev_{s−ν} (p) ) , (12.1) j = 0, 1, . . . , N − 1. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕãáâì j = (j_{s−1}, . . . , j_0)_n, p = (p_{s−ν−1}, . . . , p_0)_n. Śőčńăáŋő (11.13) g_ν (σ; j − p) őâńĺçŋő őâ ŋãńï âőčďă ĺ âőńìłő âőčďă, łőčďă ⟨j⟩_{Nν} = p, â. ě. łőčďă j_k = p_k, k = 0, 1, . . . , s − ν − 1. Ŕàĺ âăłĺå j ć áĺńã (11.15) ĺňěěň g_ν (σ; j − p) = ω^{σjs−ν}n .

Ŕãáâì l = (l_{s−1}, . . . , l_0)_n, q = (q_{s−ν−1}, . . . , q_0)_n. Śőčńăáŋő (11.6) f_ν(σ; l − q´_{ν+1}) őâńĺçŋő őâ ŋãńï âőčďă ĺ âőńìłő âőčďă, łőčďă ⌊l/´_{ν+1}⌋ = q, â. ě. łőčďă l_μ = q_{μ−ν} , μ = ν, ν + 1, . . . , s − 1. Ŕàĺ âăłĺå l ć áĺńã (11.7) ĺňěěň f_ν (σ; l − q´_{ν+1}) = ω^{σlν−1}n .

Ćőğìňěň l = rev_s(j), q = rev_{s−ν} (p). Šőčďă l_μ = j_{s−1−μ}, μ = 0, 1, . . . , s − 1; q_μ = p_{s−ν−1−μ}, μ = 0, 1, . . . , s − ν − 1. Ć çăáâŋőáâĺ, l_{ν−1} = j_{s−ν} . Ŕőńãçăěň, çâő f_ν(σ; rev_s(j)−rev_{s−ν} (p)´_{ν+1}) őâńĺçŋő őâ ŋãńï âőčďă ĺ âőńìłő âőčďă, łőčďă j_{s−1−μ} = p_{s−1−μ}, μ = ν, ν + 1, . . . , s − 1, ĺńĺ, çâő âő ęě áăňőě, łőčďă j_k = p_k, k = = 0, 1, . . . , s−ν−1. Ŕàĺ íâőň f_ν(σ; rev_s(j)−rev_{s−ν} (p)´_{ν+1}) = ω^{σjs−ν}n .

{ 99 { Ĺâăł, ňë ŕőłăğăńĺ, çâő

f_ν(σ; rev_s(j) − rev_{s−ν} (p)´_{ν+1}) = g_ν (σ; j − p).

Řăćěŋáâćő (12.1) ŕőńãçăěâáï őâáîďă ğăňěŋőľ p ŋă rev_{s−ν} (p). Šěőàěňă ďőłăğăŋă. �

Ő ŕ à ě ď ě ń ě ŋ ĺ ě. Śŕěłâà H = { η; h_ν(σ, p), p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s } ŋăğőćěň ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň, ěáńĺ h_ν(σ, p) = h_ν ( σ, rev_{s−ν} (p) ) , (12.2) p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s − 1. Ŕàĺ s = 1 ĺ s = 2 ńîąőľ áŕěłâà ŕő őŕàěďěńěŋĺî ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Ŕàĺ ν = s − 1 àăćěŋáâćő (12.2) ćëŕőńŋïěâáï ăćâőňăâĺçěáłĺ.

Šěőàěňă 12.2. Ŕãáâì áĺčŋăńë x ĺ y ĺğ C_N âăłőćë, çâő

H_f (x) = H_g(y) =: H, ĺ ŕãáâì ŕàĺ íâőň áŕěłâà H ïćńïěâáï

ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Šőčďă ŋěőąåőďĺňő y(j) = x ( rev_s(j) ) , (12.3) j = 0, 1, . . . , N − 1. Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ďńï áĺčŋăńă y ĺňěěň y(j) = ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν −1∑

q=0 h_ν(σ, q) g_ν(σ; j − q).

{ 100 {

Ŋăŕőňŋĺň, çâő c(j) ≡ 1. Śďěńăěň ğăňěŋã p = rev_{s−ν} (q) ĺ ćőáŕőńì-

ğãěňáï (12.2) ĺ (12.1): y(j) = ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 h_ν ( σ, rev_{s−ν} (p) ) g_ν ( σ; j − rev_{s−ν} (p) ) =

= ηc ( rev_s(j) ) + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 h_ν(σ, p) f_ν ( σ; rev_s(j) − p´_{ν+1} ) = = x ( rev_s(j) ) . Šěőàěňă ďőłăğăŋă. �

İâă âěőàěňă ć őŕàěďěńěŋŋőň áňëáńě őąàăâĺňă.

Šěőàěňă 12.3. Ŕãáâì x, y | áĺčŋăńë, ãďőćńěâćőàïîéĺě

ãáńőćĺî (12.3), ĺ ŕãáâì H_f (x) = H_g(y) =: H. Šőčďă áŕěłâà H

ïćńïěâáï ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Śőčńăáŋő (12.1) x ( rev_s(j) ) = = ηc ( rev_s(j) ) + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 h_ν(σ, p) f_ν ( σ; rev_s(j) − p´_{ν+1} ) =

= ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 h_ν(σ, p) g_ν ( σ; j − rev_{s−ν}(p) ) =

= ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 h_ν ( σ, rev_{s−ν} (p) ) g_ν (σ; j − p). Ŋő ŕő ãáńőćĺî âěőàěňë x ( rev_s(j) ) = y(j) = ηc(j) + s∑ ν=1 n−1∑ σ=1

Nν −1∑

p=0 h_ν(σ, p) g_ν (σ; j − p).

{ 101 {

Ć áĺńã ěďĺŋáâćěŋŋőáâĺ àăğńőęěŋĺï ŕő őàâőčőŋăńìŋőňã ąăğĺáã (11.2) ŕàĺåőďĺň ł (12.2). Šěőàěňă ďőłăğăŋă. �

12.2. Řăááňőâàĺň ć łăçěáâćě ŕàĺňěàă łãáőçŋő-ńĺŋěľŋëľ áĺčŋăń ^y, ğăďăćăěňëľ ŋă őáŋőćŋőň ŕěàĺőďě àăćěŋáâćőň ^y(j) = j, j = 0, 1, . . . , N − 1. Ćëçĺáńĺň áŕěłâà Ţăăàă{Łàěáâěŋáőŋă áĺčŋăńă ^y, áćïğăŋŋëľ á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ. Ŕãáâì H_g(^y) = {^β; ^y_ν(σ, p)}. Šőčďă ^β = 1 N N −1∑

j=0 ^y(j) = N − 1 2 ;

^y_ν(σ, p) = n^{−ν} N −1∑

j=0 ^y(j) g_ν(σ; j − p) = n^{−ν} N −1∑

j=0 jω^{−σ⌊j/Nν ⌋} n δ_{Nν} (j − p). Ňë ćőáŕőńìğőćăńĺáì äőàňãńőľ (11.13).

Ŕàěďáâăćĺň j ć ćĺďě j = lN_{ν−1} + τN_ν + q, čďě q ∈ {0, 1, . . . , N_ν − 1}, τ ∈ {0, 1, . . . , n − 1}, l ∈ {0, 1, . . . , ´_ν − 1}. Ŕőńãçĺň

n^ν ^y_ν(σ, p) = Δν−1∑

l=0 n−1∑ τ =0

Nν −1∑

q=0 (lN_{ν−1} + τN_ν + q) ω^{−στ}_n δ_{Nν} (q − p) =

= Δν−1∑

l=0 n−1∑ τ =0 (τN_ν + lN_{ν−1} + p) ω^{−στ}_n . Šăł łăł σ ∈ {1, . . . , n − 1}, âő^{n−1} ∑ τ =0

ω^{−στ}_n = 0. Ś ãçěâőň íâőčő äăłâă ŕàĺåőďĺň ł ćëàăęěŋĺî ^y_ν(σ, p) = n^{−ν} Δν−1∑

l=0 n−1∑ τ =0 τN_ν ω^{−στ}_n = N_{ν+1} n−1∑ τ =0 τω^{−στ}_n .

{ 102 {

Ććěďěň őąőğŋăçěŋĺě z(σ) =^{n−1} ∑ τ =0 τω^{−στ}_n , σ = 1, . . . , n − 1. Ĺňěěň

z(σ) = n−1∑ τ =1 τω^{−στ}_n = n−1∑ τ =0

(τ + 1) ω^{−σ(τ +1)} n − n =

= ω^{−σ}_n {^{n−1}∑ τ =0 τω^{−στ}_n + n−1∑ τ =0 ω^{−στ}_n } − n = ω^{−σ}_n z(σ) − n, őâłãďă z(σ) = n ω^{−σ}_n − 1 = n 2 ( i ctg πσ n − 1 ) . Šăłĺň őąàăğőň, őłőŋçăâěńìŋő ŕőńãçăěň

^y_ν(σ, p) = N_{ν+1} z(σ) = N_ν 2 ( i ctg πσ n − 1 ) , p = 0, 1, . . . , N_ν − 1, σ = 1, . . . , n − 1, ν = 1, . . . , s. Őâňěâĺň, çâő ^y_ν(σ, p) ŋě ğăćĺáĺâ őâ p, ŕőíâőňã áŕěłâà H_g(^y) ïćńïěâáï ŕő őŕàěďěńěŋĺî ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëň. Ěáńĺ ňë őąőğŋăçĺň çěàěğ ^x áĺčŋăń, ĺňěîéĺľ âăłőľ ęě áŕěłâà ć ąăğĺáě Ţăăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě, âő ć áĺńã âěőàěňë 12.2 ďńï ^x ąãďěň ĺňěâì ^x(j) = rev_s(j), j = 0, 1, . . . , N − 1. Ŋěŕőáàěďáâćěŋŋő íâőâ àěğãńìâăâ ąëńő ąë ŕőńãçĺâì ŋěńěčłő.

12.3. Őąőğŋăçĺň çěàěğ L_N ńĺŋěľŋőě ňŋőęěáâćő ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋëå áŕěłâàőć ĺ çěàěğ dim L_N | ěčő àăğňěàŋőáâì. Ŋăŕőňŋĺň, çâő N = n^s.

Šěőàěňă 12.4. Śŕàăćěďńĺćő àăćěŋáâćő

dim L_N = n 2 [ n^{s−1} + ( 2 + n − 1 2 ( 1 + (−1)^s )) n⌊^{s−12} ⌋ − 1 ] . (12.4)

{ 103 {

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ s = 1 ĺ s = 2 âěőàěňă ćěàŋă. Ŕãáâì s ≥ 3 ĺ ν ∈ {2, . . . , s − 1}. Őąőğŋăçĺň çěàěğ ζ_ν łőńĺçěáâćő âěå p ∈ {0, 1, . . . , n^ν − 1}, ďńï łőâőàëå rev_ν (p) = p. Őçěćĺďŋő, çâő ζ_{2k} = n^k, ζ_{2k+1} = n^{k+1}, â. ě. ζ_ν = n^{⌊(ν+1)/2⌋}.

Şáńőćĺï (12.2) á ãçěâőň ğăňěçăŋĺï ł őŕàěďěńěŋĺî ńőčăàĺäňĺçěáłĺ ăćâőàěćěàáŋőčő áŕěłâàă ňőęŋő ŕěàěŕĺáăâì âăł: h_{s−ν} ( σ, p ) − h_{s−ν} ( σ, rev_ν(p) ) = 0, p = 0, 1, . . . , n^ν − 1, σ = 1, . . . , n − 1, ν = 2, . . . , s − 1. İâĺ ãáńőćĺï ŕàěďáâăćńïîâ áőąőľ ńĺŋěľŋãî őďŋőàőďŋãî áĺáâěňã, áőáâőïéãî ĺğ^{n−1}_2^{s−1} ∑ ν=2 (n^ν − ζ_ν) ãàăćŋěŋĺľ á ńĺŋěľŋő ŋěğăćĺáĺňëňĺ áâàőłăňĺ łőíääĺæĺěŋâőć. Ŕőíâőňã

dim L_N = N − n − 1 2 s−1∑ ν=2 (n^ν − ζ_ν) =

= n^s − n(n − 1) 2 s−2∑ ν=1 ( n^ν − n^{⌊ν/2⌋} ) . Ŕàĺ s = 2l + 1 ĺňěěň s−2∑ ν=1 n^{⌊ν/2⌋} = l−1∑ k=0 n⌊^{2k+12} ⌋ + l−1∑ k=1 n⌊^{2k2} ⌋ = 2 l−1∑ k=0 n^k − 1 = 2 n^l − 1 n − 1 − 1. Ć íâőň áńãçăě

dim L_N = n^s − n(n − 1) 2 [ n^{s−1} − 1 n − 1 − 1 − ( 2 n^l − 1 n − 1 − 1 )] = = n^s 2 + n^{l+1} − n 2 = n 2 [ n^{s−1} + 2n⌊^{s−12} ⌋ − 1 ] , çâő áőőâćěâáâćãěâ (12.4).

{ 104 { Ŕàĺ s = 2l + 2 s−2∑ ν=1 n^{⌊ν/2⌋} = 2 n^l − 1 n − 1 − 1 + n^l =

(n + 1)n^l − 2 n − 1 − 1. Ŕőáłőńìłã l = ⌊(s − 1)/2⌋, âő dim L_N = n 2 [ n^{s−1} + (n + 1)n⌊^{s−12} ⌋ − 1 ] , çâő âăłęě áőőâćěâáâćãěâ (12.4).

Šěőàěňă ďőłăğăŋă. � Ć âăąń. 2 ŕàĺćěďěŋë ğŋăçěŋĺï dim L_N ŕàĺ ŋěłőâőàëå n ĺ s.

Š ă ą ń ĺ æ ă 2 n \ s 1 2 3 4 5 6 7 2 2 4 7 13 25 43 79 3 3 9 21 57 147 417 1173 4 4 16 46 166 574 2206 8446 5 5 25 85 385 1685 8185 39685

x 13. Šàĺ ŕőďåőďă ł ŕőáâàőěŋĺî őàâőčőŋăńìŋëå ćěľćńěâŋëå ąăğĺáőć

13.1. Ć § 9, 10 ŋă ŕàĺňěàě ąăğĺáőć Ţăăàă{Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ ĺ ŕàőàěęĺćăŋĺěň ŕő çăáâőâě ąëńĺ ŕàőďěňőŋáâàĺàőćăŋë ďćă ŕőďåőďă ł ŕőáâàőěŋĺî őàâőčőŋăńìŋëå ćěľćńěâŋëå ąăğĺáőć ć ŕàőáâàăŋáâćě C_N ŕàĺ N = n^s. Ŕěàćëľ ŕőďåőď

{ 105 {

őáŋőćăŋ ŋă ŕőáâàőěŋĺĺ àěłãààěŋâŋőľ ŕőáńěďőćăâěńìŋőáâĺ őàâőčőŋăńìŋëå ąăğĺáőć ć C_N . Ćâőàőľ (óŋăĺćŋëľô) ŕőďåőď ĺáŕőńìğãěâ àăğńőęěŋĺě áĺčŋăńă ŕő áőąáâćěŋŋëň áďćĺčăň.

Ć łńăááĺçěáłőň ćěľćńěâ-ăŋăńĺğě ďńï ŕőáâàőěŋĺî ćěľćńěâŋëå ąăğĺáőć ĺáŕőńìğãěâáï áŕěæĺăńìŋăï ŕőáńěďőćăâěńìŋőáâì ćńőęěŋŋëå ŕőďŕàőáâàăŋáâć, łőâőàăï ŋăğëćăěâáï łàăâŋőňăáèâăąŋëň ăŋăńĺğőň [11, 40, 44, 29, ĺ ďà.]. Ŕőłăęěň, çâő őàâőčőŋăńìŋëě ąăğĺáë Ţăăàă{Łàěáâěŋáőŋă (11.1), (11.2) âăłęě ňőęŋő ŕőńãçĺâì á ŕőňőéìî łàăâŋőňăáèâăąŋőčő ăŋăńĺğă ŕàőáâàăŋáâćă C_N ŕő őáŋőćăŋĺî n. İâő ĺ ąãďěâ âàěâĺň ŕőďåőďőň ł ŕőáâàőěŋĺî őàâőčőŋăńìŋëå ćěľćńěâŋëå ąăğĺáőć ć C_N .

13.2. Ććěďěň áĺčŋăńë

φ_ν(j) = Nν −1∑

k=0 δ_N (j − k). Őąőğŋăçĺň V_ν = lin ( {φ_ν (·−qN_ν)}^{Δν+1−1}_{q=0} ) , ν = 0, 1, . . . , s. Őçěćĺďŋő, çâő V_ν ⊂ C_N | ŕőďŕàőáâàăŋáâćő łãáőçŋő-ŕőáâőïŋŋëå áĺčŋăńőć á őàâőčőŋăńìŋëň ąăğĺáőň {φ_ν(· − qN_ν)}^{Δν+1−1}_{q=0} , ŕàĺçěň

V_0 ⊂ V_1 ⊂ · · · ⊂ V_s = C_N . (13.1)

Ŋăľďěň őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě W_1 ŕőďŕàőáâàăŋáâćă V_0 ďő V_1. Ďńï íâőčő ŕőáâàőĺň őàâőčőŋăńìŋëľ ąăğĺá ć V_1, áőďěàęăéĺľ áĺčŋăń φ_0. Ŕőńőęĺň

ψ^{(σ)}_1 (j) = n−1∑ q=0 ω^{σq}_n φ_1(j − qN_1), σ = 0, 1, . . . , n − 1.

{ 106 {

Śĺčŋăńë ψ^{(σ)}_1 ŕàĺŋăďńěęăâ V_1 ĺ ŕőŕăàŋő őàâőčőŋăńìŋë, ŕőáłőńìłã

⟨ψ^{(σ1)}_1 , ψ^{(σ2)}_1 ⟩ = N_1 n−1∑ q=0 ω^{(σ1−σ2)q} n = Nδ_n(σ_1 − σ_2).

Ł âőňã ęě ĺå łőńĺçěáâćő áőćŕăďăěâ á àăğňěàŋőáâìî V_1. Ğŋăçĺâ, {ψ^{(σ)}_1 }^{n−1}_{σ=0} | őàâőčőŋăńìŋëľ ąăğĺá ŕőďŕàőáâàăŋáâćă V_1. Ŕàĺ íâőň

ψ^{(0)}_1 (j) = n−1∑ q=0 φ_1(j − qN_1) ≡ 1 ≡ N −1∑

k=0 δ_N (j − k) = φ_0(j).

Őąőğŋăçĺň W_1 = lin ( {ψ^{(σ)}_1 }^{n−1}_{σ=1} ) . Şçĺâëćăï, çâő V_0 = lin(φ_0), ŕőńãçăěň V_1 = V_0 ⊕ W_1.

Ć őąéěň áńãçăě ŕàĺ ν = 2, . . . , s ŕőńőęĺň

ψ^{(σ)}_ν (j) = n−1∑ q=0 ω^{σq}_n φ_ν(j − qN_ν), σ = 0, 1, . . . , n − 1. Ŋěâàãďŋő ŕàőćěàĺâì, çâő ŕàĺ äĺłáĺàőćăŋŋőň ν ⟨ ψ^{(σ1)}ν (· − k_1N_{ν−1}), ψ^{(σ2)}ν (· − k_2N_{ν−1}) ⟩ = = N_{ν−1} δ_n(σ_1 − σ_2) δ_{Δν} (k_1 − k_2)

(13.2)

ďńï σ_1, σ_2 ∈ {0, 1, . . . , n − 1}, k_1, k_2 ∈ {0, 1, . . . , ´_ν − 1}. Ďěľáâćĺâěńìŋő, őąőğŋăçĺň çěàěğ S ńěćãî çăáâì äőàňãńë (13.2) ĺ ŕàěőąàăğãěň ěě ł ćĺďã S = ⟨^{n−1}∑ q1=0

ω^{σ1q1}_n φ_ν (· − k_1N_{ν−1} − q_1N_ν), n−1∑ q2=0

ω^{σ2q2}_n φ_ν (· − k_2N_{ν−1} − q_2N_ν) ⟩ =

{ 107 { = n−1∑ q1,q2=0 ω^{σ1q1−σ2q2} n ⟨ φ_ν ( · −(k_1n + q_1)N_ν ) , φ_ν ( · −(k_2n + q_2)N_ν )⟩ . Ŕàĺ k_1 ≠ k_2 áőčńăáŋő őŕàěďěńěŋĺî φ_ν ĺňěěň S = 0, çâő áőőâćěâáâćãěâ (13.2). Ŕãáâì k_1 = k_2. Šőčďă S = N_ν n−1∑ q=0 ω^{(σ1−σ2)q} n = N_{ν−1} δ_n(σ_1 − σ_2),

çâő âăłęě áőőâćěâáâćãěâ (13.2).

Őŕàěďěńĺň ŕőďŕàőáâàăŋáâćő W^{(σ)}ν łăł ńĺŋěľŋãî őąőńőçłã áĺáâěňë őàâőčőŋăńìŋëå áĺčŋăńőć {ψ^{(σ)}ν (·−kN_{ν−1})}^{Δν−1}_{k=0} . Ć áĺńã (13.2) ŕőďŕàőáâàăŋáâćă W^{(0)}ν , W^{(1)}ν , . . . , W^{(n−1)}ν őàâőčőŋăńìŋë. Ŕőáłőńìłã áĺčŋăńë ψ^{(σ)}ν (j − kN_{ν−1}), k = 0, 1, . . . , ´_ν − 1, σ = 0, 1, . . . , n − 1, ŕàĺŋăďńěęăâ V_ν ĺ ĺå łőńĺçěáâćő ´_{ν+1} áőćŕăďăěâ á àăğňěàŋőáâìî V_ν, âő V_ν = W^{(0)}_ν ⊕ W^{(1)}_ν ⊕ . . . ⊕ W^{(n−1)}_ν . (13.3) Őâňěâĺň, çâő

ψ^{(0)}_ν (j) = n−1∑ q=0 φ_ν (j − qN_ν) = n−1∑ q=0

Nν −1∑

k=0 δ_N ( j − (qN_ν + k) ) =

= Nν_−1−1 ∑ k^′=0

δ_N (j − k^′) = φ_{ν−1}(j).

Łăł áńěďáâćĺě, ŕőńãçăěň W^{(0)}ν = V_{ν−1}. Ěáńĺ őąőğŋăçĺâì W_ν = = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν , âő (13.3) ŕàĺňěâ ćĺď V_ν = V_{ν−1} ⊕ W_ν, ν = 2, . . . , s. Łăł őâňěçăńőáì, ŕőáńěďŋěě àăćěŋáâćő ćěàŋő ĺ ŕàĺ ν = 1.

Šěŕěàì ĺňěěň C N = Vs = Ws ⊕ Vs−1 = Ws ⊕ (Ws−1 ⊕ Vs−2) = . . . =

{ 108 { = W_s ⊕ W_{s−1} ⊕ . . . ⊕ W_1 ⊕ V_0.

İâő ğŋăçĺâ, çâő ńîąőľ áĺčŋăń x ∈ C_N ďőŕãáłăěâ ŕàěďáâăćńěŋĺě

x(j) = αφ_0(j) + s∑ ν=1 n−1∑ σ=1

Δν−1∑

k=0 α^{(σ)}_ν (k) ψ^{(σ)}_ν (j − kN_{ν−1}). (13.4)

Śàăćŋĺň äőàňãńë (13.4) ĺ (11.20). Ŕàěęďě ćáěčő őâňěâĺň, çâő φ_0(j) ≡ c(j) ≡ 1. Ďăńěě, ć áĺńã àăćěŋáâćă N_ν = ´_{s−ν+1} ĺ áőőâŋőèěŋĺï (11.3)

ψ^{(σ)}_ν (j) = n−1∑ q=0 ω^{σq}_n Δs_−ν+1−1 ∑ k=0 δ_N (j − k − q´_{s−ν+1}) = f_{s−ν+1}(σ; j),

ψ^{(σ)}_ν (j − kN_{ν−1}) = f_{s−ν+1}(σ; j − k´_{s−ν+2}). Ŕàĺåőďĺň ł ďàãčőľ äőàňě ğăŕĺáĺ àăğńőęěŋĺï (13.4): x = αc + s∑ ν=1 n−1∑ σ=1

Ns_−ν+1−1 ∑ k=0 α^{(σ)}_ν (k) f_{s−ν+1}(σ; · − k´_{s−ν+2}). (13.5)

Ćĺďŋő, çâő äőàňãńă (13.5) ńĺèì ŕőàïďłőň áńăčăěňëå ŕő ν őâńĺçăěâáï őâ (11.20).

Šăłĺň őąàăğőň, æěŕőçłă ćńőęěŋŋëå ŕőďŕàőáâàăŋáâć (13.1) őąěáŕěçĺćăěâ őąőąéěŋŋëľ łàăâŋő-ňăáèâăąŋëľ ăŋăńĺğ ŕàőáâàăŋáâćă C_N , ŕàĺćőďïéĺľ ł àăğńőęěŋĺî áĺčŋăńőć ŕő ąăğĺáã Ţăăàă{ Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő çăáâőâě.

13.3. Řăááňőâàĺň áńãçăľ ŕàőàěęĺćăŋĺï ŕő ćàěňěŋĺ. Ŕőńőęĺň

φ_ν(j) = δ_{Δν+1}(j),

V_ν = lin ( {φ_ν(· − k)}^{Δν+1−1}_{k=0} ) , ν = 0, 1, . . . , s;

{ 109 {

ψ^{(σ)}_ν (j) = n−1∑ q=0 ω^{σq}_n φ_ν(j − q´_ν), W^{(σ)}_ν = lin ( {ψ^{(σ)}_ν (· − k)}^{Δν −1}_{k=0} ) , σ = 0, 1, . . . , n − 1, ν = 1, . . . , s. Őçěćĺďŋő, çâő V_ν = C_{Δν+1}. Ć çăáâŋőáâĺ, V_s = C_N ĺ V_0 = lin(φ_0), čďě φ_0(j) ≡ 1. Ŕàĺ íâőň

V_0 ⊂ V_1 ⊂ · · · ⊂ V_s = C_N . (13.6)

Ďăńěě, ŕàĺ äĺłáĺàőćăŋŋőň ν ∈ {2, . . . , s} ⟨ ψ^{(σ1)}_ν (· − k_1), ψ^{(σ2)}_ν (· − k_2) ⟩ = N_{ν−1} δ_n(σ_1 − σ_2) δ_{Δν} (k_1 − k_2)

ďńï σ_1, σ_2 ∈ {0, 1, . . . , n−1}, k_1, k_2 ∈ {0, 1, . . . , ´_ν −1}. İâő ďőłăğëćăěâáï ŕő âőľ ęě áåěňě, çâő ĺ (13.2). Ŕőáłőńìłã áĺčŋăńë ψ^{(σ)}ν (j−k), k = 0, 1, . . . , ´_ν − 1, σ = 0, 1, . . . , n − 1, ŕàĺŋăďńěęăâ V_ν, ŕőŕăàŋő őàâőčőŋăńìŋë ĺ ĺå łőńĺçěáâćő ´_{ν+1} áőćŕăďăěâ á àăğňěàŋőáâìî V_ν, âő V_ν = W^{(0)}_ν ⊕ W^{(1)}_ν ⊕ . . . ⊕ W^{(n−1)}_ν . (13.7) Őâňěâĺň, çâő

ψ^{(0)}_ν (j) = n−1∑ q=0 φ_ν (j − q´_ν) = n−1∑ q=0 δ_{Δν+1}(j − q´_ν) = δ_{Δν} (j) = φ_{ν−1}(j).

Łăł áńěďáâćĺě, ŕőńãçăěň W^{(0)}ν = V_{ν−1}. Ěáńĺ őąőğŋăçĺâì W_ν = = W^{(1)}ν ⊕ . . . ⊕ W^{(n−1)}ν , âő (13.7) ŕàĺňěâ ćĺď V_ν = V_{ν−1} ⊕ W_ν, ν = 2, . . . , s. İâă äőàňãńă ćěàŋă ĺ ŕàĺ ν = 1.

Šěŕěàì ĺňěěň C_N = V_s = W_s⊕V_{s−1} = . . . = W_s⊕W_{s−1} ⊕. . .⊕W_1⊕ ⊕V_0. İâő ğŋăçĺâ, çâő ńîąőľ áĺčŋăń x ∈ C_N ďőŕãáłăěâ ŕàěďáâăćńě-

{ 110 { ŋĺě x(j) = βφ_0(j) + s∑ ν=1 n−1∑ σ=1

Δν −1∑

k=0 β^{(σ)}_ν (k) ψ^{(σ)}_ν (j − k). (13.8) Śàăćŋĺň äőàňãńë (13.8) ĺ (11.21). Ŕàěęďě ćáěčő őâňěâĺň, çâő φ_0(j) ≡ c(j) ≡ 1. Ďăńěě, áőčńăáŋő (11.4)

ψ^{(σ)}_ν (j) = n−1∑ q=0 ω^{σq}_n δ_{Δν+1}(j − q´_ν) = n−1∑ q=0 ω^{σq}_n δ_{Ns−ν} (j − qN_{s−ν+1}) = = g_{s−ν+1}(σ; j), ψ^{(σ)}_ν (j − k) = g_{s−ν+1}(σ; j − k). Ŕàĺåőďĺň ł ďàãčőľ äőàňě ğăŕĺáĺ àăğńőęěŋĺï (13.8): x = βc + s∑ ν=1 n−1∑ σ=1

Ns_−ν+1−1 ∑ k=0 β^{(σ)}_ν (k) g_{s−ν+1}(σ; · − k). (13.9) Ćĺďŋő, çâő äőàňãńă (13.9) ńĺèì ŕőàïďłőň áńăčăěňëå ŕő ν őâńĺçăěâáï őâ (11.21).

Šăłĺň őąàăğőň, æěŕőçłă ćńőęěŋŋëå ŕőďŕàőáâàăŋáâć (13.6) őąěáŕěçĺćăěâ őąőąéěŋŋëľ łàăâŋő-ňăáèâăąŋëľ ăŋăńĺğ ŕàőáâàăŋáâćă C_N , ŕàĺćőďïéĺľ ł àăğńőęěŋĺî áĺčŋăńőć ŕő ąăğĺáã Ţăăàă{ Łàěáâěŋáőŋă á ŕàőàěęĺćăŋĺěň ŕő ćàěňěŋĺ.

{ 111 {

Ńĺâěàăâãàă

1. Ăľğěŋąěàč Ŋ. Ŋ., Šàőäĺňńîł Ő. Š. Śďćĺč, áćěàâłă ĺ łőààěńïæĺőŋŋăï äãŋłæĺï ďĺáłàěâŋëå áĺčŋăńőć ć ŕàőĺğćőńìŋőň ąăğĺáě // ĎĂŊ ŚŚŚŘ. 1980. Š. 250. ò 1. Ś. 47{51.

2. Ăńěłáěěć Ă. Ă., Łĺàĺńńőć Ă. Ą. Šěåŋĺçěáłĺľ ăŋăńĺğ áĺčŋăńőć ĺ àăáŕőğŋăćăŋĺě àăďĺőĺğńãçěŋĺľ. ŚŔą.: ĆĂŚ, 1998. 368 á.

3. Ăáâăäìěćă Ŋ. Ň. Ćěľćńěâ-ăŋăńĺğ: őáŋőćë âěőàĺĺ ĺ ŕàĺňěàë ŕàĺňěŋěŋĺï // Şáŕěåĺ äĺğ. ŋăãł. 1998. Š. 166. ò 11. Ś. 1145{ 1170.

4. Ăåňěď Ŋ., Řăő Ł. Ř. Őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï ŕàĺ őąàăąőâłě æĺäàőćëå áĺčŋăńőć. Ň.: Śćïğì, 1980. 248 á.

5. Ąńěľåãâ Ř. Ąëáâàëě ăńčőàĺâňë æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć. Ň.: Ňĺà, 1989. 448 á.

6. Ćĺńěŋłĺŋ Ŋ. §. Őą őďŋőň łńăááě ŕőńŋëå őàâőčőŋăńìŋëå áĺáâěň // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1947. Š. 11. ò 4. Ś. 363{ 400.

7. Ćőěćőďĺŋ Ć. Ć., Łãğŋěæőć đ. Ă. Ňăâàĺæë ĺ ćëçĺáńěŋĺï. Ň.:

Ŋăãłă, 1984. 318 á.

8. Ćőàőąìěć Ć. Ĺ., Čàĺąãŋĺŋ Ć. Č. Šěőàĺï ĺ ŕàăłâĺłă ćěľćńěâŕàěőąàăğőćăŋĺï. ŚŔą.: Ĺğď-ćő ĆŞŚ, 1999. 208 á.

9. Čőńãąőć Ą. Ĺ., Ěäĺňőć Ă. Ć., Śłćőàæőć Ć. Ă. Řïďë ĺ ŕàěőąàăğőćăŋĺï Şőńèă. Ň.: Ŋăãłă, 1987. 344 á.

10. Ďăčňăŋ İ. Ě., Łãåăàěć Č. Ă. Ąëáâàëě ďĺáłàěâŋëě őàâőčőŋăńìŋëě ŕàěőąàăğőćăŋĺï. Ŋőćőáĺąĺàáł: Ŋăãłă, 1983. 232 á.

{ 112 {

11. Ďőąěèĺ Ĺ. Ďěáïâì ńěłæĺľ ŕő ćěľćńěâăň. Ĺęěćáł: ŊĹŰ óŘěčãńïàŋăï ĺ åăőâĺçěáłăï ďĺŋăňĺłăô, 2001. 464 á.

12. Ğăńňăŋğőŋ Ń. Ă. Ŕàěőąàăğőćăŋĺï Ťãàìě, Şőńèă, Ţăăàă ĺ ĺå ŕàĺňěŋěŋĺě ć ãŕàăćńěŋĺĺ, áćïğĺ ĺ ďàãčĺå őąńăáâïå. Ň.: Ŋăãłă. Čń. àěď. äĺğ.-ňăâ. ńĺâ., 1989. 496 á.

13. Łĺàãèěć Ć. Ă., Ňăńőğěňőć Ć. Ŋ., Ŕěćŋëľ Ă. Ą. Ćěľćńěâŋőě àăğńőęěŋĺě ŕàőáâàăŋáâćă ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áŕńăľŋőć // Ňăâěň. ğăňěâłĺ. 2000. Š. 67. Ćëŕ. 5. Ś. 712{720.

14. Łãåăàěć Č. Ă. Őáŋőćŋëě âěőàěňë áďćĺčă, áćěàâłĺ ĺ łőààěńïæĺĺ ďńï ğăďăç æĺäàőćőľ őąàăąőâłĺ áĺčŋăńőć // Ĺğć. ćãğőć. Řăďĺőâěåŋĺłă. 1985. Š. 28. ò 8. Ś. 26{31.

15. Ňăłłńěńńăŋ Ďę. Ţ., Řěľďěà Ů. Ň. Ŕàĺňěŋěŋĺě âěőàĺĺ çĺáěń ć æĺäàőćőľ őąàăąőâłě áĺčŋăńőć. Ň.: Řăďĺő ĺ áćïğì, 1983. 264 á.

16. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Őąőąéěŋŋëě ćěľćńěâŋëě ąăğĺáë, áćïğăŋŋëě á ďĺáłàěâŋëň ŕàěőąàăğőćăŋĺěň Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă // Ăńčěąàă ĺ ăŋăńĺğ. 2001. Š. 13. ò 1. Ś. 111{ 157.

17. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Śàăćŋĺâěńìŋőě ĺğãçěŋĺě ďćãå ćěľćńěâŋëå ąăğĺáőć // Ŕàőąńěňë ŕěàěďăçĺ ĺŋäőàňăæĺĺ. 2000. Š. 36. Ćëŕ. 2. Ś. 27{37.

18. Ňăńőğěňőć Ć. Ŋ., Ňăèăàáłĺľ Ś. Ň. Ţăăàőćáłĺě áŕěłâàë ďĺáłàěâŋëå áćěàâőł // Ę. ćëçĺáń. ňăâ. ĺ ňăâ. äĺğ. 2000. Š. 40. ò 6. Ś. 954{960.

{ 113 {

19. Ňăńőğěňőć Ć. Ŋ., Ŕěćŋëľ Ă. Ą., Šàěâìïłőć Ă. Ă. Ąëáâàőě ćěľćńěâŋőě ŕàěőąàăğőćăŋĺě ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå áĺčŋăńőć ĺ ĺğőąàăęěŋĺľ // Ŕàőąńěňë ŕěàěďăçĺ ĺŋäőàňăæĺĺ. 1998. Š. 34. Ćëŕ. 2. Ś. 77{85.

20. Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă. Ăńčőàĺâň Łãńĺ{Šìîłĺ ĺ ďĺáłàěâŋőě ŕàěőąàăğőćăŋĺě Ţăăàă // Ćěáâŋĺł ŚŔąČŞ. Śěà. 1. 1998. Ćëŕ. 3 (ò 15). Ś. 31{34.

21. Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă. Ŋőćëľ ŕőďåőď ł ăńčőàĺâňã Łãńĺ{Šìîłĺ // Ćěáâŋĺł ŚŔąČŞ. Śěà. 1. 1997. Ćëŕ. 3 (ò 15). Ś. 57{60.

22. Ňăńőğěňőć Ć. Ŋ., Šàěâìïłőć Ă. Ă. Śěłæĺőŋĺàőćăŋĺě, őàâőčőŋăńìŋőáâì ĺ ŕěàěáâăŋőćłĺ // Ćěáâŋĺł ŚŔąČŞ. Śěà. 1. 1999. Ćëŕ. 1 (ò 1). Ś. 16{21.

23. Ňăèăàáłĺľ Ś. Ň. Ăćâőàěćěàáŋëě áŕěłâàë Ţăăàă{Łàěáâěŋáőŋă // Ćěáâŋĺł ŚŔąČŞ. Śěà. 1. 2001. Ćëŕ. 2 (ò 9). Ś. 57{65.

24. Ňăèăàáłĺľ Ś. Ň. Ąëáâàőě ŕàěőąàăğőćăŋĺě Ćĺńěŋłĺŋă{Łàěáâěŋáőŋă ŋă őáŋőćě äăłâőàĺğăæĺĺ Čãďă // İńěłâàőŋŋëľ ăàåĺć ŕàěŕàĺŋâőć Ś.-Ŕěâěàąãàčáłőčő Ňăâ. Őąéěáâćă. Ŕàěŕàĺŋâ ò 2000{14. 10 á.

http://www.mathsoc.spb.ru/preprint/2000/index.html#14

25. Ňăèăàáłĺľ Ś. Ň. Śćěàâłă ĺ łőààěńïæĺï ďĺáłàěâŋëå áĺčŋăńőć ć ąăğĺáăå Ţăăàă{Łàěáâěŋáőŋă // Ćěáâŋĺł ňőńőďëå ãçěŋëå. Ŕàĺłń. ňăâěň. ĺ ňěåăŋĺłă. 2000. ò 4. Ś. 31{40.

26. Ŋőćĺłőć Ĺ. §., Śâěçłĺŋ Ś. Ą. Őáŋőćë âěőàĺĺ ćáŕńěáłőć // Şáŕěåĺ ňăâěň. ŋăãł. 1998. Š. 53. ò 6 (324). Ś. 53{128.

{ 114 {

27. Ŕěâãåőć Ă. Ŕ. Ććěďěŋĺě ć âěőàĺî ąăğĺáőć ćáŕńěáłőć. ŚŔą.:

Ĺğď-ćő ŚŔąČŠŞ, 1999. 132 á.

28. Ŕěâãåőć Ă. Ŕ. Ŕěàĺőďĺçěáłĺě ćáŕńěáłĺ // Ňăâěň. áąőàŋĺł.

1997. Š. 188. ò 10. Ś. 69{94.

29. Ŕěâãåőć Ă. Ŕ. Ŕěàĺőďĺçěáłĺě ďĺáłàěâŋëě ćáŕńěáłĺ // Ăńčěąàă ĺ ăŋăńĺğ. 1996. Š. 8. ò 3. Ś. 151{183.

30. Šàăåâňăŋ Ă. Ň., Šàăåâňăŋ Ć. Ă. Őáŋőćë âěőàĺĺ ďĺáłàěâŋëå áĺčŋăńőć ŋă łőŋěçŋëå ĺŋâěàćăńăå. Ň.: Śőćěâáłőě àăďĺő, 1975. 208 á.

31. Ţăàňãâ Ţ. Šěőàĺï áěłćěŋâŋőčő ăŋăńĺğă. Őáŋőćë ĺ ŕàĺňěŋěŋĺï. Ň.: Ňĺà, 1980. 576 á.

32. Chrestenson H. E. A class of generalized Walsh functions // Paci˛c J. Math. 1955. Vol. 5. No. 1. P. 17{31.

33. Chui C. K. An Introduction to Wavelets. Academic Press, San Diego, CA, 1992. 264 p.

34. Coifman R. R., Meyer I., Wickerhauser M. V. Adapted waveform analysis, wavelet packets and applications // Proc. ICIAM’91. Philadelphia, 1992. P. 41{50.

35. Coifman R. R., Wickerhauser M. V. Entropy-based algorithms for best basis selection // IEEE Trans. Inform. Theory. 1992. Vol. 38. No. 2. P. 712{718.

36. Cooley J. W., Tukey J. W. An algorithm for the machine calculation of complex Fourier series // Math. Comput. 1965. Vol. 19. No. 90. P. 297{301.

{ 115 {

37. Daubechies I. Orthonormal bases of compactly supported wavelets // Comm. Pure and Appl. Math., ò 41, 1988. P. 909{ 996.

38. Daubechies I. Ten Lectures on Wavelets. SIAM/CBMS-NSF Regional Conf. Series in Appl. Math., Vol. 61, 1992. 378 p.

39. Good I. J. The interaction algorithm and practical Fourier analysis // J. Royal Stat. Soc. (London). 1958. Vol. B-20. No. 2. P. 361{372.

40. Mallat S. A Wavelet Tour of Signal Processing. Academic Press, 1998. 578 p.

41. Malozemov V. N., Masharsky S. M. Adaptive signal processing based on discrete Vilenkin{Chrestenson transform // Proc. Int. Conf. \Neural Networks and Arti˛cial Intelligence". Minsk, Belarus, 2001. P. 211{213.

42. Malozemov V. N., Masharsky S. M. Haar spectra of discrete signals // Abstracts of the 2nd Int. Conf. \Tools for Mathematical Modelling". St. Petersburg, 1999. P. 86{87.

43. Masharsky S. M. Haar{Chrestenson spectra of discrete signals // Abstracts of the Int. Conf. \Optimization of Finite Element Approximations & Splines and Wavelets". St. Petersburg, 2001. P. 153{154.

44. Strang G., Nguyen T. Wavelets and Filter Banks. Wellesley- Cambridge Press, 1996. 512 p.

45. Wickerhauser M. V. Adapted Wavelet Analysis from Theory to Software. IEEE Press, New York, 1994. 504 p.