Őáŋőćë âěőàĺĺ ćáŕńěáłőć

Ŋőćĺłőć Ĺ.§. Śâěçłĺŋ Ś.Ą.

Śőďěàęăŋĺě

1 Ććěďěŋĺě 2 2 Őąőğŋăçěŋĺï ĺ őŕàěďěńěŋĺï 4 3 Ŕàőâőâĺŕë ćáŕńěáłőć ć àăąőâăå Ńãğĺŋă ĺ Łăńìďěàőŋă 7 4 Ŕàěőąàăğőćăŋĺě Čăąőàă 9 5 Őłőŋŋőě ŕàěőąàăğőćăŋĺě Ťãàìě 12 6 Ĺŋâěčàăńìŋőě ćáŕńěáłőćőě ŕàěőąàăğőćăŋĺě 13 7 Ďćőĺçŋëě ćáŕńěáłĺ ĺ äőàňãńë őąàăéěŋĺï 17 8 Ťàěľňë 19 9 Ćáŕńěáłőćëě àïďë 21 10 Śĺáâěňă Ţăăàă ŋă ŕàïňőľ 24 11 Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ ć L^2(R) 27 12 Śĺáâěňă Şĺââăłěàă-Ÿěŋŋőŋă-Łőâěńìŋĺłőćă 33 13 Łőŋáâăŋâë ŋěőŕàěďěńěŋŋőáâĺ 35 14 Ćáŕńěáłĺ Ňěľěàă 35

15 Ćáŕńěáłĺ Ńěňăàĺ-Ąíâńă ĺ Śâàěňąěàčă 36 16 Őàâőčőŋăńìŋëě ćáŕńěáłĺ á łőňŕăłâŋëň ŋőáĺâěńěň 40 17 Ąëáâàëě ăńčőàĺâňë 42 18 Ŕőńãőàâőčőŋăńìŋëě áŕńăľŋ-ćáŕńěáłĺ á łőňŕăłâŋëň ŋőáĺâěńěň 45 19 Řěčãńïàŋëě ŁŇĂ ć L^2(R^n) 47 20 Ŋěàăćěŋáâćă Ąěàŋèâěľŋă 50 21 Řěčãńïàŋëě ŁŇĂ ĺ ŕőńĺŋőňë 52 22 ŁŇĂ ć ŕàőáâàăŋáâćăå Śőąőńěćă 59 23 Őŕěàăâőàë Qj = Pj+1 − Pj 61 24 Ŕàőáâàăŋáâćă Ąěáőćă 66 25 Ŕàőěłâőàë Pj ĺ ŕáěćďőďĺääěàěŋæĺăńìŋëě őŕěàăâőàë 67 26 Ćáŕńěáłőćăï åăàăłâěàĺğăæĺï ŕàőáâàăŋáâć Čěńìďěàă C^s, Śőąőńěćă W^s_2 ĺ Ąěáőćă B^{s,q}_p 71 27 Ćáŕńěáłőćăï åăàăłâěàĺğăæĺï ŕàőáâàăŋáâć H^1(R^n) ĺ BMO 73 28 Ćáŕńěáłőćăï åăàăłâěàĺğăæĺï ŕàőáâàăŋáâć L^p(R^n) ĺ

W^s_p (R^n) 78

29 Ŕěàĺőďĺçěáłĺě ćáŕńěáłĺ 80

1 Ććěďěŋĺě

Ćáŕńěáłőň, ć áăňőň őąéěň ćĺďě, ŋăğëćăîâ őŕàěďěńěŋŋãî ŋă çĺáńőćőľ őáĺ äãŋłæĺî ψ, ĺňěîéãî ŋãńěćőě áàěďŋěě ĺ ďőáâăâőçŋő ąëáâàőě ãąëćăŋĺě ŋă ąěáłőŋěçŋőáâĺ. Šěàňĺŋ ćáŕńěáł ŕàěďńőęěŋ Ł.Ĺ.Őáłőńłőćëň ć łăçěáâćě íłćĺćăńěŋâă ăŋčńĺľáłőčő âěàňĺŋă wavelet (äà. - ondelette), çâő ąãłćăńìŋő ŕěàěćőďĺâáï łăł ňăńěŋìłăï (ĺňěěâáï ć ćĺďã ŕàőďőńęĺâěńìŋőáâì) ćőńŋă, ćőńŋőçłă. Šěàňĺŋ ćáŕńěáł ńãçèě őâàăęăěâ áãâì ďěńă, âăł łăł ćëèě ãŕőňïŋãâëě áćőľáâćă őğŋăçăîâ, çâő äãŋłæĺï ψ ŕàěďáâăćńïěâ áőąőľ ğăâãåăîéěě łőńěąăŋĺě. Ćáŕńěáłĺ ĺáŕőńìğãîâáï ĺńĺ ć łăçěáâćě ïďàă ĺŋâěčàăńìŋőčő ŕàěőąàăğőćăŋĺï (W_ψf)(a, b) = 1 √ a ∫ R f(t)ψ ( t − b a ) dt, a, b ∈ R, a > 0; (1.1) ĺńĺ ć łăçěáâćě čěŋěàĺàãîéěľ äãŋłæĺĺ ďńï ŕőáâàőěŋĺï ąăğĺáă ŕàĺ ŕőňőéĺ ďĺńăâăæĺľ, â.ě. áęăâĺľ á áőåàăŋěŋĺěň ŋőàňë ć L^2(R) ψ_j(t) := ψ_{j0}(t) := 2^{j/2}ψ(2^jt), j ∈ Z, ĺ áďćĺčőć ψ_{jk}(t) := ψ_j(t − k2^{−j} ) = = 2^{j/2}ψ(2^jt − k), k ∈ Z. Šěőàĺï ćáŕńěáłőć ńěęĺâ ŋă ŕěàěáěçěŋĺĺ çĺáâőľ ňăâěňăâĺłĺ, ćëçĺáńĺâěńìŋőľ ňăâěňăâĺłĺ, ŕàěőąàăğőćăŋĺï áĺčŋăńőć ĺ ĺğőąàăęěŋĺľ. Ćáŕńěáłőćëľ ăŋăńĺğ ŋăåőďĺâ ćáě ąőńěě èĺàőłőě ŕàĺňěŋěŋĺě ć àăğńĺçŋëå őąńăáâïå ŋăãłĺ, âăł łăł őŋ ďăěâ ąőńěě ŕőďàőąŋãî ĺŋäőàňăæĺî ő áĺčŋăńě, ĺğőąàăęěŋĺĺ ĺńĺ őŕěàăâőàě, çěň áâăŋďăàâŋëľ ăŋăńĺğ Ťãàìě. Ĺŋâěčàăńìŋőě ćáŕńěáłőćőě ŕàěőąàăğőćăŋĺě ďăěâ őďŋőćàěňěŋŋő ńőłăńìŋãî ĺŋäőàňăæĺî ő äãŋłæĺĺ ĺ ő ěě ŕàěőąàăğőćăŋĺĺ Ťãàìě, ŕàĺçěň ďńï ăŋăńĺğă ćëáőłőçăáâőâŋëå áőáâăćńïîéĺå äãŋłæĺĺ - ńőłăńĺğăæĺï ąőńěě áĺńìŋăï (ďńï ŕőćëèěŋĺï âőçŋőáâĺ), ă ďńï ŋĺğłőçăáâőâŋëå - ńőłăńĺğăæĺï ąőńěě áńăąăï (ďńï ŕőńãçěŋĺï ŕőńŋőľ ĺŋäőàňăæĺĺ). Ćáŕńěáłőćëě àïďë őçěŋì ãďőąŋë ďńï ŕàĺąńĺęěŋŋëå ćëçĺáńěŋĺľ, ŕőáłőńìłã łőńĺçěáâćő őŕěàăæĺľ, ŋěőąåőďĺňëå ďńï ćëçĺáńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï, âăł ęě łăł ĺ łőńĺçěáâćő őŕěàăæĺľ ďńï ćőááâăŋőćńěŋĺï äãŋłæĺĺ ŕő ěě ćáŕńěáłőćëň łőíääĺæĺěŋâăň, ŕàőŕőàæĺőŋăńìŋő łőńĺçěáâćã őâáçěâőć äãŋłæĺĺ. Ŕěàěçĺáńěŋŋëě őáőąěŋŋőáâĺ ćáŕńěáłőć ďěńăîâ ĺå őçěŋì ŕőŕãńïàŋëňĺ ć áăňëå àăğńĺçŋëå ŕàĺńőęěŋĺïå: ŕàĺ ăŋăńĺğě áćőľáâć áěľáňĺçěáłĺå ĺ ăłãáâĺçěáłĺå áĺčŋăńőć (ĺňěŋŋő ğďěáì ćŕěàćëě ćőğŋĺł âěàňĺŋ wavelet [GM]); ŕàĺ őąàăąőâłě ĺ áĺŋâěğě àăğńĺçŋëå áĺčŋăńőć, ŋăŕàĺňěà àěçěćëå; ŕàĺ ăŋăńĺğě ĺğőąàăęěŋĺľ; ďńï ĺğãçěŋĺï âãàąãńěŋâŋëå ŕőńěľ; ďńï áęăâĺï ąőńìèĺå őąêěňőć ĺŋäőàňăæĺĺ ĺ â.ď.

Őáŋőćŋëňĺ ňőŋőčàăäĺïňĺ ő ćáŕńěáłăå ïćńïîâáï [M],[D],[C]. Ŋă àãááłőň ïğëłě ńĺâěàăâãàë ŕő ćáŕńěáłăň łàăľŋě ňăńő. Őâňěâĺň ŋěďăćŋĺľ őąğőà Ŋ.Ň.Ăáâăäìěćőľ [A] ĺ ŕàěďëďãéãî áâăâìî ăćâőàőć [NS].

2 Őąőğŋăçěŋĺï ĺ őŕàěďěńěŋĺï

‖f‖_p = ( ∫ Rn |f(x)|^pdx)^{1/p} - ŋőàňă ć ŕàőáâàăŋáâćě L^p(R^n), 1 ≤ p < ∞.

κ_e { åăàăłâěàĺáâĺçěáłăï äãŋłæĺï ňŋőęěáâćă e. |e| { ňěàă Ńěąěčă ňŋőęěáâćă e ⊂ R^n.

Ňőďãńĺ ŋěŕàěàëćŋőáâĺ: ω(h, f) := sup_{|x−y|<h} |f(x) − f(y)|; ďńï l ∈ N l-ëľ ňőďãńì ŋěŕàěàëćŋőáâĺ őŕàěďěńïěâáï äőàňãńőľ: ω_l(h, f) := sup_{|y|<h} sup_x |Δ^l_y(x)|, čďě Δ^l_y(x, f) := ∑l j=0(−1)^{l−j} ( l j ) f(x + jy). ⟨f, g⟩ = ∫ Rn f(t)g(t) dt { áłăńïàŋőě ŕàőĺğćěďěŋĺě.

R^{n+1}_+ := {(x, t) : x ∈ R^n, t > 0} - ćěàåŋěě ŕőńãŕàőáâàăŋáâćő. [x_k]_k - ğăňëłăŋĺě ńĺŋěľŋőľ őąőńőçłĺ {x_k}_k ć àăááňăâàĺćăěňőň ŕàőáâàăŋáâćě.

ŐŊĄ - őàâőŋőàňĺàőćăŋŋëľ ąăğĺá.

C(A) - ŕàőáâàăŋáâćő äãŋłæĺľ, ŋěŕàěàëćŋëå ŋă A.

C^m(A) - ŕàőáâàăŋáâćő äãŋłæĺľ, m àăğ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňëå ŋă A. D(R^n) - ŕàőáâàăŋáâćő ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňëå äãŋłæĺľ á łőňŕăłâŋëň ŋőáĺâěńěň.

S(R^n) - ŕàőáâàăŋáâćő Ÿćăàæă ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňëå ąëáâàő ãąëćăîéĺå ŋă ąěáłőŋěçŋőáâĺ äãŋłæĺľ.

Ŕàěőąàăğőćăŋĺě Ťãàìě äãŋłæĺĺ f ∈ S(R^n) őŕàěďěńïěâáï äőàňãńőľ ^f(ω) := ∫ R^n e^{−i⟨x,ω⟩}f(x) dx, ω ∈ R^n, (2.1) čďě ⟨x, ω⟩ :=^{∑n}_1 x_kω_k. Šőčďă f(x) =^1_{(2π)n}^∫_Rn e^{i⟨x,ω⟩ ^}f(ω) dω, x ∈ R^n ĺ (2π)^n ∫ R^n | ^f(ω)|^2dω = ∫ R^n |f(x)| 2dx (âőęďěáâćő Ŕńăŋèěàěńï).

Ďńï ňãńìâĺĺŋďěłáă α = (α_1, . . . , α_n) ∂^α := (∂/∂x_1)^{α1} + · · · + (∂/∂x_n)^{αn} ĺ |α| := α_1 + · · · + α_n.

Δ =^{∂2}_{∂x21} +^{∂2}_{∂x2} + · · · +^{∂2}_{∂x2n} .

Őŕàěďěńěŋĺě 2.1 Ŕãáâì z := x + it, čďě (x, t) ∈ R^2_+. Ťãŋłæĺï f(z)

ŕàĺŋăďńěęĺâ ŕàőáâàăŋáâćã Ţăàďĺ H^p(R^2_+), 0 < p < ∞, ěáńĺ őŋă čőńőňőàäŋă ŋă R^2_+ ĺ

sup_{t>0} (∫ R |f(x + it)|^p dx )_1/p < ∞. (2.2)

Őŕàěďěńěŋĺě 2.2 §ďàő Ŕãăááőŋă ŋă R^{n+1}_+ őŕàěďěńïěâáï äőàňãńőľ

p_a(x) := π^{−(n+1)/2}Γ( n + 1 2 ) a (|x|^2 + a^2)^{(n+1)/2} , x ∈ R^n, a > 0. Ĺŋâěčàăńőň Ŕãăááőŋă ŋăğëćăîâ áćěàâłã äãŋłæĺĺ f á ïďàőň p_a : F (x, a) := ∫ R^n p_a(x − y)f(y)dy, x ∈ R^n, a > 0. Ťãŋłæĺï F ïćńïěâáï čăàňőŋĺçěáłőľ ŋă R^{n+1}_+ ĺ áőćŕăďăěâ ŋă čàăŋĺæě R^{n+1}_+ á f.

Ŋěłăáăâěńìŋăï ňăłáĺňăńìŋăï äãŋłæĺï àăćŋă F^∗(x) := sup_{γ(x)} |F (y, a)|, čďě γ(x) := {(y, a) ∈ R^n_+ : a > |y − x|} - łőŋãá Ńãğĺŋă.

Ćěéěáâćěŋŋëě łńăááë Ţăàďĺ H^p(R^n), p > 0, áőáâőïâ ĺğ ńőłăńìŋő ĺŋâěčàĺàãěňëå äãŋłæĺľ f, ďńï łőâőàëå^∫_Rn^{|f (x)|}_{1+|x|n+1} < ∞ ĺ ŋěłăáăâěńìŋăï ňăłáĺňăńìŋăï äãŋłæĺï F^∗ ŕàĺŋăďńěęĺâ L^p(R^n), ‖f‖_Hp_{(R}n_) = ‖F^∗‖_Lp_{(R}n_).

Őŕàěďěńěŋĺě 2.3 Ťãŋłæĺï f ∈ L^2_{loc}(R^n) ŕàĺŋăďńěęĺâ ŕàőáâàăŋáâćã

BMO(R^n), ěáńĺ őŋă ĺňěěâ őčàăŋĺçěŋŋëě áàěďŋĺě őáæĺńńïæĺĺ (Bounded Mean Oscillations)

sup_B ( 1 |B| ∫ B |f(x) − f_B|^2dx )_1/_2 = ‖f‖_{BMO} < ∞, čďě sup ąěàěâáï ŕő ćáěň èăàăň B ⊂ R^n ĺ f_B :=^1_{|B|}^∫_B f(x)dx.

Őŕàěďěńěŋĺě 2.4 Ŕàěőąàăğőćăŋĺěň Čĺńìąěàâă Hu ďěľáâćĺâěńìŋőľ

äãŋłæĺĺ u ŋăğëćăîâ ďěľáâćĺâěńìŋãî äãŋłæĺî v, âăłãî, çâő äãŋłæĺï u(x) + iv(x) ïćńïěâáï áńěďőň ŋă R čőńőňőàäŋőľ äãŋłæĺĺ f(x + iy). Ć âěàňĺŋăå ŕàěőąàăğőćăŋĺï Ťãàìě íâő íłćĺćăńěŋâŋő âőňã, çâő ^v(ξ) = −i sgn(ξ)^u(ξ). Őŕàěďěńěŋĺě 2.5 Ńĺŋěľŋëľ őŕěàăâőà, őŕàěďěńěŋŋëľ ĺ őčàăŋĺçěŋŋëľ

ć L^2(R^n), ŋăğëćăěâáï őŕěàăâőàőň Łăńìďěàőŋă-Ğĺčňãŋďă, ěáńĺ áãéěáâćãěâ äãŋłæĺï K(x, y), őŕàěďěńěŋŋăï ŕàĺ x, y ∈ R^n, x ≠ y, âăłăï, çâő ďńï ŋěłőâőàőčő α > 0 |K(x, y)| ≤^C_{|x−y|n} ; |K(x, y) − K(x, y^′)| ≤ C^{|y−y′ |α}_{|x−y|n+α} , |y − y^′| ≤^1_2 |x − y|; |K(x, y) − K(x^′, y)| ≤ C^{|x−x′|α}_{|x−y|n+α} , |x − x^′| ≤^1_2 |x − y|; ĺ ďńï ńîąőľ äãŋłæĺĺ f ∈ D(R^n) ĺ ďńï ńîąőčő x ∉ supp f T f(x) = ∫ R^n K(x, y)f(y)dy. Šěőàěňă 2.1 Ŕãáâì T { őŕěàăâőà Łăńìďěàőŋă-Ğĺčňãŋďă. Šőčďă ŕàĺ 1 < p < ∞ ‖T f‖_p ≤ C_p |‖T ‖| ‖f‖_p, čďě |‖T ‖| := ‖T ‖_2 + inf C. Őŕàěďěńěŋĺě 2.6 Ěáńĺ s = 0, âő ŕàőáâàăŋáâćő Śőąőńěćă W^s_2 (R^n) áő-

ćŕăďăěâ á L_2(R^n). Ďńï s ∈ N äãŋłæĺï f ŕàĺŋăďńěęĺâ W^s_2 (R^n), ěáńĺ őŋă ŕàĺŋăďńěęĺâ L_2(R^n) ćňěáâě áő ćáěňĺ áćőĺňĺ ŕàőĺğćőďŋëňĺ ∂^αf (ć áňëáńě őąőąéěŋŋëå äãŋłæĺľ) á |α| ≤ s.

Ĺğćěáâŋő, çâő ŕőáńěďŋěě íłćĺćăńěŋâŋő^∫_Rn (1 + |ω|^2)^s|^^f(ω)|^2dω < ∞, çâő ŕàĺŋĺňăěâáï ć łăçěáâćě őŕàěďěńěŋĺï ŕàĺ ŕàőĺğćőńìŋőň s ≥ 0.

Ŕàőáâàăŋáâć W^s_2 (R^n) ďńï s < 0 őŕàěďěńïěâáï łăł ďćőľáâćěŋŋőě ł W^{−s}_2 (R^n). Ŕàĺňěŋïï âőęďěáâćő Ŕăàáěćăńï, ńěčłő ŕőńãçĺâì, çâő ãňěàěŋŋőě àăáŕàěďěńěŋĺě S ŕàĺŋăďńěęĺâ W^s_2 (R^n) âőčďă ĺ âőńìłő âőčďă, łőčďă ěčő ŕàěőąàăğőćăŋĺě Ťãàìě^^S ŕàĺŋăďńěęĺâ L^2_{loc}(R^n) ĺ ãďőćńěâćőàïěâ ãáńőćĺî^∫_Rn |^^S(ω)|^2(1 + |ω|^2)^sdω < ∞.

Őŕàěďěńěŋĺě 2.7 Ŕãáâì 1 ≤ p ≤ ∞. Ěáńĺ s ≥ 0 ĺ s { æěńőě, âő ŕàő-

áâàăŋáâćő W^s_p áőáâőĺâ ĺğ äãŋłæĺľ f, âăłĺå, çâő f ĺ ćáě ěě ŕàőĺğćőďŋëě ∂^αf á |α| ≤ s ŕàĺŋăďńěęăâ L^p(R^n). İâő íłćĺćăńěŋâŋő ãáńőćĺî (I − Δ)^{s/2}f ∈ L^p(R^n). Ŕőáńěďŋěě ãáńőćĺě őŕàěďěńïěâ W^s_p ďńï ŕàőĺğćőńìŋőčő ďěľáâćĺâěńìŋőčő s.

Őŕàěďěńěŋĺě 2.8 Ŕãáâì 1 ≤ p, q ≤ ∞, s > 0 ĺ s < m ∈ N. Ťãŋłæĺï f

ŕàĺŋăďńěęĺâ ŕàőáâàăŋáâćã Ąěáőćă B^{s,q}_p , ěáńĺ f ∈ L^p(R^n) ĺ áãéěáâćãîâ ŕőáńěďőćăâěńìŋőáâì ŕőńőęĺâěńìŋëå çĺáěń ϵ_j ĺğ l^q(N) ĺ ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ f_j ĺğ L^p(R^n), âăłĺě, çâő ‖f − f_j‖_p ≤ ϵ_j2^{−js}, j ∈ N, (2.3) ĺ ‖∂^αf_j ‖_p ≤ ϵ_j2^{(m−s)j} , (2.4) ďńï ńîąőčő ňãńìâĺĺŋďěłáă α ∈ N^n á |α| = m.

Őŕàěďěńěŋĺě 2.9 Ŕàĺ 0 < s < 1 ŕàőáâàăŋáâćő Čěńìďěàă C^s(R^n) áő-

áâőĺâ ĺğ äãŋłæĺľ f ∈ C(R^n) âăłĺå, çâő sup_{x∈R}n |f(x)| < ∞ ĺ sup_{h>0}^{ω(h)}_{hs} < ∞. C^1(R^n) - íâő łńăáá Ğĺčňãŋďă:

C^1(R^n) := {f ∈ C(R^n) : sup_{x∈Rn} |f(x)| < ∞, sup_{h>0} ω_2(h, f) h < ∞}. Ďńï s ∈ (m, m + 1], m ∈ N, C^s(R^n) := {f ∈ C^m(R^n) : ∀|α| ≤ m ∂^αf ∈ C^{s−m}}. 3 Ŕàőâőâĺŕë ćáŕńěáłőć ć àăąőâăå Ńãğĺŋă ĺ Łăńìďěàőŋă

Őďŋő ĺğ ŕěàćëå ŕőïćńěŋĺľ ćáŕńěáłőć ć ňăâěňăâĺçěáłőň ăŋăńĺğě őâŋőáĺâáï ł 30-âëň čőďăň. Ţőàőèő ĺğćěáâŋăï åăàăłâěàĺğăæĺï ŕàőáâàăŋáâć H^p ć âěàňĺŋăå ĺŋâěčàăńă ŕńőéăďěľ ĺńĺ äãŋłæĺĺ Ńãğĺŋă [L] áőďěàęĺâ ŕàőâőâĺŕë ćáŕńěáłőć (áň. [CW]).

Řăąőâă Ŋ.Ŋ.Ńãğĺŋă [L] ŕőáćïéěŋă ăŋăńĺğã ĺ áĺŋâěğã äãŋłæĺľ ĺğ H^p(R^2_+) ŕàĺ ŕőňőéĺ ĺŋâěčàăńìŋőčő ŕàěďáâăćńěŋĺï f(x) = 2i π ∫ ∫ R^2_+ tf^′(y + it) dydt (x − y + it)^2 , x ∈ R. (3.1)

Ŕàěďáâăćńěŋĺî (3.1) ňőęŋő ŕàĺďăâì ćáŕńěáłőćëľ ćĺď (1.1). Řăááňőâàĺň äãŋłæĺî ψ(t) := (t + i)^{−2}, t ∈ R, łőâőàăï őáæĺńńĺàãěâ (â.ě.

∫ R ψ(t)dt = 0), àěčãńïàŋă ĺ ńőłăńĺğőćăŋă. Ąńăčőďăàï íâĺň áćőľáâćăň àőďőŋăçăńìŋĺłĺ ćáŕńěáłőć Ă.Čàőááňăŋ (A.Grossman) ĺ Ę.Ňőàńě (J.Morlet) [GM] ŋăğćăńĺ ψ - wavelet, ąãłćăńìŋő ňăńěŋìłăï (ĺňěěâáï ć ćĺďã ŕàőďőńęĺâěńìŋőáâì) ćőńŋă.

Řĺá.1. Čàăäĺł Re(ψ(t)). Řĺá.2. Čàăäĺł Im(ψ(t)). Řăááňőâàĺň ψ_{a,b}(t) := a^{−1/2}ψ(^{t−b}_a ) = a^{3/2}(t − b + ia)^{−2} ďńï a > 0, b ∈ R.

Őŕàěďěńĺň (W_ψf)(a, b) := ⟨f, ψ_{a,b}⟩ = 2πia^{3/2}f^′(b + ia). (3.2) Ć áĺńã (3.1) äãŋłæĺï f ŕàěďáâăćĺňă ć ćĺďě áãŕěàŕőğĺæĺî ćáŕńěáłőć ψ_{a,b}(t) á łőíääĺæĺěŋâăňĺ (W_ψf)(a, b). Ďńï ńîąőľ äãŋłæĺĺ f ∈ H^2(R^2_+) ĺňěěň f(x) =^{2i}_π ∫∫ R^2_+ af ′(b + ia)^{dbda}_{(x−b+ia)2} = =^1_{π2} ∫_∞ 0 [ ∫ R(W_ψf)(a, b)ψ_{a,b}(x) db]^{da}_{a2} . (3.3)

Ŕàěďáâăćńěŋĺě (3.1) ŕőğćőńïěâ őåăàăłâěàĺğőćăâì äãŋłæĺĺ ĺğ H^p(R^2_+).

Őŕàěďěńěŋĺě 3.1 Ĺŋâěčàăńőň ŕńőéăďěľ ĺńĺ äãŋłæĺěľ Ńãğĺŋă ŋăğë-

ćăěâáï (Sf)(x) = (∫ ∫ γ(x) |f^′(y + it)|^2dydt )_1/_2

, x ∈ R (3.4)

čďě γ(x) = {(y, t) ∈ R^2 : t > |y − x|} - łőŋãá Ńãğĺŋă.

Šěőàěňă 3.1 Ŕãáâì 0 < p < ∞. Šőčďă f ∈ H^p(R^2_+) ěáńĺ, ĺ âőńìłő ěáńĺ, Sf ∈ L^p(R). Ďńï 1 < p < ∞ íâő łńăááĺçěáłĺľ àěğãńìâăâ (áň. [S],[Z]). Ďńï 0 < p ≤ 1 íâő àěğãńìâăâ Ă.Łăńìďěàőŋă [Ca].

Řăááňőâàěŋŋëě äőàňãńë őąőąéăîâáï ć âőęďěáâćě Łăńìďěàőŋă [Ca1]. Ŕãáâì ψ ∈ L^1(R^n),^∫_Rn ψ(x)dx = 0 ĺ ŕàěőąàăğőćăŋĺě Ťãàìě^^ψ(ω), ω ∈ R^n, ãďőćńěâćőàïěâ ãáńőćĺî_∫ ∞ 0 | ^ψ(tω)|^2 dt t = 1 ďńï ńîąëå ω ≠ 0. (3.5)

Ŋăŕàĺňěà, ěáńĺ ψ ďőáâăâőçŋő àěčãńïàŋă, ńőłăńĺğőćăŋă, ĺňěěâ ŋãńěćőě áàěďŋěě ĺ àăďĺăńìŋă, âő áãéěáâćãěâ łőŋáâăŋâă c > 0, âăłăï, çâő cψ(x) ãďőćńěâćőàïěâ (3.5).

Ŕőńőęĺň ψ_a(x) = a^{−n/2}ψ(^x_a) ĺ ψ_{a,b}(x) = a^{−n/2}ψ(^{x−b}_a ). Śńěďãï [GM], őŕàěďěńĺň (W_ψf)(a, b) := ⟨f, ψ_{a,b}⟩. (3.6) Šőčďă ĺňěěâ ňěáâő áńěďãîéăï äőàňãńă ćőááâăŋőćńěŋĺï f(x) = ∫_∞ 0 [∫ R^n (W_ψf)(a, b)ψ_{a,b}(x) db ] da a^{n+1} . (3.7)

İłćĺćăńěŋâŋăï äőàňãńĺàőćłă ďńï (3.7) ĺňěěâ ćĺď I = ∫_∞ 0 Q_aQ^∗_a da a^{n+1} , (3.8)

čďě I - âőęďěáâćěŋŋëľ őŕěàăâőà, Q_a(f) = f ∗ ψ_a - őŕěàăâőà áćěàâłĺ, ă Q^∗_a - áőŕàïęěŋŋëľ ł Q_a őŕěàăâőà. Šőęďěáâćő Łăńìďěàőŋă (3.8) ĺňěěâ ćăęŋëě ŕàĺńőęěŋĺï ć ăŋăńĺğě łńăááĺçěáłĺå äãŋłæĺőŋăńìŋëå ŕàőáâàăŋáâć ŕőáàěďáâćőň ãáńőćĺľ, ĺáŕőńìğãîéĺå ňőďãńì čàăďĺěŋâă čăàňőŋĺçěáłőčő ŕàőďőńęěŋĺï (áň. [S]). Ŋăŕàĺňěà, ďńï ŕőńãčàãŕŕë Ŕãăááőŋă P_af(x) := F (x, a) (őŕà. 2.2), őŕěàăâőà Q_a ĺňěěâ ćĺď Q_a = −a(∂/∂a)P_a.

Ć äőàňãńăå (3.6) ĺ (3.7) äãŋłæĺĺ ψ_{a,b}, b ∈ R^n, a > 0, ĺáŕőńìğãîâáï âăł, łăł ąãďâő őŋĺ őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć L^2(R^n) : łőíääĺæĺěŋâë àăğńőęěŋĺï ćëçĺáńïîâáï ŕő äőàňãńě (3.6), ă ŕàěďáâăćńěŋĺě äãŋłæĺĺ f ć âěàňĺŋăå íâĺå łőíääĺæĺěŋâőć ďăěâáï (3.7).

Ňőęŋő ğăňěŋĺâì ĺğąëâőçŋőě ňŋőęěáâćő äãŋłæĺľ ψ_{a,b}, b ∈ R^n, a > 0, ŋă őàâőčőŋăńìŋëľ ąăğĺá ψ_λ, λ ∈ Λ, łőâőàëľ łőŋáâàãĺàãěâáï ŕő âěň ęě ăńčěąàăĺçěáłĺň ŕàăćĺńăň (ŕãâěň áęăâĺľ ĺ áďćĺčőć). Őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ψ_λ, λ ∈ Λ, őłăğëćăěâáï ãŋĺćěàáăńìŋëň ąěğãáńőćŋëň ąăğĺáőň ďńï łńăááĺçěáłĺå ŕàőáâàăŋáâć äãŋłæĺľ ĺ àăáŕàěďěńěŋĺľ.

4 Ŕàěőąàăğőćăŋĺě Čăąőàă

Ďàãčĺň ŕàěďèěáâćěŋŋĺłőň ćáŕńěáłőćëå ŕàěőąàăğőćăŋĺľ ïćńïěâáï ŕàěőąàăğőćăŋĺě Čăąőàă. Ŕãáâì äãŋłæĺï f ŕàĺŋăďńěęĺâ L^2(R) ĺ^^f - ěě ŕàěőąàăğőćăŋĺě Ťãàìě (2.1). Ďńï ćëçĺáńěŋĺï^^f(ω) ć ńîąőľ âőçłě ω ć àăćŋőľ áâěŕěŋĺ ĺáŕőńìğãîâáï ćáě ğŋăçěŋĺï f, ŕőíâőňã^^f ŋě őâàăęăěâ ĺğňěŋěŋĺľ çăáâőâŋëå åăàăłâěàĺáâĺł f ŕő ćàěňěŋĺ t. Łàőňě âőčő, ĺğňěŋěŋĺě äãŋłæĺĺ f ć áłőńì ãčőďŋő ňăńőľ őłàěáâŋőáâĺ ŕàőĺğćőńìŋőľ âőçłĺ t_0 ŕàĺćőďĺâ ł ĺğňěŋěŋĺî ćáěčő áŕěłâàă.

Ďńï ĺáŕàăćńěŋĺï íâĺå ŋěďőáâăâłőć Ď.Čăąőà àăááňőâàěń ć [G] áńěďãîéěě ŕàěőąàăğőćăŋĺě. Ŕãáâì

g_α(t) := 1 2 √ πα e^{− t24α} , (4.1)

čďě α - äĺłáĺàőćăŋŋëľ ŕăàăňěâà.

Řĺá.1. Čàăäĺł g_α, α = 1,^1_2 ,^1_4 .

Ťãŋłæĺï g_α ĺáŕőńìğãěâáï ć łăçěáâćě âăł ŋăğëćăěňőčő ćàěňěŋŋőčő őłŋă. Ŕàěőąàăğőćăŋĺě Čăąőàă äãŋłæĺĺ f ∈ L^2(R) őŕàěďěńïěâáï äőàňãńőľ

(Γ^α_b f)(ω) := ∫ R (e^{−iωt}f(t))g_α(t − b) dt. (4.2) §áŋő, çâő (Γ^α_b )(ω) ńőłăńĺğãěâ ŕàěőąàăğőćăŋĺě Ťãàìě ćőłàãč âőçłĺ t = b.

Šăł łăł^∫_R g_α(t − b) db =^∫_R g_α(x) dx = 1, âő^∫_R(Γ^α_b f)(ω) db =^^f(ω), ω ∈ R. Šăłĺň őąàăğőň, ŕàěőąàăğőćăŋĺě Čăąőàă àăğńăčăěâ ŕàěőąàăğőćăŋĺě Ťãàìě ŋă ńőłăńìŋãî áŕěłâàăńìŋãî ĺŋäőàňăæĺî.

Ŕàĺćěďěň őąéěě őŕàěďěńěŋĺě őłőŋŋőľ äãŋłæĺĺ. Ťãŋłæĺî w ŋăğëćăîâ őłőŋŋőľ, ěáńĺ w ∈ L^2(R) ĺ xw(x) ∈ L^2(R). Ďńï łőńĺçěáâćěŋŋőľ åăàăłâěàĺáâĺłĺ ńőłăńĺğőćăŋŋőáâĺ äãŋłæĺĺ w ĺáŕőńìğãîâáï áńěďãîéĺě ćěńĺçĺŋë:

t^∗ :=^1_{‖w‖2} ∫ R x|w(x)|^2 dx - æěŋâà;

Δ_w :=^1_{‖w‖2} { ∫ R(x − t^∗)^2|w(x)|^2 dx}^{1/2} - àăďĺãá.

Ÿĺàĺŋă äãŋłæĺĺ w ŕőńăčăěâáï àăćŋőľ ďćãň àăďĺãáăň. Ńěčłő ćëçĺáńĺâì, çâő Δg_α = √ α.

Ŕàěőąàăğőćăŋĺě Čăąőàă ňőęŋő ĺŋâěàŕàěâĺàőćăâì áńěďãîéĺň őąàăğőň. Ŕãáâì G^α_{b,ω}(t) := e^{iωt}g_α(t − b).

Řĺá.2. Čàăäĺł Re(G^{0.5}_{0,2π}(t)). Řĺá.3. Čàăäĺł Im(G^{0.5}_{0,2π}(t)). Šőčďă (Γ^α_b f)(ω) = ∫ R f(t)G^α_{b,ω}(t) dt. (4.3) Ŕàěĺňãéěáâćő (4.3) áőáâőĺâ ć ćőğňőęŋőáâĺ ŕàĺňěŋĺâì âőęďěáâćő Ŕńăŋèěàěńï. Ďěľáâćĺâěńìŋő,^^G^α_{b,ω}(η) = e^{−ib(η−ω)}e^{−α(η−ω)2} . Ŕőíâőňã

(Γ^α_b f)(ω) =^1_{2π} ∫ R ^f(η)e^{ib(η−ω)}e^{−α(η−ω)2} dη = =^{e−ibω}_2^√_{πα} ∫ R(e^{ibη} ^f(η))g_{1/4α}(η − ω) dη =^{e−ibω}_2^√_{πα} (Γ^{1/4α}_ω ^f)(−b). Šăłĺň őąàăğőň, ŕàěőąàăğőćăŋĺě Čăąőàă äãŋłæĺĺ f á őłőŋŋőľ äãŋłæĺěľ g_α ć âőçłě t = b á âőçŋőáâìî ďő ňŋőęĺâěńï áőćŕăďăěâ á ŕàěőąàăğőćăŋĺěň Čăąőàă äãŋłæĺĺ^^f á őłőŋŋőľ äãŋłæĺěľ g_{1/4α} ć âőçłě η = ω. Ŕàőĺğćěďěŋĺě èĺàĺŋë őłŋă g_α ŋă èĺàĺŋã őłŋă g_{1/4α} àăćŋő 2. Ďěłăàâőćő ŕàőĺğćěďěŋĺě [b − √ α, b + √ α] × [ω −^1_2^√_α, ω +^1_2^√_α] íâĺå ďćãå őłőŋ ŋăğëćăîâ ŕàïňőãčőńìŋëň ćàěňï-çăáâőâŋëň őłŋőň. Ÿĺàĺŋă 2 √ α ćàěňěŋŋőčő őłŋă ŋăğëćăěâáï èĺàĺŋőľ ćàěňï-çăáâőâŋőčő őłŋă, ă èĺàĺŋă 1/ √ α çăáâőâŋőčő őłŋă ŋăğëćăěâáï ćëáőâőľ ćàěňï-çăáâőâŋőčő őłŋă. Őâňěâĺň, çâő èĺàĺŋă ćàěňï-çăáâőâŋőčő őłŋă ć ŕàěőąàăğőćăŋĺĺ Čăąőàă ŋě ĺğňěŋïěâáï ŕàĺ ŋăąńîďěŋĺĺ áŕěłâàă ŋă ćáěå çăáâőâăå. 6

-

ω

ω_1 ω_2

t t_1 t_2

p p p p p p p p p

p p p p p p p p p p p p p p p p p p p p p p p p p p p

p p p p p p p p p p p p p p p p p p p p

Řĺá.4. Őłŋă Čăąőàă.

5 Őłőŋŋőě ŕàěőąàăğőćăŋĺě Ťãàìě

Ŕàěőąàăğőćăŋĺě Čăąőàă ňőęŋő őąőąéĺâì. Ŕãáâì

w ∈ L^2(R) ĺ tw(t) ∈ L^2(R). (5.1)

Őłőŋŋëň ŕàěőąàăğőćăŋĺěň Ťãàìě ŋăğëćăěâáï

(~Γ_b)(ω) := ∫ R (e^{−iωt}f(t))w(t − b) dt. Ŕőńăčăï W_{b,ω}(t) := e^{iωt}w(t − b), V_{b,ω}(η) :=^1_{2π} ^W_{b,ω}(η) =^{eibω}_{2π} e^{−ibη} ^w(η − ω), ĺňěěň (~Γ_b)(ω) := ∫ R f(t)W_{b,ω}(t) dt = ∫ R ^f (η)V_{b,ω}(η) dη. Šăłĺň őąàăğőň, őłőŋŋőě ŕàěőąàăğőćăŋĺě ďăěâ ńőłăńìŋãî ĺŋäőàňăæĺî őą f ćő ćàěňěŋŋőň őłŋě [t^∗ + b − Δ_w, t^∗ + b + Δ_w] ĺ ńőłăńìŋãî ĺŋäőàňăæĺî őą^^f ć çăáâőâŋőň őłŋě [ω^∗ + ω − Δ_{^w}, ω^∗ + ω + Δ_{^w}], čďě ω^∗ - æěŋâà ^w. Ěáńĺ ĺ w, ĺ ^w ãďőćńěâćőàïîâ (5.1), âő ćàěňï-çăáâőâŋőě őłŋő [t^∗ + b − Δ_w, t^∗ + b + Δ_w] × [ω^∗ + ω − Δ ^_w, ω^∗ + ω + Δ ^_w] ĺňěěâ ŕőáâőïŋŋãî èĺàĺŋã 2Δ_w ĺ ŕőáâőïŋŋãî ŕńőéăďì 4Δ_wΔ_{^w}.

Ŕàőĺğćěďěŋĺě Δ_w Δ_{^w} åăàăłâěàĺğãěâ ćàěňï-çăáâőâŋãî ńőłăńĺğăæĺî w ĺ ŋăğëćăěâáï łőŋáâăŋâőľ ŋěőŕàěďěńěŋŋőáâĺ w. Ŋăŕőňŋĺň ŕàĺŋæĺŕ ŋěőŕàěďěńěŋŋőáâĺ (áň., ŋăŕàĺňěà, [La]).

Šěőàěňă 5.1 Ŕãáâì w ∈ L^2(R) ãďőćńěâćőàïěâ (5.1) ćňěáâě á ^w. Šőčďă

Δ_wΔ ^_w ≥^1_2 . Ąőńěě âőčő, àăćěŋáâćő ďőáâĺčăěâáï âőčďă ĺ âőńìłő âőčďă, łőčďă w(t) = ce^{iat}g_α(t − b), čďě c ≠ 0, α > 0; a, b ∈ R. Šăłĺň őąàăğőň, ŕàěőąàăğőćăŋĺě Čăąőàă ĺňěěâ ŋăĺňěŋìèěě ćàěňïçăáâőâŋőě őłŋő. Ć ŋěłőâőàëå ŕàĺńőęěŋĺïå ŕàĺåőďĺâáï ĺáŕőńìğőćăâì ąőńìèĺě őłŋă ďńï ŕőńãçěŋĺï ďőŕőńŋĺâěńìŋëå áćőľáâć, ŋăŕàĺňěà ńěčłőáâĺ ćëçĺáńěŋĺľ.

Ŕàĺćěďěň äőàňãńã őąàăéěŋĺï ďńï őłőŋŋëå ŕàěőąàăğőćăŋĺľ Ťãàìě.

Šěőàěňă 5.2 Ŕãáâì w ∈ L^2(R), ‖w‖2 = 1, w ĺ ^w ãďőćńěâćőàïîâ (5.1).

Šőčďă ∫ R ∫ R ⟨f, W_{b,ω}⟩⟨g, W_{b,ω}⟩ db dω = 2π⟨f, g⟩.

Ěáńĺ x - âőçłă ŋěŕàěàëćŋőáâĺ f, âő f(x) = 1 2π ∫ R ∫ R [e^{iωx}(~Γ_bf)(ω)]w(x − b) dω db. Łăł ãęě őâňěçăńőáì ćëèě, ć őłőŋŋőň ŕàěőąàăğőćăŋĺĺ Ťãàìě èĺàĺŋă őłŋă ŋě ĺğňěŋïěâáï ŕàĺ ĺğãçěŋĺĺ ńîąőľ çăáâőâŋőľ ŕőńőáë. Őďŋăłő, çăáâőâă ŕàïňő ŕàőŕőàæĺőŋăńìŋă çĺáńã ŕěàĺőďőć ć ěďĺŋĺæã ćàěňěŋĺ, ŕőíâőňã ďńï ńőłăńĺğăæĺĺ ćëáőłőçăáâőâŋëå ĺğňěŋěŋĺľ ěáâěáâćěŋŋő ąàăâì ąőńěě ãğłőě őłŋő ďńï ãćěńĺçěŋĺï âőçŋőáâĺ ćëçĺáńěŋĺľ, ă ďńï ŋĺğłőçăáâőâŋëå - ąőńěě èĺàőłőě ďńï ŕőńãçěŋĺï ŕőńŋőľ ĺŋäőàňăæĺĺ. Šăłĺň őąàăğőň, őłőŋŋőě ŕàěőąàăğőćăŋĺě Ťãàìě ŋě ŕàĺňěŋĺňő ł ĺğãçěŋĺî áĺčŋăńőć, áőďěàęăéĺå łăł őçěŋì ćëáőłĺě, âăł ĺ őçěŋì ŋĺğłĺě çăáâőâë.

Ďăŋŋëľ ŋěďőáâăâőł ĺáŕàăćńïěâáï ć ĺŋâěčàăńìŋőň ćáŕńěáłőćőň ŕàěőąàăğőćăŋĺĺĺ, ćàěňï-çăáâőâŋőě őłŋő łőâőàőčő ăćâőňăâĺçěáłĺ áãęăěâáï ŕàĺ ŋăąńîďěŋĺĺ ćëáőłőçăáâőâŋëå ĺğňěŋěŋĺľ ĺ àăáèĺàïěâáï ďńï ĺğãçěŋĺï ŋĺğłőçăáâőâŋëå.

6 Ĺŋâěčàăńìŋőě ćáŕńěáłőćőě ŕàěőąàăğőćă- ŋĺě Őŕàěďěńěŋĺě 6.1 Ťãŋłæĺî ψ ∈ L^2(R) ŋăğëćăîâ ąăğőćëň ćáŕńěáłőň,

ěáńĺ őŋă ãďőćńěâćőàïěâ ãáńőćĺî:

C_ψ := ∫ R | ^ψ(ω)|^2 |ω| dω < ∞. Ŕàĺ ŕőňőéĺ ąăğőćőčő ćáŕńěáłă őŕàěďěńïěâáï ĺŋâěčàăńìŋőě ćáŕńěáłőćőě ŕàěőąàăğőćăŋĺě (ĹĆŔ) ŋă L^2(R) : (W_ψf)(b, a) := |a|^{−1/2} ∫ R f(t)ψ ( t − b a ) dt, f ∈ L^2(R), čďě a, b ∈ R á a ≠ 0.

Ŕőńăčăï ψ_{b,a}(t) := |a|^{−1/2}ψ ( t − b a ) , (6.1) ĺňěěň (W_ψf)(b, a) = ⟨f, ψ_{b,a}⟩. (6.2) Ć ďăńìŋěľèěň, ąãďěň áçĺâăâì çâő ĺ ψ, ĺ^^ψ ãďőćńěâćőàïîâ (5.1). Šőčďă, ěáńĺ æěŋâà ĺ àăďĺãá ψ àăćŋë t^∗ ĺ Δ_ψ,áőőâćěâáâćěŋŋő, âő äãŋłæĺï ψ_{b,a} ïćńïěâáï őłőŋŋőľ á æěŋâàőň ć b + at^∗ ĺ àăďĺãáőň aΔ_ψ. Ğŋăçĺâ ĹĆŔ ďăěâ ńőłăńìŋãî ĺŋäőàňăæĺî ő äãŋłæĺĺ f á ćàěňěŋŋëň őłŋőň [b + at^∗ − aΔ_ψ, b + at^∗ + aΔ_ψ]. İâő őłŋő áãęăěâáï ŕàĺ ňăńëå ğŋăçěŋĺïå a ĺ àăáèĺàïěâáï ŕàĺ ąőńìèĺå.

Řăááňőâàĺň âěŕěàì 1 2π ^ψ_{b,a}(ω) = |a|^{−1/2} 2π ∫ R e^{−iωt}ψ ( t − b a ) dt = a|a|^{−1/2} 2π e^{−ibω} ^ψ(aω), (6.3) ĺ ŕàěďŕőńőęĺň, çâő æěŋâà ĺ àăďĺãá äãŋłæĺĺ^^ψ àăćŋë ω^∗ ĺ Δ_{^ψ}, áőőâćěâáâćěŋŋő. Ŕőńăčăï η(ω) :=^^ψ(ω + ω^∗), ŕőńãçăěň őłőŋŋãî äãŋłæĺî η á æěŋâàőň ć ŋãńě ĺ àăďĺãáőň Δ_{^ψ}. Ŕàĺňěŋïï âőęďěáâćő Ŕńăŋèěàěńï ł (6.2), ĺňěěň (W_ψf)(b, a) = a|a|^{−1/2} 2π ∫ R ^f(ω)e^{ibω}η(a(ω − ω^∗ a )) dω. §áŋő, çâő őłőŋŋăï äãŋłæĺï η(a(ω −^{ω∗}_a )) = η(aω − ω^∗) =^^ψ(aω) ĺňěěâ àăďĺãá^1_a Δ_{^ψ}. Ŕőíâőňã, á âőçŋőáâìî ďő ňŋőęĺâěńï^{a|a|−1/2}_{2π} ĺ ńĺŋěľŋőčő äăğőćőčő áďćĺčă e^{ibω}, ĹĆŔ W_ψf ďăěâ ńőłăńìŋãî ĺŋäőàňăæĺî őą^^f á çăáâőâŋëň őłŋőň_[ ω^∗ a − 1 a Δ ^_ψ, ω^∗ a + 1 a Δ ^_ψ ] . (6.4)

Ć ďăńìŋěľèěň ąãďěň áçĺâăâì æěŋâà ω^∗ äãŋłæĺĺ^^ψ ŕőńőęĺâěńìŋëň. Šőčďă őłŋő (6.4) ïćńïěâáï çăáâőâŋőľ ŕőńőáőľ (ĺńĺ őłâăćőľ) á æěŋâàăńìŋőľ çăáâőâőľ ω^∗/a ĺ èĺàĺŋőľ ŕőńőáë 2Δ_{^ψ}/a. Ćăęŋő, çâő őâŋőèěŋĺě

æěŋâàăńìŋăï çăáâőâă èĺàĺŋă = ω^∗/a 2Δ ^_ψ/a = ω^∗ 2Δ ^_ψ

ŋě ğăćĺáĺâ őâ ňăáèâăąă a.

Ĺâăł, ďńï ĹĆŔ ĺňěěň ŕàïňőãčőńìŋőě ćàěňï-çăáâőâŋőě őłŋő

[b + at^∗ − aΔ_ψ, b + at^∗ + aΔ_ψ] × [ ω^∗ a − 1 a Δ ^_ψ, ω^∗ a + 1 a Δ ^_ψ]

Őâňěâĺň ěéě àăğ, çâő őłŋő áãęăěâáï ďńï ćëïćńěŋĺï ćëáőłőçăáâőâŋëå ïćńěŋĺľ ĺ àăáèĺàïěâáï ďńï ĺááńěďőćăŋĺï ŋĺğłőçăáâőâŋëå. 6

-

ω

ω^∗ a_2 ω^∗ a_1

t b + a_1t^∗ b + a_2t^∗

p p p p p p p p p p p p

p p p p p p p p p p p p p p p p p p p p

p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

p p p p p p p p

Řĺá.1. Őłŋă ĹĆŔ.

Śńěďãîéĺľ àěğãńìâăâ ŕőłăğëćăěâ, łăł ćőááâăŋőćĺâì äãŋłæĺî ŕő ěě ĹĆŔ.

Šěőàěňă 6.1 Ŕãáâì ψ - ąăğőćëľ ćáŕńěáł. Šőčďă ďńï ńîąëå

f, g ∈ L^2(R) ∫ R ∫ R [(W_ψf)(b, a)(W_ψg)(b, a)] da a^2 db = C_ψ⟨f, g⟩. Ąőńěě âőčő, ďńï ńîąőľ f ∈ L^2(R) ĺ ńîąőľ âőçłĺ x, ć łőâőàőľ f ŋěŕàěàëćŋă, f(x) = 1 C_ψ ∫ R ∫ R [(W_ψf)(b, a)]ψ_{b,a}(x) da a^2 db, čďě ψ_{b,a} őŕàěďěńěŋë ć (6.1).

Ďőłăğăâěńìáâćő. Ć áĺńã (6.3) ĺ âőęďěáâćă Ŕńăŋèěàěńï (W_ψf)(b, a) = ⟨f, ψ_{b,a}⟩ = 1 2π ∫ R ^f (ω)a|a|^{−1/2}e^{−ibω} ^ψ(aω) dω = 1 2π ^F_a(b), čďě F_a(ω) := a|a|^{−1/2 ^}f(ω)^^ψ(aω). Ŕőíâőňã, őŕïâì ĺáŕőńìğãï âőęďěáâćő Ŕńăŋèěàěńï, ĺňěěň ∫ R ∫ R[(W_ψf)(b, a)(W_ψg)(b, a)]^{da}_{a2} db = =^1_{4π2} ∫ R ∫ R ^F_a(b) ^G_a(b)db^{da}_{a2} =^1_{2π} ∫ R { ^f(ω)^g(ω) ∫ R | ^ψ_(aω_{)|}^2 |a| da } dω = =^1_{2π} C_ψ⟨ ^f , ^g⟩ = C_ψ⟨f, g⟩. Ćâőàőě ãâćěàęďěŋĺě âěőàěňë áńěďãěâ ĺğ ŕěàćőčő, ěáńĺ ćğïâì ć łăçěáâćě äãŋłæĺľ g čăãááőćáłĺě äãŋłæĺĺ g_α(· − x) (áň. (4.1)) ĺ ãáâàěňĺâì α ł ŋãńî. 2 Ğăňěçăŋĺě 6.1 Ćő ćáŕńěáłőćëå ŕàěőąàăğőćăŋĺïå őáŋőćŋãî àőńì ĺčàăěâ

łőňňãâăâĺćŋăï ńőłăńìŋő łőňŕăłâŋăï čàãŕŕă őâőąàăęěŋĺľ R → R ćĺďă g(x) = ax + b, a ∈ R\{0}, b ∈ R, x ∈ R á ňěàőľ Ţăăàă a^{−2}da db. Š.Ŕ.Ńãłăèěŋłő [Lu] őąőąéĺń âěőàěňã 6.1 ŋă ŕàőĺğćőńìŋãî łőňňãâăâĺćŋãî ńőłăńìŋő łőňŕăłâŋãî čàãŕŕã.

Ŕàĺ ăŋăńĺğě äĺğĺçěáłĺå áĺčŋăńőć àăááňăâàĺćăîâáï âőńìłő ŕőńőęĺâěńìŋëě çăáâőâë. Šăł łăł çăáâőâă őąàăâŋő ŕàőŕőàæĺőŋăńìŋă ŕăàăňěâàã áęăâĺï a: ω = ω^∗/a, âő ć íâőň áńãçăě ŋěőąåőďĺňő àăááňăâàĺćăâì âőńìłő ŕőńőęĺâěńìŋëě a ĺ ćőááâăŋăćńĺćăâì áĺčŋăń ŕő ğŋăçěŋĺïň (W_ψf)(b, a), a > 0. Ďńï íâőčő ŋă ąăğőćëľ ćáŕńěáł ŋăďő ŋăńőęĺâì ďőŕőńŋĺâěńìŋőě âàěąőćăŋĺě: ∫_∞ 0 | ^ψ(ω)|^2 ω dω = ∫_∞ 0 | ^ψ(w)|^2 ω dω = 1 2 C_ψ < ∞. (6.5)

Šěőàěňă 6.2 Ŕãáâì ąăğőćëľ ćáŕńěáł ψ ãďőćńěâćőàïěâ (6.5). Šőčďă ďńï

ńîąëå f, g ∈ L^2(R) ∫_∞ 0 [∫_∞ −∞ (W_ψf)(b, a)(W_ψg)(b, a) db ] da a^2 = 1 2 C_ψ⟨f, g⟩. Ąőńěě âőčő, ďńï ńîąőľ f ∈ L^2(R) ĺ ńîąőľ âőçłĺ x, ć łőâőàőľ f ŋěŕàěàëćŋă, f(x) = 2 C_ψ ∫_∞ 0 [∫ R (W_ψf)(b, a)ψ_{b,a}(x) db ] da a^2 , čďě ψ_{b,a} őŕàěďěńěŋë ć (6.1).

7 Ďćőĺçŋëě ćáŕńěáłĺ ĺ äőàňãńë őąàăéě- ŋĺï Ŕàĺ ăŋăńĺğě áĺčŋăńőć çăáâőâŋãî őáì çăáâő àăğąĺćăîâ ŋă ďĺğêîŋłâŋëě çăáâőâŋëě ŕőńőáë (ĺńĺ őłâăćë). Řăááňőâàĺň ďćőĺçŋőě àăğąĺěŋĺě: (0, ∞) = ⋃_∞ j=−∞ (2 jΔ ^_ψ, 2^{j+1}Δ ^_ψ)], čďě Δ ^_ψ > 0 - àăďĺãá ŕàěőąàăğőćăŋĺï Ťãàìě^^ψ ąăğőćőčő ćáŕńěáłă ψ. Ňë, łăł őąëçŋő, ŕàěďŕőńăčăěň, çâő^^ψ ãďőćńěâćőàïěâ (5.1). Ğăňěâĺň, çâő, ŋě őčàăŋĺçĺćăï őąéŋőáâĺ, ňőęŋő áçĺâăâì ω^∗ = 3Δ ^_ψ (ďőáâăâőçŋő ŕàĺňěŋĺâì ł ψ áőőâćěâáâćãîéĺľ äăğőćëľ áďćĺč: ψ^0(t) := e^{iαt}ψ(t)). Šőčďă ŕàĺ a_j := 2^{−j} ĺňěěň ( ω^∗ a_j − 1 a_j Δ ^_ψ, ω^∗ a_j + 1 a_j Δ ^_ψ] = (2^{j+1}Δ ^_ψ, 2^{j+2}Δ ^_ψ].

Űěŋâàăńìŋăï çăáâőâă íâőľ ŕőńőáë àăćŋă ω_j :=^{ω∗}_{aj} = 3 × 2^j Δ_{^ψ}.

Ŕàĺ ďőŕőńŋĺâěńìŋëå ŕàěďŕőńőęěŋĺïå ŋă ąăğőćëľ ćáŕńěáł ψ őłăğëćăěâáï ćőğňőęŋëň ćőááâăŋőćĺâì äãŋłæĺî, ĺáŕőńìğãï ğŋăçěŋĺï ĹĆŔ (W_ψf)(b, a) âőńìłő ŋă ďĺáłàěâŋőň ňŋőęěáâćě çăáâőâ {ω_j = 3 × 2^j Δ ^_ψ}_{j∈Z} (â.ě. a = a_j, j ∈ Z).

Őŕàěďěńěŋĺě 7.1 Ťãŋłæĺï ψ ∈ L^2(R) ŋăğëćăěâáï ďćőĺçŋëň ćáŕńě-

áłőň, ěáńĺ áãéěáâćãîâ ďćě ŕőńőęĺâěńìŋëě łőŋáâăŋâë A ĺ B, 0 < A ≤ B < ∞, âăłĺě, çâő ŕőçâĺ ćáîďã (ŕ.ć.) A ≤ ∑ j∈Z | ^ψ(2^{−j} ω)|^2 ≤ B. (7.1)

Şáńőćĺě (7.1) ŋăğëćăîâ ãáńőćĺěň ãáâőľçĺćőáâĺ.

Ŕãáâì f^−(x) := f(−x). Őŕàěďěńĺň ŋőàňĺàőćăŋŋőě ĹĆŔ

(W^ψ_j f)(b) := 2^{j/2}(W_ψf)(b, 2^{−j} ) = 2^j (f ∗ ψ^−(2^j ·))(b).

Ĺáŕőńìğãï âőęďěáâćő Ŕńăŋèěàěńï, ńěčłő ŕőłăğăâì, çâő (7.1) íłćĺćăńěŋâŋő A‖f‖^2 ≤ ∑ j∈Z ‖W^ψ_j f‖^2 ≤ B‖f‖^2, f ∈ L^2(R).

Śńěďãîéĺľ àěğãńìâăâ ŕőłăğëćăěâ, çâő ďćőĺçŋëľ ćáŕńěáł ćáěčďă ïćńïěâáï ąăğőćëň.

Šěőàěňă 7.1 Ŕãáâì ψ ãďőćńěâćőàïěâ (7.1). Šőčďă ψ ïćńïěâáï ąăğőćëň

ćáŕńěáłőň ĺ A ln 2 ≤ ∫_∞ 0 | ^ψ(ω)|^2 ω dω, ∫_∞ 0 | ^ψ(−ω)|^2 ω ≤ B ln 2. Ąőńěě âőčő, ěáńĺ A = B, âő

C_ψ := ∫ R | ^ψ(ω)|^2 |ω| dω = 2A ln 2.

Ďńï ćőááâăŋőćńěŋĺï f ∈ L^2(R) ŕő ğŋăçěŋĺïň ĹĆŔ (W_ψf)(b, 2^{−j} ), j ∈ Z, ńěčçě ćáěčő ĺáŕőńìğőćăâì ďàãčőľ ďćőĺçŋëľ ćáŕńěáł ψ^∗, őŕàěďěńïěňëľ ć őąàăğăå Ťãàìě áńěďãîéĺň őąàăğőň:

^ψ^∗(ω) := ^ψ(ω) ∑ k∈Z | ^ψ(2^{−k}ω)|^2 . Šőčďă_∑ j∈Z ∫ R(W^ψ_j f)(b){2^j ψ^∗(2^j (x − b))} db = = ∑ j∈Z 1 2π ∫ R ^ (W^ψ_j f)(ω) ^ψ^∗(2^{−j} ω)e^{ixω} dω = = ∑ j∈Z 1 2π ∫ R ^f(ω) ^ψ(2^{−j} ω) ^ψ^∗(2^{−j} ω)e^{ixω} dω = =^1_{2π} ∫ R ^f(ω)e^{ixω} dω = f(x). (7.2)

Őŕàěďěńěŋĺě 7.2 Ťãŋłæĺï^~ψ ∈ L^2(R) ŋăğëćăěâáï ďćőĺçŋő-ďćőľáâćěŋŋőľ

ł ďćőĺçŋőňã ćáŕńěáłã ψ, ěáńĺ łăęďăï äãŋłæĺï f ∈ L^2(R) ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě f(x) = ∑ j∈Z ∫ R(W^ψ_j f)(b){2^j ~ψ(2^j(x − b))} db = = ∑ j∈Z 2^{3j/2} ∫ R(W_ψf)(b,^1_{2j} ) ~ψ(2^j (x − b)) db.

Ć áĺńã (7.2) äãŋłæĺï ψ^∗ ïćńïěâáï ďćőĺçŋő-ďćőľáâćěŋŋőľ ł ψ. Łàőňě âőčő, ψ^∗ ïćńïěâáï ďćőĺçŋëň ćáŕńěáłőň: 1 B ≤ ∑ j∈Z | ^ψ^∗(2^{−j} ω)|^2 ≤ 1 A . Őâňěâĺň, çâő ďćőĺçŋő-ďćőľáâćěŋŋëľ ćáŕńěáł ł ďăŋŋőňã ćáŕńěáłã ψ ŋě ěďĺŋáâćěŋěŋ.

Šěőàěňă 7.2 Ŕãáâì ψ - ďćőĺçŋëľ ćáŕńěáł ĺ^~ψ - ŕàőĺğćőńìŋăï äãŋłæĺï

ĺğ L^2(R), ãďőćńěâćőàïîéăï ãáńőćĺî ess sup_{x∈R} ∑ j∈Z | ^~ψ(2^{−j} x)|^2 < ∞. Ťãŋłæĺï^~ψ ïćńïěâáï ďćőĺçŋő-ďćőľáâćěŋŋőľ ł ψ âőčďă ĺ âőńìłő âőčďă, łőčďă_∑ j∈Z ^ψ(2^{−jω}) ^~ψ(2^{−j} ω) = 1, ŕ.ć.

8 Ťàěľňë

Ďńï ćëçĺáńĺâěńìŋőľ íääěłâĺćŋőáâĺ ňőęŋő ďĺáłàěâĺğĺàőćăâì ĺ ŕăàăňěâà áďćĺčă b, àăááňăâàĺćăï âőńìłő ďĺáłàěâŋőě ňŋőęěáâćő ğŋăçěŋĺľ: b_{j,k} :=^k_{2j} b_0, j, k, ∈ Z, čďě b_0 > 0 - äĺłáĺàőćăŋŋăï łőŋáâăŋâă, ŋăğëćăěňăï âěňŕőň ĺğňěàěŋĺľ. Őąőğŋăçĺň ψ_{b0,j,k}(t) := ψ_{bj,k,aj} (t) = 2^{j2} ψ(2^j t − kb_0). Ąãďěň àăááňăâàĺćăâì âőńìłő áńěďãîéĺě ğŋăçěŋĺï ĹĆŔ: (W_ψf)(b_{j,k}, a_j) = ⟨f, ψ_{b0,j,k}⟩, j, k ∈ Z. (8.1) Ěáńĺ áãéěáâćãîâ łőŋáâăŋâë A ĺ B, 0 < A ≤ B < ∞, âăłĺě, çâő A‖f‖^2 ≤ ∑ j,k∈Z |⟨f, ψ_{b0,j,k}⟩|^2 ≤ B‖f‖^2, f ∈ L^2(R), (8.2) âő äãŋłæĺî f ∈ L^2(R) ňőęŋő ćőááâăŋőćĺâì ŕő ğŋăçěŋĺïň ĹĆŔ ĺğ (8.1). Őŕàěďěńěŋĺě 8.1 Čőćőàïâ, çâő äãŋłæĺï ψ ∈ L^2(R) ŕőàőęďăěâ

äàěľň ć L^2(R) á âěňŕőň ĺğňěàěŋĺľ b_0 > 0, ěáńĺ ćëŕőńŋïěâáï (8.2) á łőŋáâăŋâăňĺ A ĺ B, łőâőàëě ŋăğëćăîâáï čàăŋĺæăňĺ äàěľňă. Ěáńĺ A = B, âő äàěľň ŋăğëćăîâ ęěáâłĺň (ěáâěáâćěŋŋő ŋăğëćăâì ęěáâłĺľ äàěľň őąőąéěŋŋőľ áĺáâěňőľ Ŕăàáěćăńï).

Řăááňőâàĺň ńĺŋěľŋëľ őŕěàăâőà T ŋă L^2(R): T f := ∑ j,k∈Z ⟨f, ψ_{b0,j,k,}⟩ψ_{b0,j,k}, f ∈ L^2(R).

Ĺğ (8.2) áńěďãěâ, çâő T ïćńïěâáï ćğăĺňŋő-őďŋőğŋăçŋëň. Ďěľáâćĺâěńìŋő, ⟨T f, f⟩ = ∑ j,k∈Z |⟨f, ψ_{b0,j,k}⟩|^2. Ŕőíâőňã ďńï g = T f ĺňěěň A‖T^{−1}g‖^2 = A‖f‖^2 ≤ ⟨T f, f⟩ = ⟨g, T^{−1}g⟩ ≤ ‖g‖_2‖T^{−1}g‖_2. Őâłãďă ‖T^{−1}g‖_2 ≤^1_A ‖g‖_2 ĺńĺ ‖T^{−1}‖ ≤ A^{−1}.

Šăłĺň őąàăğőň, ńîąãî äãŋłæĺî f ∈ L^2(R) ňőęŋő ćőááâăŋőćĺâì ŕő ğŋăçěŋĺïň ĹĆŔ ĺğ (8.1), ŕàĺňěŋïï äőàňãńã

f = T^{−1}T f = ∑ j,k∈Z ⟨f, ψ_{b0,j,k}⟩T^{−1}ψ_{b0,j,k}. (8.3) Ŕőńăčăï ψ^{j,k}_{b0} := T^{−1}ψ_{b0,j,k}, j, k ∈ Z, ňőęŋő ŕěàěŕĺáăâì äőàňãńã (8.3) áńěďãîéĺň őąàăğőň: ďńï ńîąëå f, g ∈ L^2(R) ⟨f, g⟩ = ∑ j,k∈Z⟨f, ψb0,j,k⟩⟨ψ j,k b_0 , g⟩; f = ∑ j,k∈Z⟨f, ψb0,j,k⟩ψ j,k b_0 .

Ěáâěáâćěŋŋő ŋăğëćăâì {ψ^{j,k}_{b0} } ďćőľáâćěŋŋëň äàěľňőň ł äàěľňã {ψ_{b0,j,k}}. Őŕàěďěńěŋĺě 8.2 Čőćőàïâ, çâő äãŋłæĺï ψ ∈ L^2(R) ŕőàőęďăěâ ąăğĺá

Řĺááă (ĺńĺ ąěğãáńőćŋëľ ąăğĺá) {ψ_{b0,j,k}} á âěňŕőň ĺğňěàěŋĺľ b_0, ěáńĺ ćëŕőńŋěŋë áńěďãîéĺě ďćă ãáńőćĺï:

(i) ńĺŋěľŋăï őąőńőçłă {ψ_{b0,j,k}}_{j,k∈Z} ŕńőâŋă ć L^2(R); (ii) áãéěáâćãîâ ŕőńőęĺâěńìŋëě łőŋáâăŋâë A ĺ B, 0 < A ≤ B < ∞, âăłĺě, çâő ďńï ńîąëå {c_{j,k}} ∈ l^2(Z^2)

A‖{c_{j,k}}‖^2_l2 ≤ ‖ ‖ ‖ ‖ ‖ ∑ j,k∈Z c_{j,k}ψ_{b0,j,k} ‖ ‖ ‖ ‖ ‖ 2

2 ≤ B‖{c_{j,k}}‖^2_l2 . Łőŋáâăŋâë A ĺ B ŋăğëćăîâ łőŋáâăŋâăňĺ Řĺááă ďńï {ψ_{b0,j,k}}. Ěáńĺ b_0 = 1, âő äãŋłæĺï ψ ŋăğëćăěâáï R-äãŋłæĺěľ.

Ć ďăńìŋěľèěň ąãďěň ĺáŕőńìğőćăâì őąőğŋăçěŋĺě ψ_{j,k}(x) := ψ_{1,j,k}(x) = 2^{j/2}ψ(2^jx − k), łőâőàőě ŋě ŋăďő ŕãâăâì á ψ_{b,a} ĺğ (6.1).

Śńěďãîéĺľ àěğãńìâăâ ŕőłăğëćăěâ àăğŋĺæã ňěęďã äàěľňőň ĺ ąăğĺáőň Řĺááă.

Šěőàěňă 8.1 Ŕãáâì ψ ∈ L^2(R) ĺ b0 > 0. Šőčďă áńěďãîéĺě ãâćěàęďě-

ŋĺï íłćĺćăńěŋâŋë:

(i) {ψ_{b0,j,k}} - ąăğĺá Řĺááă ć L^2(R);

(ii) {ψ_{b0,j,k}} - äàěľň ć L^2(R) ĺ l^2-ńĺŋěľŋő ŋěğăćĺáĺňőě áěňěľáâćő, â.ě. ěáńĺ^∑ c_{j,k}ψ_{b0,j,k} = 0 ĺ {c_{j,k}} ∈ l^2, âő c_{j,k} = 0.

Ąőńěě âőčő, łőŋáâăŋâë Řĺááă áőćŕăďăîâ á čàăŋĺæăňĺ äàěľňă.

Ťãŋłæĺï, ŕőàőęďăîéăï äàěľň, ćáěčďă ïćńïěâáï ďćőĺçŋëň ćáŕńěáłőň.

Šěőàěňă 8.2 Ŕãáâì ψ ∈ L^2(R) ŕőàőęďăěâ äàěľň {ψb_0,j,k} ć L^2(R) á

čàăŋĺæăňĺ A, B ĺ âěňŕőň ĺğňěàěŋĺľ b_0 > 0. Šőčďă b_0A ≤ ∑ j∈Z | ^ψ(2^{−j} ω)|^2 ≤ b_0B, ŕ.ć.

9 Ćáŕńěáłőćëě àïďë

Ć ďăńìŋěľèěň ąãďěň ŕàěďŕőńăčăâì âěňŕ ĺğňěàěŋĺľ b_0 = 1. Ŕãáâì ψ - R-äãŋłæĺï, {ψ_{j,k}} - ąăğĺá Řĺááă, {ψ^{j,k} = T^{−1}ψ_{j,k}} - ďćőľáâćěŋŋëľ äàěľň (áň.(8.3)).

Ć łńăááě R-äãŋłæĺľ ćëďěńïîâ ďćă ćăęŋëå ŕőďňŋőęěáâćă. Őŕàěďěńěŋĺě 9.1 Ŕãáâì ψ ∈ L^2(R) - R-äãŋłæĺï. Šőčďă

(i) ψ ŋăğëćăîâ őàâőčőŋăńìŋëň ćáŕńěáłőň, ěáńĺ ψ_{j,k} ãďőćńěâćőàïîâ ãáńőćĺî őàâőčőŋăńìŋőáâĺ: ⟨ψ_{j,k}, ψ_{l,m}⟩ = δ_{j,l}δ_{k,m}, j, k, l, m ∈ Z; (ii) ψ ŋăğëćăîâ ŕőńãőàâőčőŋăńìŋëň ćáŕńěáłőň, ěáńĺ ψ_{j,k} ãďőćńěâćőàïîâ ãáńőćĺî: ⟨ψ_{j,k}ψ_{l,m}⟩ = 0, j ≠ l; j, k, l, m ∈ Z.

Őçěćĺďŋő, çâő őàâőčőŋăńìŋëě ćáŕńěáłĺ ïćńïîâáï áăňőďćőľáâćěŋŋë- ňĺ: ψ^{j,k} = ψ_{j,k}, j, k ∈ Z. Ďńï âőčő, çâőąë ãłăğăâì ďćőľáâćěŋŋëľ äàěľň ć ŕőńãőàâőčőŋăńìŋőň áńãçăě, ŕàĺćěďěň áńěďãîéĺľ łàĺâěàĺľ őàâőčőŋăńìŋőáâĺ.

Šěőàěňă 9.1 Ďńï ńîąőľ äãŋłæĺĺ ϕ ∈ L^2(R) áńěďãîéĺě ãâćěàęďěŋĺï

íłćĺćăńěŋâŋë:

(i) {ϕ(x − k) : k ∈ Z} - őàâőŋőàňĺàőćăŋŋőě áěňěľáâćő: ⟨ϕ(· − k), ϕ(· − l)⟩ = δ_{k,l}, k, l ∈ Z. (ii) ŕàěőąàăğőćăŋĺě Ťãàìě^^ϕ ãďőćńěâćőàïěâ ãáńőćĺî: 1 2π ∫ R e^{−ijx}| ^ϕ(x)|^2 dx = δ_{j,0}, j ∈ Z. (iii) Ďńï ŕőçâĺ ćáěå x ∑ j∈Z | ^ϕ(x + 2πk)|^2 = 1. Ąőńěě áńăąëň, çěň ãáńőćĺě őàâőčőŋăńìŋőáâĺ, ïćńïěâáï ãáńőćĺě Řĺááă ĺńĺ ãáńőćĺě ąěğãáńőćŋőáâĺ.

Šěőàěňă 9.2 Ďńï ńîąőľ äãŋłæĺĺ ϕ ĺ łőŋáâăŋâ 0 < A ≤ B < ∞ áńě-

ďãîéĺě ãâćěàęďěŋĺï íłćĺćăńěŋâŋë:

(i) {ϕ(· − k) : k ∈ Z} ãďőćńěâćőàïěâ ãáńőćĺî Řĺááă á łőŋáâăŋâăňĺ A ĺ B, â.ě. ďńï ńîąëå {c_k} ∈ l^2

A‖{c_k}‖^2_l2 ≤ ‖ ‖ ‖ ‖ ‖ ∑ k∈Z c_kϕ(· − k) ‖ ‖ ‖ ‖ ‖ 2

2 ≤ B‖{c_k}‖^2_l2 . (ii) ŕàěőąàăğőćăŋĺě Ťãàìě^^ϕ ãďőćńěâćőàïěâ ŕ.ć. ãáńőćĺî A ≤ ∑ k∈Z | ^ϕ(x + 2πk)|^2 ≤ B.

Šěőàěňă 9.3 Ŕãáâì ψ ∈ L^2(R) - ŕőńãőàâőčőŋăńìŋëľ ćáŕńěáł. Őŕàěďě-

ńĺň^~ψ ć őąàăğăå Ťãàìě ^~ψ(ω) := ^ψ(ω) ∑ k∈Z | ^ψ(ω + 2πk)|^2 . Šőčďă äãŋłæĺï^~ψ ďćőľáâćěŋŋă ł ψ, â.ě. ⟨ψ_{j,k}, ~ψ_{l,m}⟩ = δ_{j,l}δ_{k,m}, j, k, l, m ∈ Z, (9.1) čďě^~ψ_{l,m}(x) := 2^{l/2 ~}ψ(2^lx − m). Šăłĺň őąàăğőň, ďćőľáâćěŋŋëľ äàěľň ł {ψ_{j,k}} - íâő {ψ^{j,k} = ~ψ_{j,k}}. İâă âěőàěňă ãłăğëćăěâ, łăł ĺáŕàăćĺâì ŕőńãőàâőčőŋăńìŋëľ ćáŕńěáł ć őàâőčőŋăńìŋëľ. Ďěľáâćĺâěńìŋő, ŕőńăčăï

^ψ^⊥(ω) := ^ψ(ω) ( ∑ k∈Z | ^ψ(ω + 2πk)|^2)^{1/2} , (9.2) ŕőńãçăěň, çâő ^~ ψ^⊥(ω) = ^ψ^⊥(ω) ∑ k∈Z |^ψ^⊥(ω + 2πk)|^2 = ^ψ^⊥(ω). Šăłĺň őąàăğőň,^~ψ^⊥ = ψ^⊥, â.ě. ψ^⊥ - áăňőďćőľáâćěŋěŋ.

Śãéěáâćãîâ R-äãŋłæĺĺ, ã łőâőàëå ŋěâ ďćőľáâćěŋŋëå, â.ě. ďćőľáâćěŋŋëľ ąăğĺá {ψ^{j,k}} ł ąăğĺáã Řĺááă {ψ_{j,k}} ŋě ĺňěěâ ćĺďă {^~ψ_{j,k}} ŋĺ ďńï łăłőľ äãŋłæĺĺ^~ψ ∈ L^2(R).

Őŕàěďěńěŋĺě 9.2 R-äãŋłæĺï ψ ∈ L^2(R) ŋăğëćăěâáï ćáŕńěáłőň, ěáńĺ

áãéěáâćãěâ ďćőľáâćěŋŋăï äãŋłæĺï^~ψ ∈ L^2(R), âăłăï çâő {ψ_{j,k}} ĺ { ~ψ_{j,k}}, ãďőćńěâćőàïîâ (9.1).

Őçěćĺďŋő, çâő^~ψ - âőęě ćáŕńěáł á ďćőľáâćěŋŋëň ψ.

Ěáńĺ ψ - ćáŕńěáł á ďćőľáâćěŋŋëň^~ψ, âő ńîąãî äãŋłæĺî f ∈ L^2(R) ňőęŋő àăğńőęĺâì ć àïďë: f(x) = ∑ j,k∈Z c_{j,k}ψ_{j,k} = ∑ j,k∈Z d_{j,k} ~ψ_{j,k}. (9.3) Őąă íâĺå àïďă ŋăğëćăîâáï ćáŕńěáłőćëňĺ. Ć áĺńã (9.1) c_{j,k} = ⟨f, ~ψ_{j,k}⟩; d_{j,k} = ⟨f, ψ_{j,k}⟩.

Šěőàěňă 9.4 Ŕãáâì ψ - ćáŕńěáł á ďćőľáâćěŋŋëň^~ψ. Ďńï ŕàőĺğćőńìŋőľ

äãŋłæĺĺ f ∈ L^2(R) ćëçĺáńĺň ĹĆŔ á ψ ĺ^~ψ ć âőçłăå (b, a) = (^k_{2j} ,^1_{2j} ), j, k ∈ Z :

d_{j,k} = ⟨f, ψ_{j,k}⟩ = (W_ψf)(^k_{2j} ,^1_{2j} ); c_{j,k} = ⟨f, ~ψ_{j,k}⟩ = (W ~_ψf)(^k_{2j} ,^1_{2j} ).

Šőčďă f ňőęŋő ćőááâăŋőćĺâì ĺńĺ ŕő {d_{j,k}}, ĺńĺ ŕő {c_{j,k}}, ĺáŕőńìğãï àïďë (9.3). Ąőńěě âőčő, áłăńïàŋőě ŕàőĺğćěďěŋĺě ńîąëå ďćãå äãŋłæĺľ ĺğ L^2(R) ňőęŋő âăłęě ćëçĺáńĺâì ŕàĺ ŕőňőéĺ ďĺáłàěâŋëå ğŋăçěŋĺľ ĹĆŔ: ⟨f, g⟩ = ∑ j,k ⟨f, ψ_{j,k}⟩⟨ ~ψ_{j,k}, g⟩. 10 Śĺáâěňă Ţăăàă ŋă ŕàïňőľ

Śĺáâěňă Ţăăàă ŋă ćáěľ ŕàïňőľ ïćńïěâáï áăňëň ŕàőáâëň, ŋő ćňěáâě á âěň ĺ őďŋĺň ĺğ áăňëå ňőďěńìŋëå ŕàĺňěàőć őàâőčőŋăńìŋëå ćáŕńěáłőć. Ňë àăááłăęěň ő ŋěľ á áőćàěňěŋŋëå ŕőğĺæĺľ âěőàĺĺ ćáŕńěáłőć, ŕőďčőâăćńĺćăï çĺâăâěńěľ ł ŕőŋĺňăŋĺî őąéěľ áåěňë ŕőáâàőěŋĺï ćáŕńěáłőć, âăł ŋăğëćăěňőňã łàăâŋőňăáèâăąŋőňã ăŋăńĺğã (multiresolution analysis).

Ŕãáâì φ^H (t) = κ_{[0,1]}(t) (ć áőćàěňěŋŋőľ âěàňĺŋőńőčĺĺ, íâő - ňăáèâăąĺàãîéăï äãŋłæĺï Ţăăàă). Řăááňőâàĺň ğăňëłăŋĺě ŕő ŋőàňě L^2(R) ńĺŋěľŋőľ őąőńőçłĺ æěńőçĺáńěŋŋëå áďćĺčőć äãŋłæĺĺ φ^H :

V_0 := [φ^H_{0k}(·) := φ^H (· − k)]_{k∈Z} = { ∑ k∈Z c_{0k}φ^H_{0k} : ∑ k∈Z | c_{0k} |^2< ∞}. Ěáâěáâćěŋŋő ŋăğćăâì íâő ŕőďŕàőáâàăŋáâćő ŕőďŕàőáâàăŋáâćőň äãŋłæĺľ ňăáèâăąă 1. Ďńï ăŋăńĺğă äãŋłæĺľ ĺğ L^2(R) ŋãęŋë ŕőďŕàőáâàăŋáâćă äãŋłæĺľ á àăğńĺçŋëňĺ ňăáèâăąăňĺ. Őŕàěďěńĺň ŕőáńěďőćăâěńìŋőáâì ŕőďŕàőáâàăŋáâć {V_j }_{j∈Z} : V_j := [φ^H_{jk}(t) := 2^{j/2}φ^H (2^jt − k)]_{k∈Z} (V_j - ŕőďŕàőáâàăŋáâćő äãŋłæĺľ ňăáèâăąă 2^{−j} ). Őâňěâĺň, çâő ŕőáńěďőćăâěńìŋőáâì {φ^H_{jk}}_{k∈Z} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć V_j . Őçěćĺďŋő, çâő ⋂ j∈Z V_j = {0} (10.1)

ĺ_⋃ j∈Z V_j = L^2(R). (10.2)

Ğďěáì X őąőğŋăçăěâ ğăňëłăŋĺě ŕőďŕàőáâàăŋáâćă X ŕő ŋőàňě L^2(R).

Ŕőáńěďŋěě áćőľáâćő ŋăâăńłĺćăěâ ŋă ňëáńì ŕőńãçĺâì őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć L^2(R), ĺáŕőńìğãï áőćőłãŕŋőáâì őàâőŋőàňĺàőćăŋŋëå ąăğĺáőć ć V_j . Ŋă íâőň ŕãâĺ ěáâì ŋěąőńìèőě ŕàěŕïâáâćĺě. Ŋěáňőâàï ŋă ćńőęěŋĺě V_j ⊆ V_{j+1}, őàâőŋőàňĺàőćăŋŋëľ ąăğĺá {φ^H_{jk}}_{k∈Z} ć V_j ŋě ïćńïěâáï çăáâìî őàâőŋőàňĺàőćăŋŋőčő ąăğĺáă {φ^H_{j+1,k}}_{k∈Z} ć V_{j+1}. Ŕőíâőňã ŋěőąåőďĺňő àăááãęďăâì áńěďãîéĺň őąàăğőň. Ŕãáâì W_0 - íâő őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě V_0 ďő V_1: V_0 ⊕ W_0 = V_1. Ąăğĺá ŕàőáâàăŋáâćă V_0 áőáâőĺâ ĺğ æěńőçĺáńěŋŋëå áďćĺčőć äãŋłæĺĺ φ^H_{00}. Ąăğĺá ŕàőáâàăŋáâćă V_1 áőáâőĺâ ĺğ áďćĺčőć ŋă k/2 (k ∈ Z) äãŋłæĺĺ φ^H_1 (t) = √ 2φ(2t) : φ^H_{1,k}(t) = φ^H_1 (t − k/2).

Ć áĺńã íâĺå äăłâőć ěáâěáâćěŋŋő ŕőŕëâăâìáï ŋăľâĺ äãŋłæĺî ψ, æěńőçĺáńěŋŋëě áďćĺčĺ łőâőàőľ őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć W_0. Šăłĺň áćőľáâćőň őąńăďăěâ äãŋłæĺï

ψ^H(t) =

1, t ∈ (0, 1/2); −1, t ∈ (1/2, 1); 0, ć őáâăńìŋëå áńãçăïå.

İâő ĺ ěáâì ćáŕńěáł Ţăăàă.

- 0 1 p p p p p p p p p p p p p p p p p

p p p p p p p p p p p p p p p p p

Řĺá.1. Ňăáèâăąĺàãîéăï äãŋłæĺï Ţăăàă. - 0 1 p p p p p p p p

p p p p p p p p p p p p p p p p p

p p p p p p p p

Řĺá.2. Ćáŕńěáł Ţăăàă.

Ĺâăł, W_0 = [ψ^H_{0k}(·) := ψ^H(· − k)]_{k∈Z}. Ěáńĺ őŕàěďěńĺâì W_j := [ψ^H_{jk}(t) := 2^{j/2}ψ^H(2^j t − k)]_{k∈Z}, âő őçěćĺďŋő

V_j ⊕ W_j = V_{j+1}. (10.3)

Ĺğ (10.1), (10.2), (10.3) áńěďãěâ, çâő

L^2(R) = ⊕^∞_{j=−∞}W_j . (10.4)

Ŕőáłőńìłã ŕàőáâàăŋáâćă W_j ćğăĺňŋő őàâőčőŋăńìŋë, âő, őąêěďĺŋïï ćáě őàâőŋőàňĺàőćăŋŋëě ąăğĺáë ć W_j, ňë ŕőńãçĺň őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć L^2(R): {ψ^H_{jk}}_{j∈Z,k∈Z}. Őâňěâĺň áàăğã, çâő ć ŕàĺńőęěŋĺïå çăéě ćáěčő ãďőąŋěě ğăňěŋĺâì ć (10.4) ⊕^{−1}_{j=−∞}W_j ŋă V_0: V_0 ⊕ {⊕^∞_{j=0}W_j} = L^2(R).

Ć íâőň áńãçăě őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć L^2(R) áőáâőĺâ ĺğ {φ^H_{0k}}_{k∈Z} ĺ {ψ^H_{jk}}_{j∈Z,k∈Z,j≥0}. Šăłĺň őąàăğőň, ńîąãî äãŋłæĺî ĺğ L^2(R) ňőęŋő àăğńőęĺâì ć àïď f = ∑ j∈Z ∑ k∈Z d_{jk}ψ^H_{jk} = ∑ k∈Z c_{0k}φ^H_{0k} + ∞∑ j=0 ∑ k∈Z d_{jk}ψ^H_{jk}. Ŕőáńěďŋĺľ àïď ãďőąěŋ, ć çăáâŋőáâĺ, ŕőâőňã, çâő ńěčłő ŕěàěŋőáĺâáï áő ćáěľ ŕàïňőľ ŋă őâàěğőł [0, 1]. Ďńï f ∈ L^2[0, 1] ĺňěěň

f = c_0 + ∞∑ j=0 2j−1∑ k=0 d_{jk}ψ^H_{jk}. (10.5)

Ĺňěŋŋő ć âăłőň ćĺďě áĺáâěňã őŕàěďěńĺń Ă.Ţăăà [H].

Ŕěàěçĺáńĺň ŕàěĺňãéěáâćă (10.5) ŕő áàăćŋěŋĺî á łńăááĺçěáłĺň àïďőň Ťãàìě ŕő âàĺčőŋőňěâàĺçěáłőľ áĺáâěňě f(t) = 1 2 a_0 + ∞∑ l=1 (a_l cos lt + b_l sin lt). (10.6)

Ŕěàćőě ŕàěĺňãéěáâćő áőáâőĺâ ć âőň, çâő àïď Ţăăàă ïćńïěâáï åőàőèő ńőłăńĺğőćăŋŋëň. Ěáńĺ ňë ĺŋâěàěáãěňáï ŕőćěďěŋĺěň äãŋłæĺĺ f ŋă ŕőďĺŋâěàćăńě [a, b], âő ć àăğńőęěŋĺĺ (10.5) ŋăň ŋãęŋë âőńìłő âě ĺŋďěłáë j ĺ k, ďńï łőâőàëå supp ψ^H_{jk} = [k2^{−j} , (k + 1)2^{−j} ] ŕěàěáěłăěâáï á [a, b], âőčďă łăł ć àăğńőęěŋĺĺ (10.6) ŋăň ŕőâàěąãîâáï ćáě łőíääĺæĺěŋâë. Ćâőàőě őâńĺçĺě áőáâőĺâ ć âőň, çâő çăáâĺçŋăï áãňňă àïďă Ţăăàă ŕő j = 0, 1, 2, ..., N ïćńïěâáï ŕàĺąńĺęěŋĺěň ĺáåőďŋőľ äãŋłæĺĺ á âőçŋőáâìî ďő ňăáèâăąă 2^{−N −1}. İâĺ ďćă áćőľáâćă, ńőłăńĺğőćăŋŋőáâì ĺ ňăáèâăąĺàőćăŋĺě, ïćńïîâáï åăàăłâěàŋëňĺ ďńï ćáěå ćáŕńěáłőćëå àăğńőęěŋĺľ.

Ŕàěęďě çěň àăááłăğăâì ő ďàãčĺå ćáŕńěáłăå, ĺğńőęĺň ŋăĺąőńěě őąéĺľ ňěâőď ŕőáâàőěŋĺï ćáŕńěáłőć, âăł ŋăğëćăěňëľ łàăâŋőňăáèâăąŋëľ ăŋăńĺğ.

11 Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ ć L^2(R)

Őŕàěďěńěŋĺě 11.1 Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ (ŁŇĂ) - íâő ŕőáńě-

ďőćăâěńìŋőáâì {V_j }_{j∈Z} ğăňłŋãâëå ŕőďŕàőáâàăŋáâć L^2(R), ãďőćńěâćőàïîéăï áńěďãîéĺň áćőľáâćăň:

V_j ⊂ V_{j+1}; (11.1) ∪_{j∈Z}V_j = L^2(R); (11.2) ∩_{j∈Z}V_j = {0}; (11.3) f ∈ V_j ⇔ f(2^{−j} ·) ∈ V_0; (11.4) f ∈ V_0 ⇔ f(· − k) ∈ V_0 ďńï ńîąőčő k ∈ Z; (11.5) áãéěáâćãěâ äãŋłæĺï φ ∈ V_0 âăłăï, çâő ŕőáńěďőćăâěńìŋőáâì {φ(· − k)}_{k∈Z} őąàăğãěâ ąăğĺá Řĺááă ć V_0. (11.6)

İâő ŕőŋïâĺě ććěďěŋő ĺ ĺááńěďőćăŋő ć [Ma].

Ěáńĺ őąőğŋăçĺâì çěàěğ P_j őàâőčőŋăńìŋëľ ŕàőěłâőà ŋă V_j, âő ĺğ ãáńőćĺï (11.2) áńěďãěâ, çâő lim_{j→∞} P_j f = f ďńï ńîąőľ äãŋłæĺĺ f ∈ L^2(R). Şáńőćĺě (11.4) őğŋăçăěâ, çâő ćáě ŕőďŕàőáâàăŋáâćă V_j őďŋőğŋăçŋő őŕàěďěńïîâáï ĺğ æěŋâàăńìŋőčő ŕőďŕàőáâàăŋáâćă V_0 ŕàĺ ŕőňőéĺ áőőâćěâáâćãîéěľ ğăňěŋë ŕěàěňěŋŋëå (áőőâćěâáâćãîéěčő ĺğňěŋěŋĺï ňăáèâăąă). Ĺğ (11.4) ĺ (11.5) áńěďãěâ, çâő ďńï ńîąőľ äãŋłæĺĺ f ∈ V_j äãŋłæĺï f(· − 2^{−j} k) âăłęě ŕàĺŋăďńěęĺâ V_j ŕàĺ ńîąőň k ∈ Z. Ŕãáâì φ_{jk}(t) := 2^{j/2}φ(2^jt − k); j, k ∈ Z. Ĺğ (11.4) ĺ (11.6) áńěďãěâ, çâő ŕőáńěďőćăâěńìŋőáâì {φ_{jk}}_{k∈Z} ïćńïěâáï ąăğĺáőň Řĺááă ć V_j ďńï ńîąőčő j ∈ Z. Ŋě őčàăŋĺçĺćăï őąéŋőáâĺ, ňőęŋő áçĺâăâì, çâő {φ(· − k)}_Z - ŐŊĄ ć V_0 (íâőčő ćáěčďă ňőęŋő ďőáâĺçì ğă áçěâ őàâőčőŋăńĺğăæĺĺ (9.2)).

Őáŋőćŋëň áćőľáâćőň ŁŇĂ ïćńïěâáï ćőğňőęŋőáâì ŕőáâàőěŋĺï őàâőŋőàňĺàőćăŋŋőčő ćáŕńěáłőčő ąăğĺáă {ψ_{jk}}_{j, k∈Z}, ψ_{jk}(t) = 2^{j/2}ψ(2^jt − k), âăłőčő, çâő ďńï ńîąőľ äãŋłæĺĺ f ĺğ L^2(R)

P_{j+1}f = P_j f + ∑ k∈Z ⟨f, ψ_{jk}⟩ψ_{jk}. (11.7) Őŕĺèěň ŕàőæěáá ŕőáâàőěŋĺï âăłőčő ąăğĺáă. Ŕãáâì W_j - íâő őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě V_j ďő V_{j+1} : W_j ⊕ V_j = V_{j+1}. Ć áĺńã (11.1)

W_j ⊥ W_{j1} ŕàĺ j ≠ j_1, (11.8) ĺ ŕàĺ ńîąëå j_0 < j V_j = V_{j0} ⊕ ( ⊕^{j−1}_{l=j0} W_l ) . (11.9)

Ĺğ (11.2) ĺ (11.3) áńěďãěâ, çâő

L^2(R) = ⊕_{j∈Z}W_j . (11.10)

Ŕőáńěďőćăâěńìŋőáâì {W_j}_{j∈Z} ŋăáńěďãěâ őâ V_j áćőľáâćő (11.4):

f ∈ W_j ⇔ f(2^{−j} ·) ∈ W_0. (11.11)

Ťőàňãńă (11.7) íłćĺćăńěŋâŋă âőňã, çâő ŕàĺ äĺłáĺàőćăŋŋőň j ŕőáńěďőćăâěńìŋőáâì {ψ_{jk}}_{k∈Z} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć W_j. Ć áĺńã (11.10) ŕőáńěďŋěě őğŋăçăěâ, çâő {ψ_{jk}}_{j, k∈Z} - őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć L^2(R). Ğăňěâĺň âěŕěàì, çâő áćőľáâćő (11.11) čăàăŋâĺàãěâ, çâő {ψ_{jk}}_{k∈Z} ąãďěâ ąăğĺáőň ć W_j, ěáńĺ {ψ_{0k}}_{k∈Z} ïćńïěâáï ąăğĺáőň ć W_0. Šăłĺň őąàăğőň, ğăďăçă ŕőáâàőěŋĺï ćáŕńěáłőčő ąăğĺáă áő áćőľáâćőň (11.7) áćőďĺâáï ł ŋăåőęďěŋĺî äãŋłæĺĺ ψ âăłőľ, çâő ŕőáńěďőćăâěńìŋőáâì {ψ(· − k)}_{k∈Z} őąàăğãěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć W_0.

Ďńï ŕőáâàőěŋĺï äãŋłæĺĺ ψ ŋăň ŕőâàěąãîâáï ŋěłőâőàëě áćőľáâćă φ ĺ W_0. Šăł łăł φ ∈ V_0 ⊂ V_1 ĺ {φ_{1k}}_{k∈Z} - őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć V_1, âő φ = ∑ k∈Z h_k φ_{1k}, (11.12) čďě h_k := ⟨φ, φ_{1k}⟩, ∑ k∈Z |h_k|^2 = 1. (11.13)

Ŕěàěåőďï ł őąàăğăň Ťãàìě, ĺňěěň ^φ(ω) = m(ω/2) ^φ(ω/2), (11.14) čďě m(ω) =^{1√}_2^∑_{k∈Z} h_ke^{−ikω}. Ťãŋłæĺî φ ŋăğëćăîâ ňăáèâăąĺàãîéěľ (scaling), àăćěŋáâćő (11.12) - ňăáèâăąŋëň, àăćěŋáâćő (11.14) - ãâőçŋïîéĺň (re˛nement), äãŋłæĺî m - ãâőçŋïîéěľ ňăáłőľ (re˛nement mask) ĺńĺ ňăáèâăąĺàãîéĺň äĺńìâàőň (scaling ˛lter).

Ć áĺńã âěőàěňë 9.1 ∑ l∈Z | ^φ(ω + 2πl)|^2 = 1 (11.15) ďńï ŕőçâĺ ćáěå ω. Ěáńĺ ŕőďáâăćĺâì (11.14) ć (11.15), âő ŕőńãçĺň, çâő ∑ l∈Z |m(ω/2 + πl) ^φ(ω/2 + πl)|^2 = 1. Řăğąĺćăï áãňňã ŋă ďćě (ŕő çěâŋëň ĺ ŕő ŋěçěâŋëň l) ĺ ãçĺâëćăï 2π-ŕěàĺőďĺçŋőáâì m, ĺňěěň ∑ l∈Z |m(ω/2 + 2πl) ^φ(ω/2 + 2πl)|^2 + ∑ l∈Z |m(ω/2 + 2πl + π) ^φ(ω/2 + 2πl + π)|^2 = = |m(ω/2)|^2 + |m(ω/2 + π)|^2 = 1. (11.16) Őåăàăłâěàĺğãěň ŕőďŕàőáâàăŋáâćő W_0 ć âěàňĺŋăå őąàăğőć Ťãàìě. Ńîąăï äãŋłæĺï f ĺğ W_0 ŕàĺŋăďńěęĺâ V_1 ĺ őàâőčőŋăńìŋă V_0. Ŕěàćőě áćőľáâćő őğŋăçăěâ, çâő f =^∑_{k∈Z} f_kφ_{1k} čďě f_k = ⟨f, φ_{1k}⟩. Ć őąàăğăå Ťãàìě ĺňěěň

^f (ω) = m_f (ω/2) ^φ(ω/2), (11.17)

čďě m_f =^{1√}_2^∑_{k∈Z} f_k e^{−ikω} { 2π-ŕěàĺőďĺçěáłăï äãŋłæĺï ĺğ L^2[0, 2π]. Şáńőćĺě őàâőčőŋăńìŋőáâĺ f ł V_0 íłćĺćăńěŋâŋő âőňã, çâő f ⊥ φ_{0k} ďńï ńîąőčő k ∈ Z, â.ě. ∫ R ^f(ω) ^φ(ω) e^{ikω} dω = 0. Ğăňěâĺň,çâő ∫ R ^f (ω) ^φ(ω) e^{ikω} dω = ∫_2π 0 e^{ikω} ∑ l∈Z ^f (ω + 2πl) ^φ(ω + 2πl) dω = 0. (11.18)

Šăł łăł àăćěŋáâćő (11.18) ĺňěěâ ňěáâő ďńï ńîąőčő k ∈ Z, âő ∑ l∈Z ^f (ω + 2πl) ^φ(ω + 2πl) = 0. (11.19)

Řïď ć (11.19) áåőďĺâáï ăąáőńîâŋő ć L^1([0, 2π]). Ŕőďáâăćńïï (11.14) ĺ (11.17) ć (11.19) ĺ čàãŕŕĺàãï áãňňë á çěâŋëňĺ ĺ ŋěçěâŋëňĺ l, ŕőńãçĺň, ãçĺâëćăï (11.15), çâő ∑ l∈Z ^f(ω + 2πl) ^φ(ω + 2πl) = = m_f (ω/2)m(ω/2) + m_f (ω/2 + π)m(ω/2 + π) = 0.

Ć áĺńã (11.16) m(ω) ĺ m(ω+π) ŋě ňőčãâ őąàăâĺâìáï ć ŋőńì őďŋőćàěňěŋŋő, ŕőíâőňã áãéěáâćãěâ 2π-ŕěàĺőďĺçěáłăï äãŋłæĺï λ(ω) âăłăï, çâő

m_f (ω) = λ(ω)m(ω + π) .. (11.20)

ĺ λ(ω)+λ(ω+π) = 0. Ŕőáńěďŋěě àăćěŋáâćő ňőęŋő ŕěàěŕĺáăâì, łăł λ(ω) = e^{−iω}ν(2ω), čďě ν - ŋěłőâőàăï 2π-ŕěàĺőďĺçěáłăï äãŋłæĺï. Šăłĺň őąàăğőň, ŕàěőąàăğőćăŋĺě Ťãàìě ŕàőĺğćőńìŋőľ äãŋłæĺĺ ĺğ W_0 ĺňěěâ ćĺď ^f(ω) = e^{−iω/2}m(ω/2 + π) ν(ω) ^φ(ω/2), (11.21) čďě ν { ŋěłőâőàăï 2π-ŕěàĺőďĺçěáłăï äãŋłæĺï. Łàőňě âőčő,

‖f‖_L2_{(R)} =^1_{2π} ‖ ^f‖_L2_{(R)} =

=^1_{2π}

∫_2π 0 |ν|^2 ∑ l∈Z |m(ω/2 + πl + π) ^φ(ω/2 + πl)|^2 dω = = ‖ν‖_L2_{([0, 2π]).}

Šăłĺň őąàăğőň, 2π-ŕěàĺőďĺçěáłăï äãŋłæĺï ν ïćńïěâáï łćăďàăâĺçŋő áãňňĺàãěňőľ.

Ĺňěï őŕĺáăŋĺě (11.21) ŕàőáâàăŋáâćă W_0 ńěčłő ŋăľâĺ äãŋłæĺî ψ ∈ W_0, æěńëě áďćĺčĺ łőâőàőľ {ψ(· − k)}_{k∈Z} őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć W_0. Ŕãáâì ψ - ĺáłőňăï äãŋłæĺï. Šőčďă ^ψ(ω) = e^{−iω/2}m(ω/2 + π)ν_ψ(ω) ^φ(ω/2). Ŕőďáâăćńïï íâő ćëàăęěŋĺě ć (11.15), ŕőńãçăěň, ĺáŕőńìğãï (11.16), çâő

|ν_ψ(ω)|^2 ≡ 1 ŕ.ć. (11.22)

Ŕàőéě ćáěčő ŕőńőęĺâì ν_ψ(ω) ≡ 1. Ć áĺńã (11.21) æěńëě áďćĺčĺ äãŋłæĺĺ ψ, őŕàěďěńïěňőľ àăćěŋáâćőň ^ψ(ω) = e^{−iω/2}m(ω/2 + π) ^φ(ω/2), (11.23) ąãďãâ ąăğĺáőň ć W_0. Ďěľáâćĺâěńìŋő, ěáńĺ ν(ω) =^∑_{k∈Z} ν_k e^{−ikω}, âő ^f(ω) = (∑ k∈Z ν_k e^{−ikω} ) ^ψ(ω) ĺńĺ f(·) = ∑ k∈Z ν_k ψ(· − k). Ğăňěâĺň, çâő ć áĺńã (11.22) őąàăğ Ťãàìě ńîąőľ äãŋłæĺĺ, æěńëě áďćĺčĺ łőâőàőľ őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć W_0, őâńĺçăěâáï őâ őąàăğă Ťãàìě äãŋłæĺĺ ψ ĺğ (11.23) ńĺèì ŋěłőâőàëň 2π-ŕěàĺőďĺçěá-łĺň ňŋőęĺâěńěň ŕő ňőďãńî àăćŋëň 1.

Šăłĺň őąàăğőň, ĺňěï łàăâŋőňăáèâăąŋëľ ăŋăńĺğ {V_j}_{j∈Z}, ŕőàőęďăěňëľ ňăáèâăąĺàãîéěľ äãŋłæĺěľ φ, ćáěčďă ňőęŋő ŕőáâàőĺâì őàâőŋőàňĺàőćăŋŋëľ ćáŕńěáłőćëľ ąăğĺá {ψ_{jk}}_{j, k∈Z} ć L^2(R), őąńăďăîéĺľ áćőľáâćőň (11.7).

Ĺğ äőàňãńë (11.23) áńěďãěâ, çâő ψ(t) = ∑ k∈Z (−1)^{k−1}h_{−k+1}φ_{1k}(t). (11.24)

Ć ńĺâěàăâãàě ďńï áőłàăéěŋĺï ğăŕĺáěľ çăéě ćáěčő ĺáŕőńìğãîâ ψ(t) = ∑ k∈Z (−1)^kh_{−k+1}φ_{1k}(t). (11.25)

Ć ğăłńîçěŋĺě íâőčő ŕăàăčàăäă ŕàőăŋăńĺğĺàãěň, ąőńěě ŕőďàőąŋő, áćőľáâćă (11.2) ĺ (11.3). Ŕàĺćőďĺňëě ŋĺęě àěğãńìâăâë ďőłăğăŋë ć [BDR].

Ŕãáâì^^V := {^^f : f ∈ V }. Ĺğ âőęďěáâćă Ŕńăŋèěàěńï ĺ áćőľáâć (11.4-11.6) áńěďãěâ, çâő f ∈ V_j âőčďă ĺ âőńìłő âőčďă, łőčďă

^f(ω) = m(ξ2^{−j} ) ^φ(ω2^{−j} ), ^f (ω) ∈ L_2(R), (11.26)

čďě m - ŋěłőâőàăï 2π-ŕěàĺőďĺçěáłăï äãŋłæĺï.

Ńěňňă 11.1 Ĺğ áćőľáâć (11.4) ĺ (11.5) áńěďãěâ, çâő ŕàőáâàăŋáâćő

∪_{j∈Z}V_j ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő áďćĺčőć.

Ďőłăğăâěńìáâćő. Ć áĺńã (11.4-11.5) ĺğ f ∈ ∪_{j∈Z}V_j áńěďãěâ, çâő f(· + t) ∈ ∪_{j∈Z}V_j ďńï ńîąőčő ďćőĺçŋő-àăæĺőŋăńìŋőčő t = 2^{−j} l, l, k ∈ Z. Šăł łăł áďćĺč ïćńïěâáï ŋěŕàěàëćŋőľ őŕěàăæĺěľ ć L_2(R), âő f(· + t) ∈ ∪_{j∈Z}V_j ďńï ńîąőčő t ∈ R. Ěáńĺ âěŕěàì g ∈ ∪_{j∈Z}V_j , âő, ŕàĺąńĺęăï g äãŋłæĺïňĺ f ∈ ∪_{j∈Z}V_j , ĺ, ğăňěçăï, çâő ‖f(· + t) − g(· + t)‖_{L2(R)} = = ‖g − f‖_{L2(R)}, ŕőńãçăěň ãâćěàęďěŋĺě ńěňňë. 2

Ţőàőèő ĺğćěáâŋő, çâő ğăňłŋãâőě ŕőďŕàőáâàăŋáâćő X ć L_2(R) ïćńïěâáï ĺŋćăàĺăŋâŋëň őâŋőáĺâěńìŋő áďćĺčőć âőčďă ĺ âőńìłő âőčďă, łőčďă ^X = L_2(Ω) ďńï ŋěłőâőàőčő ĺğňěàĺňőčő ňŋőęěáâćă Ω.

Ć ďăńìŋěľèěň àăćěŋáâćă ňěęďã ňŋőęěáâćăňĺ ŕőŋĺňăîâáï á âőçŋőáâìî ďő ňŋőęěáâć ŋãńěćőľ ňěàë.

Šěőàěňă 11.1 Ŕãáâì ŕőáńěďőćăâěńìŋőáâì {Vj , }j∈Z ãďőćńěâćőàïěâ

áćőľáâćăň (11.4-11.6). Šőčďă ∪_{j∈Z}V_j = L_2(R) âőčďă ĺ âőńìłő âőčďă, łőčďă Ω_0 := ∪_{j∈Z} supp ^φ(2^{−j} ·) = R.

Ďőłăğăâěńìáâćő. Ŕãáâì X := ∪_{j∈Z}V_j. Šőčďă^^X = L_2(Ω). Šăłĺň őąàăğőň, X = L_2(R) âőčďă ĺ âőńìłő âőčďă, łőčďă Ω = R. Šăł łăł φ(2^j ·) ∈ V_j , j ∈ Z, âő supp ^φ(2^{−j} ·) ⊂ Ω. Ŕőíâőňã Ω_0 ⊂ Ω. Ŕàěďŕőńőęĺň âěŕěàì, çâő Ω\Ω_0 áőďěàęĺâ ňŋőęěáâćő ŕőńőęĺâěńìŋőľ ňěàë Ω_1. Ć áĺńã (11.26) ŕàěőąàăğőćăŋĺě Ťãàìě ńîąőčő íńěňěŋâă ĺğ V_j őąŋãńïěâáï ŋă Ω_1. Śńěďőćăâěńìŋő, âőęě áăňőě ćěàŋő ďńï ńîąőčő íńěňěŋâă ĺğ ∪_{j∈Z}V_j, Ŕěàěåőďï ł ŕàěďěńã, ŕőńãçăěň, çâő ŕàěőąàăğőćăŋĺě Ťãàìě ńîąőčő íńěňěŋâă ĺğ X őąŋãńïěâáï ŋă Ω_1, çâő ŕàőâĺćőàěçĺâ âőňã, çâő^^X ⊃ L_2(Ω_1). 2

Śńěďáâćĺě 11.1 Ŕãáâì ŕőáńěďőćăâěńìŋőáâì {Vj, }j∈Z ãďőćńěâćőàïěâ

áćőľáâćăň (11.4-11.6) ĺ ^φ ŋě àăćŋő ŋãńî ŕőçâĺ ćáîďã ŋă ŋěłőâőàőľ őłàěáâŋőáâĺ ŋãńï. Šőčďă ∪_{j∈Z}V_j = L_2(R).

Ďőłăęěň âěŕěàì, çâő ãáńőćĺě (11.3) áńěďãěâ ĺğ áćőľáâć (11.4-11.6) łàăâŋőňăáèâăąŋőčő ăŋăńĺğă. Ďńï ďőłăğăâěńìáâćă ŋăň ŕőâàěąãîâáï ďćě ńěňňë, ŕěàćăï ĺğ łőâőàëå åőàőèő ĺğćěáâŋă.

Ńěňňă 11.2 Ŕãáâì Ω - ĺğňěàĺňőě ŕőďňŋőęěáâćő R, ŕàĺçěň Ω + αt =

Ω ďńï ŋěłőâőàőčő ďěľáâćĺâěńìŋőčő çĺáńă α ≠ 0 ĺ ďńï ńîąőčő ďćőĺçŋőàăæĺőŋăńìŋőčő çĺáńă t ∈ R. Šőčďă Ω = R ĺńĺ Ω = ∅.

Łàőňě âőčő, ěáńĺ f - ŋěłőâőàăï ĺğňěàĺňăï äãŋłæĺï ŋă R, ãďőćńěâćőàïîéăï ãáńőćĺî f(· + αt) = f(·) ďńï ńîąőčő ďćőĺçŋő-àăæĺőŋăńìŋőčő t, âő f = const ŕőçâĺ ćáîďã.

Ďőłăğăâěńìáâćő íâőľ ńěňňë őáŋőćăŋő ŋă áćőľáâćăå âőçěł Ńěąěčă ĺğňěàĺňőľ äãŋłæĺĺ.

Ńěňňă 11.3 Ŕãáâì ŕőáńěďőćăâěńìŋőáâì {Vj , }j∈Z ğăňłŋãâëå ŕőďŕàő-

áâàăŋáâć L_2(R) ãďőćńěâćőàïěâ áćőľáâćăň (11.4-11.6) łàăâŋőňăáèâăąŋőčő ăŋăńĺğă. Šőčďă Y = ∩_{j∈Z}V_j ĺňěěâ àăğňěàŋőáâì ≤ 1.

Ďőłăğăâěńìáâćő. Ŕàěďŕőńőęĺň, çâő Y ≠ {0}. Ďőłăęěň, çâő ć íâőň áńãçăě dim Y = 1. Ŕãáâì f, g - ďćě ŕàőĺğćőńìŋëě äãŋłæĺĺ ĺğ Y. Řăááňőâàĺň őâőąàăęěŋĺě F : R → C^2:

F (ω) =

0, ěáńĺ ^f(ω) = ^g(ω) = 0,

( ^f_(ω_),^g_(ω_{))} ^f_(ω_) , ěáńĺ ^f(ω) ≠ 0, ^g(ω) = 0, ( ^f_(ω_),^g_(ω_{))} ^g(ω) , ěáńĺ ^g(ω) ≠ 0. Ďőłăęěň, çâő őâőąàăęěŋĺě F ŕőáâőïŋŋő ŋă áćőěň ŋőáĺâěńě. Ďńï íâőčő àăááňőâàĺň ŕàőĺğćőńìŋőě ĺğňěàĺňőě ŕőďňŋőęěáâćő K ⊂ C^2\{0}. Ŕàěďŕőńőęĺň, çâő A := F^{−1}(K) ĺňěěâ ŕőńőęĺâěńìŋãî ňěàã. Ŕãáâì D - íâő ňŋőęěáâćő âőçěł ćĺďă 2^j kπ, k ∈ Z, j ∈ Z. Řăááňőâàĺň ω ∈ A ĺ t = 2^{j+1}kπ ∈ D. Ć áĺńã (11.26) áãéěáâćãîâ 2π-ŕěàĺőďĺçěáłĺě äãŋłæĺĺ τ ĺ ν âăłĺě, çâő ^f(ω) = τ (ω2^{−j} ) ^φ(ω2^{−j} ), ^g(ω) = ν(ω2^{−j} ) ^φ(ω2^{−j} ) ŕ.ć. Šăł łăł 0 ∉ K, âő F (ω) ≠ 0, ĺ ğŋăçĺâ ^φ(ω2^{−j} ) ≠ 0. Ŕőíâőňã

( ^f(ω + t), ^g(ω + t)) = ^φ(2^{−j} (ω + t))(τ (2^{−j}ω + 2kπ), ν(2^{−j} ω + 2kπ)) = = ^φ(2^{−j} (ω + t))(τ (2^{−j}ω), ν(2^{−j} ω)) = ^^{φ(2−j(ω+t))}^_{φ(2−jω)} ( ^f (ω), ^g(ω)). Ŕőńãçěŋŋőě àăćěŋáâćő őğŋăçăěâ, çâő ńĺąő F (ω + t) = 0, ńĺąő F (ω + t) = F (ω). Ŕőíâőňã F (A + D) ⊂ K ∪ {0}. Ć áĺńã ńěňňë 11.2 A + D = R, âăł łăł A ĺňěěâ ŕőńőęĺâěńìŋãî ňěàã. Šăłĺň őąàăğőň, ćáě ŋěŋãńěćëě ğŋăçěŋĺï F ŕàĺŋăďńěęăâ K. Ŕőáłőńìłã K ňőęŋő ćëąàăâì áłőńì ãčőďŋő ňăńëň, őâőąàăęěŋĺě F ŕőáâőïŋŋő ŋă áćőěň ŋőáĺâěńě. Ŕőáńěďŋěě őğŋăçăěâ, çâő äãŋłæĺĺ f ĺ g ńĺŋěľŋő ğăćĺáĺňë. 2

Šěőàěňă 11.2 Ŕãáâì ŕőáńěďőćăâěńìŋőáâì {Vj, }j∈Z ğăňłŋãâëå ŕőď-

ŕàőáâàăŋáâć L_2(R) ãďőćńěâćőàïěâ áćőľáâćăň (11.4-11.6) ŁŇĂ. Šőčďă Y := ∩_{j∈Z}V_j = {0}. Ďőłăğăâěńìáâćő. Ŕàěďŕőńőęĺň ŕàőâĺćŋőě: ŕãáâì f ∈ Y ĺ f ≠ 0. Ć áĺńã (11.4) V_j ïćńïěâáï áęăâĺěň ć ďćă àăğă V_{j−1}, ŕőíâőňã ŕőďŕàőáâàăŋáâćő Y ĺŋćăàĺăŋâő őâŋőáĺâěńìŋő áęăâĺï ć 2 àăğă. Ś ďàãčőľ áâőàőŋë, ć áĺńã ńěňňë 11.3 dimY ≤ 1, ŕőíâőňã áãéěáâćãěâ łőŋáâăŋâă λ, âăłăï, çâő

f(2·) = λf(·) ŕ.ć. ŋă R. (11.27)

Ďőłăęěň, çâő (11.27) ŕàőâĺćőàěçĺâ f ∈ L_2(R)\{0}. Ďěľáâćĺâěńìŋő, ďńï ńîąőčő C > 0 ňŋőęěáâćă F_j := {t : 2^j ≤ |t| < 2^{j+1} ĺ |f(t)| > C|λ|^j} ĺňěîâ áńěďãîéĺě áćőľáâćă: F_j = 2F_{j−1}, |F_j| = 2|F_{j−1}|, j ∈ Z. Ěáńĺ f ≠ 0, âő áãéěáâćãěâ C > 0, âăłőě, çâő |F_0| ≠ 0. Ĺğ (11.27) áńěďãěâ, çâő |f(t)| > C|λ|^k ďńï t ∈ 2^kF_0. Ŕőíâőňã, ∫ R |f(t)|^2 dt ≥ |F_0| ∑ k∈Z(2|λ|^2)^k, çâő ŕàőâĺćőàěçĺâ f ∈ L_2(R). 2

12 Śĺáâěňă Şĺââăłěàă-Ÿěŋŋőŋă-Łőâěńìŋĺłőćă

Ďàãčĺň ŕàőáâěľèĺň ŕàĺňěàőň őàâőčőŋăńìŋëå ćáŕńěáłőć ïćńïěâáï áĺáâěňă Şĺââăłěàă-Ÿěŋŋőŋă-Łőâěńìŋĺłőćă (áň., ŋăŕàĺňěà, [W]). Řăááňőâàĺň äãŋłæĺî φ^S, ĺňěîéãî őąàăğ Ťãàìě

^φ^S(ω) := κ_{[−π, π]}(ω) = { 1, ěáńĺ |ω| ≤ π; 0, ć őáâăńìŋëå áńãçăïå.

§áŋő, çâő φ^S(t) =^{sin πt}_{πt} . Őçěćĺďŋő, çâő ^φ^S ãďőćńěâćőàïěâ ãáńőćĺî (11.15), ğŋăçĺâ äãŋłæĺĺ φ^S_{0k}(·) := φ^S (· − k) őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć V_0 := [φ^S_{0k}]_{k∈Z}. Ńěčłő ćĺďěâì, çâő^^V_0 := {^^f : f ∈ V_0} = L^2([−π, π]). Łàőňě âőčő, ěáńĺ f ∈ V_0, âő f(t) = ∑ k∈Z f(k)φ^S (t − k). (12.1)

Ďěńő ć âőň, çâő ⟨f, φ^S_{0k}⟩ =^1_{2π} ⟨^^f, ^φ^S_{0k}⟩ =^1_{2π}^{∫ π}_{−π}^^f(ω)e^{ikω} dt = f(k). Ěáńĺ âěŕěàì őŕàěďěńĺâì ďńï ńîąőčő æěńőčő j V_j := [φ^S_{jk}]_{k∈Z}, âő ńěčłő ćĺďěâì, çâő {V_j }_{j∈Z} őąàăğãîâ ŁŇĂ. Ŕőáâàőĺň áőőâćěâáâćãîéĺľ ćáŕńěáłőćëľ ąăğĺá. Ğăňěâĺň, çâő ^φ^S(ω) = m^S(ω/2) ^φ^S (ω/2), čďě 2π-ŕěàĺőďĺçěáłăï ãâőçŋïîéăï ňăáłă m^S àăćŋă

m^S(ω) = { 1, ěáńĺ |ω| ≤ π/2; 0, ěáńĺ^π_2 ≤ |ω| ≤ π. Łőíääĺæĺěŋâë {h_k}_{k∈Z} ĺğ (11.12) ňőęŋő ŋăľâĺ, ŕőńìğãïáì äőàňãńőľ (12.1) (âőçŋěě ěě ăŋăńőčőň ďńï äãŋłæĺľ ĺğ V_1):

φ^S(t) = ∑ k∈Z φ^S(k/2) φ^S (2t − k). (12.2)

Ğŋăçĺâ

h^S_k =

1, ěáńĺ k = 0; √ 2 kπ (−1)^{(k−1)/2}, ěáńĺ k - ŋěçěâŋőě;

0, ěáńĺ k - çěâŋőě.

Ć áőőâćěâáâćĺě á őąéěľ áåěňőľ ćáŕńěáł Şĺââăłěpă-Ÿěŋŋőŋă-Łőâěńìŋĺ-łőćă ĺňěěâ őąpăğ Ťãpìě, păćŋëľ ^ψ^S = e^{−iω/2}m^S(ω/2 + π) ^φ^S(ω/2) = e^{−iω/2}κ_{[−2π, π]∪[π, 2π]}(ω) = = e^{−iω/2}( ^φ^S (ω/2) − ^φ^S(ω)). Őâłãďă ψ^S(t) = 2φ^S (2t − 1) − φ^S(t − 1/2).

Řĺá.1. Čàăäĺł φ^S (t). Řĺá.2. Čàăäĺł ψ^S(t).

13 Łőŋáâăŋâë ŋěőŕàěďěńěŋŋőáâĺ

Ćáŕńěáłĺ Ţăăàă ĺ Şĺââăłěàă-Ÿěŋŋőŋă-Łőâěńìŋĺłőćă ŕàěďáâăćńïîâ áőąőľ, ãáńőćŋő čőćőàï, ďćă ŕőńîáă ć èłăńě ćáŕńěáłőć. Ćáŕńěáłĺ Ţăăàă ĺňěîâ ŕàěłàăáŋãî ćàěňěŋŋãî ńőłăńĺğőćăŋŋőáâì (łőňŕăłâŋëľ ŋőáĺâěńì), őďŋăłő ŕńőåő ńőłăńĺğőćăŋë ŕő çăáâőâě (ŕàěőąàăğőćăŋĺě Ťãàìě ćáŕńěáłă Ţăăàă ãąëćăěâ ŋă ąěáłőŋěçŋőáâĺ łăł |ω|^{−1}). Ćáŕńěáłĺ ęě Şĺââăłěàă-Ÿěŋŋőŋă-Łőâěńìŋĺłőćă ŋăőąőàőâ ĺňěîâ łőňŕăłâŋëľ áŕěłâà (ŋőáĺâěńì ŕàěőąàăğőćăŋĺï Ťãàìě), ŋő ãąëćăîâ ŋă ąěáłőŋěçŋőáâĺ łăł |t|^{−1}. Ğăňěâĺň, çâő Δ_{ψjk} = 2^{−j} Δ_ψ, Δ_{^ψjk} = 2^j Δ_{^ψ}, j, k ∈ Z. Šăłĺň őąàăğőň, łőŋáâăŋâă ŋěőŕàěďěńěŋŋőáâĺ (áň. á. 12) ďńï ćáěå íńěňěŋâőć ćáŕńěáłőćőčő ąăğĺáă őďŋă ĺ âăęě. Ďńï ćáŕńěáłőć Ţăăàă ĺ Şĺâăłłěàă-Ÿěŋŋőŋă- Łőâěńìŋĺłőćă łőŋáâăŋâă ŋěőŕàěďěńěŋŋőáâĺ àăćŋă ąěáłőŋěçŋőáâĺ: Δ ^_{ψH} = ∞, Δ_ψS = ∞. Ŕàĺňěàăňĺ ćáŕńěáłőćëå ąăğĺáőć á łőŋěçŋőľ łőŋáâăŋâőľ ŋěőŕàěďěńěŋŋőáâĺ ïćńïîâáï ćáŕńěáłĺ Ňěľěàă, Śâàěňąěàčă, Ńěňăàĺ-Ąíâńă ĺ Ďőąěèĺ.

14 Ćáŕńěáłĺ Ňěľěàă

Ćáŕńěáłĺ Ňěľěàă ïćńïîâáï áčńăęěŋŋëň ćăàĺăŋâőň ćáŕńěáłőć Şĺââăłěàă-Ÿěŋŋőŋă-Łőâěńìŋĺłőćă. Ňăáèâăąĺàãîéăï äãŋłæĺï Ňěľěàă φ^M őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň. Ŕãáâì θ(ω) - ŋěçěâŋăï ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňăï äãŋłæĺï, àăćŋăï π/4 ŕàĺ ω > π/3 ĺ −π/4 ŕàĺ ω < −π/3. Őŕàěďěńĺň çěâŋãî äãŋłæĺî λ(ω) äőàňãńőľ λ(ω) = π/4 + θ(ω − π), ěáńĺ ω ∈ [2π/3, 4π/3]; π/4 − θ(^ω_2 − π), ěáńĺ ω ∈ [4π/3, 8π/3]; 0, ěáńĺ ω ∈ [0, 2π/3) ∪ (8π/3, ∞].

Ŕàěőąàăğőćăŋĺě Ťãàìě ňăáèâăąĺàãîéěľ äãŋłæĺĺ Ňěľěàă àăćŋő

^φ^M (ω) = { cos(λ(ω)), ěáńĺ |ω| ≤ 4π/3; 0, ěáńĺ |ω| > 4π/3. Őâłãďă φ^M (t) =^1_{2π}^∫_R cos (tω) cos (λ(ω)) dω. Ńěčłő ŕàőćěàĺâì, çâő ^φ^M ãďőćńěâćőàïěâ (iii) ĺğ âěőàěňë 9.1. Łàőňě âőčő, ^φ^M (ω) = m^M (ω/2) ^φ^M (ω/2), čďě 2π-ŕěàĺőďĺçěáłăï ãâőçŋïîéăï ňăáłă m^M (ω) àăćŋă ∑ l∈Z ^φM (2ω + 4lπ). Ŕőíâőňã, ňăáèâăąĺàãîéăï äãŋłæĺï

φ^M ŕőàőęďăěâ łàăâŋőňăáèâăąŋëľ ăŋăńĺğ, ĺ, ğŋăçĺâ, áãéěáâćãěâ áőőâćěâáâćãîéĺľ ćáŕńěáłőćëľ ąăğĺá {ψ^M_{jk} }_{j,k∈Z}, čďě ^ψ^M (ω) := e^{−iω/2}m(ω/2 + π) ^φ^M (ω/2) = e^{−iω/2} sin (λ(ω)) ĺńĺ

ψ^M (t) = 1 2π ∫ R cos((t − 1/2)ω) sin (λ(ω)) dω. (14.1)

Řĺá.1. Čàăäĺł φ^M (t). Řĺá.2. Čàăäĺł ψ^M (t). Őâňěâĺň, çâő ňăáèâăąĺàãîéăï äãŋłæĺï Ňěľěàă, âăłęě łăł ĺ ňăáèâăąĺàãîéăï äãŋłæĺï Ÿěŋŋőŋă (áň. (12.2)), ãďőćńěâćőàïěâ àăćěŋáâćã φ^M (t) = ∑ k∈Z φ^M (k/2) φ^M (2t − k). Ďěľáâćĺâěńìŋő, ⟨φ^M , φ^M (2 · −k)⟩ =

=^1_{4π} ∫ R ^φ^M (ω) ^φ^M (ω/2)e^{−ikω/2} dω =^1_{4π} ∫ R ^φ^M (ω)e^{−ikω/2} dω =^1_2 φ^M (k/2).

15 Ćáŕńěáłĺ Ńěňăàĺ-Ąíâńă ĺ Śâàěňąěàčă

Ğăäĺłáĺàãěň ŕàőĺğćőńìŋőě ŋăâãàăńìŋőě çĺáńő m. Řăááňőâàĺň ďńï ńîąőčő æěńőčő j ŕőďŕàőáâàăŋáâćő V^m_j , áőáâőïéěě ĺğ (m−2) àăğă ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňëå äãŋłæĺľ ĺğ L^2(R), łőâőàëě ŋă ńîąőň ĺŋâěàćăńě ćĺďă [k2^{−j} , (k + 1)2^{−j} ], k ∈ Z, áőćŕăďăîâ á ŋěłőâőàëň ŕőńĺŋőňőň áâěŕěŋĺ ŋě ćëèě m − 1. Śőćěàèěŋŋő őçěćĺďŋő, çâő ŕőáńěďőćăâěńìŋőáâì {V^m_j }_{j∈Z} ãďőćńěâćőàïěâ áćőľáâćăň łàăâŋőňăáèâăąŋőčő ăŋăńĺğă.

Ć łăçěáâćě ňăáèâăąĺàãîéěľ äãŋłæĺĺ ňőęŋő ćğïâì B-áŕńăľŋ

N^m(x) := (N^{m−1} ∗ N^1)(x) =

∫_1 0 N^{m−1}(x − t) dt, m ≥ 2, (15.1) čďě N^1 = κ_{[0,1)}. §áŋő, çâő æěńëě áďćĺčĺ N^m ŋě őàâőčőŋăńìŋë ďàãč ďàãčã ŕàĺ m > 1. Ŋăŕàĺňěà, ŕàĺ m = 2

N^2(t) = t, ěáńĺ t ∈ [0, 1];

2 − t, ěáńĺ t ∈ (1, 2];

0, ěáńĺ t /∈ [0, 2];

ĺ äãŋłæĺĺ N^2(·) ĺ N^2(· ± 1) ŋě őàâőčőŋăńìŋë ďàãč ďàãčã.

Ĺğ (15.1) áńěďãěâ, çâő

^N^m(ω) = (_{1−} e^{−iω} iω )m , | ^N^m(ω)| = | | |^{sin (}ω/^{2)} ω/2 | | | m , ∑ l∈Z | ^N^m(ω + 2lπ)|^2 = ∑ l∈Z | | |^{sin (}ω/^{2+}lπ^) ω/2+lπ | | |^2 m . Ŕőíâőňã, ć áĺńã âěőàěňë 9.2 {N^m(· − k)}_{k∈Z} - ąăğĺá Řĺááă ć V^m_0 .

Ďńï ŕőáâàőěŋĺï őàâőčőŋăńìŋëå áŕńăľŋ-ćáŕńěáłőć őŕàěďěńĺň áŋăçăńă őàâőčőŋăńìŋãî ňăáèâăąĺàãîéãî äãŋłæĺî (áň. âěőàěňã 9.1) ^φ^{B,m}(ω) = ^N^m(ω) (∑ l∈Z | ^N^m(ω + 2lπ)|^2 )_{−1}/_2

. (15.2)

(Ćěàåŋĺľ ĺŋďěłá B - ŕěàćăï ąãłćă äăňĺńĺĺ Ę.Ąíâńă, ćáŕńěáłĺ łőâőàőčő ŕőńãçăâáï ŕàĺ âăłőň ćëąőàě őàâőčőŋăńìŋőľ ňăáèâăąĺàãîéěľ äãŋłæĺĺ.)

Řăááňőâàĺň ďćă áńãçăï. Ŕãáâì m - çěâŋőě, m = 2s, s ∈ N. Šőčďă ^N^m(ω) = ((sin ω/2)/(ω/2))^{2s} e^{−iωs}. Ďńï ãŕàőéěŋĺï ćëłńăďőł ğăňěŋĺň N^m(t) ŋă N^m(t + s). Šőčďă ^N^m(ω) = ((sin ω/2)/(ω/2))^{2s} . Ďńï őàâőčőŋăńĺğăæĺĺ ŋăďő ŕőáçĺâăâì ∑ l∈Z | ^N^m(ω + 2lπ)|^2 1/2 = (sin ω/2)^{2s}( ∑ l∈Z (ω/2 + lπ)^{−4s})^{1/2}.

İâő ňőęŋő áďěńăâì, ďĺääěàěŋæĺàãï âőęďěáâćő^∑_{l∈Z}(ω + lπ)^{−1} = ctg ω. Ŕàőďĺääěàěŋæĺàőćăć (q − 1) àăğ, ŕőńãçĺň ∑ l∈Z 1 (ω + lπ)^q = P_q(cos ω) (sin ω)^q

, (15.3) čďě P_q - ŕőńĺŋőň áâěŕěŋĺ q − 2. Ďńï çěâŋëå q őçěćĺďŋő, çâő P_q(t) áâàőčő ŕőńőęĺâěńěŋ ŋă [0, 1]. Őłőŋçăâěńìŋő ĺňěěň

^φ^{B,m}(ω) = ((sin ω/2)/(ω/2))^m (P_{2m}(cos ω/2))^{−1/2}.

Ťãŋłæĺï φ^{B,m} ďěľáâćĺâěńìŋőğŋăçŋă ĺ áĺňňěâàĺçŋă őâŋőáĺâěńìŋő t = 0.

Ěáńĺ m - ŋěçěâŋő, âő ăŋăńőčĺçŋëě ćëłńăďłĺ ŕőłăğëćăîâ, çâő

^φ^{B,m}(ω) = e^{−iω/2} ((sin ω/2)/(ω/2))^m (P_{2m}(cos ω/2))^{−1/2}.

Ć íâőň áńãçăě, äãŋłæĺï φ^{B,m} ďěľáâćĺâěńìŋőğŋăçŋă ĺ áĺňňěâàĺçŋă őâŋőáĺâěńìŋő t = 1/2.

Ć áőőâćěâáâćĺĺ á őąéěľ áåěňőľ, ŁŇĂ á ňăáèâăąĺàãîéěľ äãŋłæĺěľ φ^{B,m} ŕőğćőńïěâ ŕőáâàőĺâì ćáŕńěáłőćëľ ąăğĺá {ψ^{B,m}_{jk} }_{j,k∈Z}. İâőâ ąăğĺá ąëń ŕőáâàőěŋ (ąěğ ĺáŕőńìğőćăŋĺï ŁŇĂ) ć àăąőâăå: [B], [L].

Řĺá.1. Čàăäĺł φ^{B,2}(t). Řĺá.2. Čàăäĺł ψ^{B,2}(t). Őàâőčőŋăńĺğőćăâì B-áŕńăľŋ N^m ňőęŋő çãâì-çãâì ŕő-ďàãčőňã. Ĺğ (15.3) áńěďãěâ, çâő ∑ l∈Z | ^N^m(ω + 2lπ)|^2 = P_{2m}(cos ω/2). (15.4)

Łőíääĺæĺěŋâë ŕőńĺŋőňă P_{2m}(cos ω/2) ŋěâàãďŋő ŋăľâĺ ĺğ áńěďãîéĺå áőőąàăęěŋĺľ. Őçěćĺďŋő, çâő

supp N^m = [0, m]. (15.5)

Őáâăěâáï ğăňěâĺâì, çâő ŕő äőàňãńě Ŕńăŋèěàěńï 1 2π ∫_2π 0 e^{ikω} ∑ l∈Z | ^N^m(ω + 2lπ)|^2 dω =^1_{2π} ∫ R e^{ikω}| ^N^m(ω)|^2 dω = = ∫ R N^m(t)N^m(t + k) dt. (15.6)

Łàőňě âőčő, ⟨N^m_{0k}, N^m_{00}⟩ = ⟨N^m_{0,−k}, N^m_{00}⟩.

Ŋăŕőňŋĺň åőàőèő ĺğćěáâŋãî ńěňňã Řĺááă [R, Ğăďăçă 40].

Ńěňňă 15.1 Ŕãáâì A(ξ) =^{∑T}_{−T} γke^{ikξ} - âàĺčőŋőňěâàĺçěáłĺľ ŕőńĺŋőň,

ŕőńőęĺâěńìŋëľ ĺńĺ àăćŋëľ ŋãńî ŋă ďěľáâćĺâěńìŋőľ őáĺ. Šőčďă áãéěáâćãěâ âàĺčőŋőňěâàĺçěáłĺľ ŕőńĺŋőň h(ξ) =^{∑T}_0 α_ke^{ikξ}, âăłőľ, çâő |h(ξ)|^2 = A(ξ). Ąőńěě âőčő, ěáńĺ łőíääĺæĺěŋâë γ_k ďěľáâćĺâěńìŋë, âő h(ξ) ňőęŋő âőęě ćëąàăâì á ďěľáâćĺâěńìŋëňĺ α_k.

Ĺğ íâőľ ńěňňë áńěďãěâ, çâő

P_{2m}(cos ω/2) = a_m|(1 + z_1 e^{iω}) · · · (1 + z_{m−1} e^{iω})|^2,

čďě {z_l}^{m−1}_{l=1} ćáěčďă ňőęŋő ćëąàăâì ćŋãâàĺ ěďĺŋĺçŋőčő łàãčă: |z_l| < 1. Ąőńěě âőčő, ĺğ àěğãńìâăâőć Ĺ.Ÿőŋąěàčă (I.J.Shoenberg) [Sh] áńěďãěâ, çâő {z_l}^{m−1}_{l=1} ŕőńőęĺâěńìŋëě çĺáńă. Őąőğŋăçĺň ĺå s_{m−1} < · · · < s_1. Ŕãáâì

A_m(w) := √ a_m(1 + s_1 e^{iw}) · · · (1 + s_{m−1} e^{iw}).

Šőčďă äãŋłæĺï φ^{St,m}, őŕàěďěńïěňăï ^φ^{St,m}(ω) = ^N^m(ω) A_m(ω) , (15.7)

âăłęě łăł ĺ φ^{B,m}, ãďőćńěâćőàïěâ ãáńőćĺî (iii) ĺğ âěőàěňë 9.1 ĺ, áńěďőćăâěńìŋő, ïćńïěâáï őàâőčőŋăńìŋőľ ňăáèâăąĺàãîéěľ ďńï {V^m_j }_{j∈Z}. Šăł łăł (1+s e^{iw})^{−1} =^{∑∞}_{l=0}(−s e^{iw})^l, àăćěŋáâćő (15.7) őğŋăçăěâ, çâő φ^{St,m} àăğńăčăěâáï ć àïď ŕő æěńëň áďćĺčăň ćńěćő B-áŕńăľŋă N^m, ŕàĺçěň łőíääĺæĺěŋâë àăğńőęěŋĺï ãąëćăîâ łăł čěőňěâàĺçěáłăï ŕàőčàěááĺï. Ğŋăçĺâ, supp φ^{St,m} = (−∞, m] ĺ φ^{St,m}(t) ãąëćăěâ íłáŕőŋěŋæĺăńìŋő ŕàĺ t → −∞. ŁŇĂ á âăłőľ ňăáèâăąĺàãîéěľ äãŋłæĺěľ ŕőàőęďăěâ ćáŕńěáłőćëľ ąăğĺá {ψ^{St,m}_{jk} }_{j,k∈Z}, ŕőáâàőěŋŋëľ (ąěğ ĺáŕőńìğőćăŋĺï ŁŇĂ) ć [St].

Řĺá.1. Čàăäĺł φ^{St,2}(t). Řĺá.2. Čàăäĺł ψ^{St,2}(t).

16 Őàâőčőŋăńìŋëě ćáŕńěáłĺ á łőňŕăłâŋëň ŋőáĺâěńěň

Ŕàőáâěľèĺľ áŕőáőą ŕőáâàőěŋĺï őàâőčőŋăńìŋëå ćáŕńěáłőć á łőňŕăłâŋëň ŋőáĺâěńěň őáŋőćăŋ ŋă ĺáŕőńìğőćăŋĺĺ őàâőčőŋăńìŋëå ňăáèâăąĺàãîéĺå äãŋłæĺľ á łőňŕăłâŋëň ŋőáĺâěńěň. Ć íâőň áńãçăě, ć ŕőáńěďőćăâěńìŋőáâĺ h_n := √ 2 ∫ R φ(x)φ(2x − n) dx, n ∈ N, ĺğ (11.12) âőńìłő łőŋěçŋőě çĺáńő h_n őâńĺçŋő őâ ŋãńï, ĺ ŕőíâőňã áőőâćěâáâćãîéĺľ ćáŕńěáł ψ (áň.(11.25)) ïćńïěâáï łőŋěçŋőľ ńĺŋěľŋőľ łőňąĺŋăæĺěľ äãŋłæĺľ á łőňŕăłâŋëň ŋőáĺâěńěň, â.ě. áăň ĺňěěâ łőňŕăłâŋëľ ŋőáĺâěńì. Şâőçŋïîéĺľ äĺńìâà m_0 ąãďěâ âàĺčőŋőňěâàĺçěáłĺň ŕőńĺŋőňőň m_0(ω) =^{1√}_2^∑_{n∈Z} h_ne^{−inω}. Ć áĺńã (11.16) |m_0(ω/2)|^2 + |m_0(ω/2 + π)|^2 ≡ 1.

Ěáâěáâćěŋŋő áâăàăâìáï ŕőáâàőĺâì φ ĺ ψ ďőáâăâőçŋő àěčãńïàŋëňĺ. Őâňěâĺň ğďěáì áńěďãîéěě ŋěőąåőďĺňőě ãáńőćĺě [D].

Šěőàěňă 16.1 Ŕãáâì f ∈ L^2(R) ãďőćńěâćőàïěâ ãáńőćĺïň ⟨f_{j,k}, f_{l,m}⟩ = δ_{j,l}δ_{k,m}, čďě f_{j,k}(x) = 2^{j/2}f(2^j x − k). Ŕàěďŕőńőęĺň, çâő f ĺňěěâ łőňŕăłâŋëľ ŋőáĺâěńì, f ∈ C^m(R) ĺ f^{(l)} őčàăŋĺçěŋë ŕàĺ l ≤ m. Šőčďă ∫ R x^lf(x) dx = 0 ďńï l = 0, 1, ..., m. (16.1)

Śćőľáâćő (16.1) íłćĺćăńěŋâŋő âőňã, çâő^^ψ^{(l)}(0) = 0 ŕàĺ l = 0, 1, ..., m. Šăł łăł^^ψ(ω) = e^{−iω/2}m_0(ω/2 + π) ^φ(ω/2) ĺ ^φ(0) = 1, âő ĺğ ψ ∈ C^m(R) áńěďãěâ, çâő m_0 ĺňěěâ ŋőńì łàăâŋőáâĺ m + 1 ć π ĺńĺ m_0(ω) = (^{1+eiω}_2 )^{m+1}L(ω), čďě L - ŋěłőâőàëľ âàĺčőŋőňěâàĺçěáłĺľ ŕőńĺŋőň.

Ĺâăł, ąãďěň ĺáłăâì àěèěŋĺï (11.16) ć ćĺďě m_0(ω) = (^{1+eiω}_2 )^N L(ω). Ğăňěâĺň, çâő |m_0(ω)|^2 =^(cos^{2 ω}_2^{)N} |L(ω)|^2 =^(cos^{2 ω}_2^{)N} P (sin^{2 ω}_2 ), čďě P (sin^{2 ω}_2 ) := |L(ω)|^2. Ŕőďáâăćńïï íâő ćëàăęěŋĺě ć (11.16), ŕőńãçăěň ãàăćŋěŋĺě ŋă P :

x^N P (1 − x) + (1 − x)^N P (x) = 1. (16.2)

Šăł łăł x^N ĺ (1 − x)^N - ćğăĺňŋő-ŕàőáâëě ŕőńĺŋőňë áâěŕěŋĺ N, âő ŕő âěőàěňě Ąěğã áãéěáâćãěâ ěďĺŋáâćěŋŋëľ ŕőńĺŋőň P_{N −1} áâěŕěŋĺ N−1, ãďőćńěâćőàïîéĺľ (16.2): P_{N −1}(x) =^{∑N −1}_{k=0}^{(N −1+k}_k^)x^k. Őçěćĺďŋő, çâő P_{N −1}(x) > 0. Śãéěáâćãîâ àěèěŋĺï (16.2) ąőńěě ćëáőłőľ áâěŕěŋĺ

P (x) = P_{N −1}(x) + x^N R(x −^1_2 ), čďě R - ŕàőĺğćőńìŋëľ ŋěçěâŋëľ ŕőńĺŋőň. Ďńï ŕàőáâőâë àăááňőâàĺň ğďěáì âőńìłő áńãçăľ R = 0.

Ğŋăï P, ŕőńĺŋőň m_0 ŋăåőďĺâáï ŕàĺ ŕőňőéĺ ńěňňë 15.1. Ĺâăł, ŕãáâì N ∈ N. Ťĺńìâàăňĺ Ďőąěèĺ ŋăğëćăîâ âàĺčőŋőňěâàĺçěáłĺě ŕőńĺŋőňë d_N (ω) = 2^{−1/2 2N −1∑}_{l=0} h_N (l)e^{ilω}, h_N (l) ∈ R, ãďőćńěâćő-

àïîéĺě àăćěŋáâćăň |d_N (ω)|^2 =^(cos^{2 ω}_2^{)N} P_{N −1}(sin^{2 ω}_2 ). Ć [D1] ďőłăğăŋă áńěďãîéăï

Šěőàěňă 16.2 Ťãŋłæĺï φ^{D,N} , őŕàěďěńěŋŋăï ć őąàăğăå Ťãàìě łăł ^φ^{D,N} (ω) := ∏_∞ l=1 d_N (ω2^{−l}), ïćńïěâáï őàâőčőŋăńìŋőľ ňăáèâăąĺàãîéěľ äãŋłæĺěľ. Śőőâćěâáâćãîéĺľ ćáŕńěáł ψ^{D,N} , őŕàěďěńïěňëľ äőàňãńőľ ^ψ^{D,N} (ω) = e^{−iω/2}d_N (ω/2 + π) ^φ^{D,N} (ω/2), ŕőàőęďăěâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć L^2(R) : {ψ^{D,N}_{jk} (·) := 2^{j/2}ψ^{D,N}(2^j · −k)}_{j∈Z,k∈Z}. Ąőńěě âőčő, supp ψ^{D,N} = [−(N − 1), N], ĺ áãéěáâćãěâ λ > 0, âăłăï, çâő ψ^{D,N} ∈ C^{λN}, čďě C^α := {f : ∫ R f̂(ω)(1 + |ω|)αdω < ∞}, α > 0.

Řĺá.1. Čàăäĺł φ^{D,2}(t). Řĺá.2. Čàăäĺł ψ^{D,2}(t).

Řĺá.1. Čàăäĺł φ^{D,4}(t). Řĺá.2. Čàăäĺł ψ^{D,4}(t).

17 Ąëáâàëě ăńčőàĺâňë

Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ ŕőğćőńïěâ ąëáâàő ćëçĺáńïâì ćáŕńěáłőćëě łőíääĺæĺěŋâë ğăďăŋŋőľ äãŋłæĺĺ. Ŕàěďŕőńőęĺň, çâő ŋăň ĺğćěáâŋë áłăńïàŋëě ŕàőĺğćěďěŋĺï f á {φ_{jk}}_{k∈Z} ďńï ŋěłőâőàőčő j. Ŋě őčàăŋĺçĺćăï őąéŋőáâĺ, ňőęŋő áçĺâăâì j = 0 (ł íâőňã áńãçăî ćáěčďă ňőęŋő ŕěàěľâĺ áőőâćěâáâćãîéěľ ğăňěŋőľ ŕěàěňěŋŋëå). Ğŋăï ⟨f, φ_{0k}⟩, k ∈ Z, ńěčłő ŕőďáçĺâăâì ⟨f, ψ_{jk}⟩ ďńï j < 0. Ďěľáâćĺâěńìŋő, ψ =^∑_{k∈Z} g_k φ_{1k}, čďě g_k = (−1)^kh_{1−k} (áň.(11.25)). Śńěďőćăâěńìŋő,

ψ_{jk}(t) = 2^{j/2}ψ(2^j t − k) = 2^{j/2} ∑ l∈Z φ(2^j t − 2k − l) = = ∑ l∈Z g_l φ_{j+1,2k+l}(t) = ∑ l∈Z g_{l−2k} φ_{j+1,l}(t). (17.1) Ğŋăçĺâ ⟨f, ψ_{−1,k}⟩ =^∑_{l∈Z} g_{l−2k}⟨f, ϕ_{0l}⟩, â.ě. {⟨f, ψ_{−1,k}⟩}_{k∈Z} ŕőńãçăěâáï áćěàâłőľ ŕőáńěďőćăâěńìŋőáâĺ {⟨f, φ_{0l}⟩}_{l∈Z} á {g_{−l}}_{l∈Z} á ŕőáńěďãîéĺň ćëąőàőň âőńìłő çěâŋëå íńěňěŋâőć. Ăŋăńőčĺçŋő ćëŕőńŋïěâáï ŕěàěåőď őâ áńőï j ł j − 1 ⟨f, ψ_{j−1,k}⟩ = ∑ l∈Z g_{l−2k}⟨f, φ_{j,l}⟩, (17.2) ŕàăćďă ŕàĺ íâőň ŋãęŋő ŕàěďćăàĺâěńìŋő ćëçĺáńĺâì {⟨f, φ_{j,k}⟩}_{k∈Z}. Ŋő, ć áĺńã ňăáèâăąŋőčő àăćěŋáâćă φ_{j,k} = ∑ l∈Z h_{l−2k}φ_{j+1,l}. (17.3) Ŕőíâőňã, ⟨f, φ_{j,k}⟩ = ∑ l∈Z h_{l−2k}⟨f, φ_{j+1,l}⟩. (17.4) Ĺâăł, ŋăçĺŋăï á {⟨f, φ_{0,k}⟩}_{k∈Z}, ňőęŋő ćëçĺáńĺâì {⟨f, ψ_{−1,k}⟩}_{k∈Z} ŕő (17.2) ĺ {⟨f, φ_{−1,k}⟩}_{k∈Z} ŕő (17.4). Ğăâěň ňë ňőęěň ŕàĺňěŋĺâì (17.2) ĺ (17.4) áŋőćă ĺ ŕőńãçĺâì {⟨f, ψ_{−2,k}⟩}_{k∈Z} ĺ {⟨f, φ_{−2,k}⟩}_{k∈Z}, ĺáŕőńìğãï {⟨f, φ_{−1,k}⟩}_{k∈Z}. Šăłĺň őąàăğőň, ŋă łăęďőň èăčě ćëçĺáńïîâáï ŋě âőńìłő ćáŕńěáłőćëě łőíääĺæĺěŋâë j - čő áńőï, ŋő ĺ ćáŕőňőčăâěńìŋëě łőíääĺæĺěŋâë {⟨f, φ_{j,k}⟩}_{k∈Z} łőâőàëě ŕőâàěąãîâáï ďńï ŋăåőęďěŋĺï ćáŕńěáłőćëå łőíääĺæĺěŋâőć ć (j − 1)-őň áńőě.

Ć æěńőň ćěáì ŕàőæěáá ňőęŋő àăááňăâàĺćăâì łăł ŕőáńěďőćăâěńìŋőě ćëçĺáńěŋĺě ąőńěě čàãąëå ŕàĺąńĺęěŋĺľ äãŋłæĺĺ f ćňěáâě á äĺłáăæĺěľ ďěâăńěľ, ŋěőąåőďĺňëå ďńï ŕőńãçěŋĺï ąőńěě âőçŋőčő ŕàĺąńĺęěŋĺï ĺğ ąőńěě čàãąőčő. Ś íâőľ âőçłĺ ğàěŋĺï, ňë ŋăçĺŋăěň á ŕàĺąńĺęěŋĺï f^0 = P_0f (ŋăŕőňĺŋăěň, çâő P_j - íâő őàâőčőŋăńìŋëľ ŕàőěłâőà ŋă V_j ; çěàěğ Q_j ňë ąãďěň őąőğŋăçăâì ŕàőěłâőà ŋă W_j ). Ďăńěě ňë àăğńăčăěň f^0 ∈ V_0 = V_{−1} ⊕W_{−1} ŋă f^{−1} ĺ δ^{−1} : f^0 = f^{−1} +δ^{−1}, čďě f^{−1} = P_{−1}f^0 = P_{−1}f - ąőńěě čàãąőě ŕàĺąńĺęěŋĺě f ć èłăńě łàăâŋőňăáèâăąŋőčő ăŋăńĺğă , ă δ^{−1} = f^0 − f^{−1} = Q_{−1}f^0 = Q_{−1}f - íâő "ŕőâěàï" ć ĺŋäőàňăæĺĺ ŕàĺ őâőąàăęěŋĺĺ f^0 → f^{−1}. Ć łăęďőň ĺğ ŕàőáâàăŋáâć V_j ĺ W_j ěáâì őàâőŋőàňĺàőćăŋŋëľ ąăğĺá {φ_{j,k}}_{k∈Z} ĺ {ψ_{j,k}}_{k∈Z}, ŕőíâőňã

f^0 = ∑ k∈Z s^0_k φ_{0k}, f^{−1} = ∑ k∈Z s^{−1}_k φ_{−1,k}, δ^{−1} = ∑ k∈Z d^{−1}_k ψ_{−1,k}. Šăłĺň őąàăğőň, äőàňãńë (17.2), (17.4) ğăďăîâ ŕàěőąàăğőćăŋĺě łőíääĺæĺěŋâőć ŕàĺ ŕěàěåőďě őâ őàâőŋőàňĺàőćăŋŋőčő ąăğĺáă {φ_{0k}}_{k∈Z} ć V_0 ł őàâőŋőàňĺàőćăŋŋőňã ąăğĺáã {φ_{−1,k}}_{k∈Z}^⋃{ψ_{−1,k}}_{k∈Z} :

s^{−1}_k = ∑ l∈Z h_{l−2k} s^0_k, d^{−1}_k = ∑ l∈Z g_{l−2k} s^0_k. (17.5)

Ěáńĺ őąőğŋăçĺâì a := {a_l}_{l∈Z}, A := {a_{−l}}_{l∈Z} ĺ (Ab)_k =^∑_{l∈Z} A_{2k−l} b_l, âő (17.5) ňőęŋő ğăŕĺáăâì ć ćĺďě s^{−1} = Hs^0, d^{−1} = Gs^0.

Ŕàĺąńĺęěŋĺě f^{−1} ∈ V_{−1} = V_{−2} ⊕ W_{−2} ňőęěâ ąëâì áŋőćă àăğńőęěŋő:

f^{−1} = f^{−2} + δ^{−2}, f^{−2} ∈ V_{−2}, δ^{−2} ∈ W_{−2}, f^{−2} = ∑ k∈Z s^{−2}_k φ_{−2,k}, δ^{−2} = ∑ k∈Z d^{−2}_k ψ_{−2,k}. Őŕïâì s^{−2} = Hs^{−1}, d^{−2} = Gs^{−1}. Śåěňăâĺçŋő, ćěáì ŕàőæěáá ňőęŋő ĺğőąàăğĺâì âăł: s^{0 H}−→ s^{−1 H}−→ s^{−2} · · · s^{j H}−→ s^{j−1} G ↘^G↘^G↘ d^{−1} d^{−2} · · · d^j d^{j−1} Ŋă ŕàăłâĺłě, ŕőáńě ćëŕőńŋěŋĺï łőŋěçŋőčő çĺáńă èăčőć ŕàőæěáá ŕàěłàăéăěâáï, çâő őğŋăçăěâ, çâő ĺáåőďŋăï ĺŋäőàňăæĺï {⟨f, φ_{0k}⟩}_{k∈Z} = s^0 ŕàěőąàăğőćăŋă ć d^{−1}, d^{−2}, · · · , d^{−j0} ĺ s^{−j0} , â.ě. ć {⟨f, ψ_{−j,k}⟩}_{j=1,···j0; k∈Z} ĺ {⟨f, φ_{−j0,k}⟩}_{k∈Z}. Šăł łăł ŕàěőąàăğőćăŋĺï ćëŕőńŋïńĺáì ŕàĺ ŕőňőéĺ ĺğňěŋěŋĺï őàâőčőŋăńìŋëå ąăğĺáőć, őąàăâŋăï őŕěàăæĺï ğăďăěâáï áőŕàïęěŋŋőľ ňăâàĺæěľ. Šőçŋěě: f^{j+1} = f^j + δ^j =^∑_{k∈Z} s^j_k φ_{jk} +^∑_{k∈Z} d^j_k ψ_{jk}, Śńěďőćăâěńìŋő (áň. (17.1), (17.3))

s^{j+1}_k = ⟨f^{j+1} , φ_{j+1,k}⟩ = = ∑ l∈Z s^j_l ⟨φ_{jl}, φ_{j+1,k}⟩ + ∑ l∈Z d^j_l ⟨ψ_{jl}, ψ_{j+1,k}⟩ = = ∑ l∈Z h_{k−2l} s^j_l + ∑ l∈Z g_{k−2l} d^j_l . (17.6)

Ěáńĺ őąőğŋăçĺâì (ãb)_k :=^∑_{l∈Z} a_{k−2l} b_l, âő s^{j+1} = h̃s^j + g̃d^j ĺ áåěňăâĺçŋő ŕàőæěáá ćőááâăŋőćńěŋĺï ćëčńïďĺâ âăł: s^{j h̃}−→ s^{j+1 h̃}−→ s^{j+2} · · · s^{−1 h̃}−→ s^0 g̃ ↗^{g̃}↗^{g̃}↗ d^j d^{j+1} d^{j+2} · · · d^{−1}

Ćăęŋěľèěľ çěàâőľ ĺğńőęěŋŋőčő ăńčőàĺâňă àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï ïćńïěâáï ěčő ąëáâàőâă. Ŋăŕàĺňěà, ďńï áĺáâěňë Ţăăàă ĺňěěň áńěďãîéěě. Ŕãáâì ĺáåőďŋăï ĺŋäőàňăæĺï áőáâőïńă ĺğ 2^N çĺáěń {s^0_k}^{2N −1}_{k=0} . Šőčďă, ŋă ŕěàćőň èăčě ćëçĺáńïěâáï 2^{N −1} ćáŕőňőčăâěńìŋëå çĺáěń {s^{−1}_k }^{2N−1−1} k=0 : s^{−1}_k = (s^0_{2k} + s^0_{2k+1})/ √ 2 ĺ 2^{N −1} łőíääĺæĺěŋâőć {d^{−1}_k }^{2N−1−1}_{k=0} :

d^{−1}_k = (s^0_{2k} − s^0_{2k+1}) √ 2. Ŋă łăęďőň áńěďãîéěň èăčě łőńĺçěáâćő ćáŕőňőčăâěńìŋëå çĺáěń ĺ łőíääĺæĺěŋâőć ãňěŋìèăěâáï ć ďćă àăğă. Łőńĺçěáâćő őŕěàăæĺľ ćő ćáěň ăńčőàĺâňě àăğńőęěŋĺï àăćŋő 2 · 2^N (^1_2 +^1_4 + · · ·) = 2 · 2^N . Ďńï ąőńěě áńőęŋëå ćáŕńěáłőćëå ąăğĺáőć ćëçĺáńěŋĺï ćáŕőňőčăâěńìŋëå çĺáěń (ãáńőćŋő čőćőàï, "áàěďŋĺå") ĺ łőíääĺæĺěŋâőć ("àăğŋőáâěľ") âàěąãîâ ąőńěě çěň ďćă ŕàěďëďãéĺå çĺáńă, ŋő àăááãęďěŋĺï ő łőńĺçěáâćě łőíääĺæĺěŋâőć ŋă łăęďőň áńőě őáâăîâáï ć áĺńě. Ěáńĺ "őąőąéěŋŋëě áàěďŋĺě" ĺ "àăğŋőáâĺ" ĺáŕőńìğãîâ K ŕàěďëďãéĺå çĺáěń, âő őąéěě çĺáńő őŕěàăæĺľ àăćŋő 2KN (KN - ãňŋőęěŋĺľ, KN - áńőęěŋĺľ).

Śńěďãěâ őâňěâĺâì, çâő ąëáâàëľ ăńčőàĺâň àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï ŕő ćáŕńěáłőćőňã ąăğĺáã (łőàőâłő, ąëáâàőě ćáŕńěáłőćőě ŕàěőąàăğőćăŋĺě (ĄĆŔ)) ąëń ĺğćěáâěŋ ć æĺäàőćőľ őąàăąőâłě áĺčŋăńőć ŕőď ŋăğćăŋĺěň ŕőńőáőćăï äĺńìâàăæĺï á âőçŋëň ćőááâăŋőćńěŋĺěň (subband ˛ltering scheme with exact reconstruction). İâă áåěňă ąëńă ŕàěďńőęěŋă ďő ŕőïćńěŋĺï âěőàĺĺ ćáŕńěáłőć ć àăąőâăå: [Sm], [Mi], [V].

18 Ŕőńãőàâőčőŋăńìŋëě áŕńăľŋ-ćáŕńěáłĺ á łőňŕăłâŋëň ŋőáĺâěńěň

Ŕãáâì φ - ňăáèâăąĺàãîéăï äãŋłæĺï á łőňŕăłâŋëň ŋőáĺâěńěň, ŕőàőęďăîéăï ŁŇĂ {V_j }_{j∈Z} ć L^2(R). Ć íâőň áńãçăě ňőęŋő ŕőáâàőĺâì áőőâćěâáâćãîéĺľ ŕőńãőàâőčőŋăńìŋëľ ćáŕńěáł ψ á łőňŕăłâŋëň ŋőáĺâěńěň. Ć íâőň ŕăàăčàăäě ňë ŋě ŕàěďŕőńăčăěň őàâőŋőàňĺàőćăŋŋőáâì ŕőáńěďőćăâěńìŋőáâĺ {φ(· − k)}_{k∈Z} (ďěńő ć âőň, çâő őàâőčőŋăńĺğăæĺï (9.2) ňăáèâăąĺàãîéěľ äãŋłæĺĺ á łőňŕăłâŋëň ŋőáĺâěńěň ŕàĺćőďĺâ ł ŕőâěàě łőňŕăłâŋőčő ŋőáĺâěńï).

Ŕãáâì supp φ = [0, M], M ∈ N. Šőčďă φ =^{∑2M −1}_{−M +1} h_kφ_{1k}. Ďńï ãďőąáâćă ąãďěň àăááňăâàĺćăâì ďěľáâćĺâěńìŋőğŋăçŋëě φ. Őçěćĺďŋő, çâő ăćâőłőààěńïæĺőŋŋăï äãŋłæĺï Φ(t) :=^∫_R φ(x − t)φ(x)dx ïćńïěâáï çěâŋőľ äãŋłæĺěľ ĺ supp Φ = [−M, M]. Ŕãáâì n_φ - ŋăĺąőńìèěě æěńőě, ďńï łőâőàőčő Φ(n_φ) ≠ 0. Šăł łăł Φ - ŋěŕàěàëćŋăï äãŋłæĺï, âő Φ(M) = 0 ĺ 0 ≤ n_φ ≤ M − 1. Ăŋăńőčĺçŋő (15.6) ŕőńãçăěň, çâő ∑ l∈Z | ^φ(ω+2lπ)|^2 = E_φ(e^{−iω}), čďě E_φ(z) := ∑n_φ k=−nφ Φ(k)z k. Ŕőńĺŋőň P_φ(z) ŋăğëćăîâ ŕőńĺŋőňőň İľńěàă-Ťàőąěŋĺãáă ďńï ňăáèâăąĺàãîéěľ äãŋł- æĺĺ φ. Ŕőáâàőěŋĺě ŕőńãőàâőčőŋăńìŋőčő ćáŕńěáłőćőčő ąăğĺáă ăŋăńőčĺçŋő ŕőáâàőěŋĺî őàâőčőŋăńìŋőčő (áň. ŕăàăčàăä 11). Ŕàěęďě ćáěčő őåăàăłâěàĺğãěň äãŋłæĺĺ ψ ∈ W_0, čďě V_0 ⊕ W_0 = V_1, W_0 ⊥ V_0. Šăł łăł W_0 ⊂ V_1, âő ψ = ∑ k r_kφ_{1k}. Ć őąàăğăå Ťãàìě ĺňěěň ^ψ(ω) = R(e^{−iω/2}) ^φ(ω/2), čďě R(z) =^{1√}_2 ∑ k∈Z r_k z^k { 2π-ŕěàĺőďĺçěáłăï äãŋłæĺï ĺğ L^2[0, 2π]. Ăŋăńőčĺçŋő ďńï φ : φ =^∑_k p_kφ_{1k}, ^φ(ω) = P (e^{−iω/2}) ^φ(ω/2), P (z) =^{1√}_2 ∑ k∈Z p_k z^k. Ŕãáâì z = e^{−iω/2}. Ŕàĺňěŋïï âőęďěáâćő Ŕńăŋèěàěńï, ĺňěěň ⟨φ(· − l), ψ(·)⟩ =^1_{2π} ∫ R ^φ(ω)e^{−ilω} ^ψ(ω)dω = =^1_{2π} ∫ R | ^φ(ω/2)|^2P (z)R(z)e^{−ilω}dω = =^1_{2π}

∫_4π 0 { ∑ k∈Z | ^φ(ω/2 + 2πk)|^2} P (z)R(z)e^{−ilω}dω = =^1_{2π}

∫_4π 0 E_φ(z)P (z)R(z)e^{−ilω}dω = =^1_{2π}

∫_2π 0 {E_φ(z)P (z)R(z) + E_φ(−z)P (−z)R(−z)}e^{−ilω}dω.

Őâłãďă áńěďãěâ, çâő ψ ∈ W_0 âőčďă ĺ âőńìłő âőčďă, łőčďă E_φ(z)P (z)R(z) + E_φ(−z)P (−z)R(−z) = 0, |z| = 1. (18.1) Ěáńĺ ŕàěďŕőńőęĺâì, çâő łőíääĺæĺěŋâë R ďěľáâćĺâěńìŋë, âő ŋěâàãďŋő ãłăğăâì őąéěě àěèěŋĺě (18.1): R(z) = zK(z^2)P (− 1 z )E_φ(−z), |z| = 1, (18.2)

čďě K(z) - ŕàőĺğćőńìŋăï łćăďàăâĺçŋő-áãňňĺàãěňăï äãŋłæĺï ŋă ěďĺŋĺçŋőľ őłàãęŋőáâĺ |z| = 1. Ğďěáì ĺáŕőńìğőćăŋő âő, çâő E_φ(z^{−1}) = E_φ(z) ŕàĺ |z| = 1, âăł łăł Φ(−k) = Φ(k).

Ěáńĺ φ ĺňěěâ łőňŕăłâŋëľ ŋőáĺâěńì, âő P ĺ E_φ ïćńïîâáï ŕőńĺŋőňăňĺ Ńőàăŋă. Ĺğ (18.2) áńěďãěâ, çâő R ąãďěâ âőęě ŕőńĺŋőňőň Ńőàăŋă, ěáńĺ K - ŕőńĺŋőň Ńőàăŋă.

Šěőàěňă 18.1 Ŕőńãőàâőčőŋăńìŋëľ ćáŕńěáł á ňĺŋĺňăńìŋëň łőňŕăłâ-

ŋëň ŋőáĺâěńěň, áőőâćěâáâćãîéĺľ φ, őŕàěďěńïěâáï ďćãå-ňăáèâăąŋëň áőőâŋőèěŋĺěň ψ := ∑ k q_kφ_{1,k} ĺńĺ, ć őąàăğăå Ťãàìě, ^ψ(ω) := Q(e^{−iω/2}) ^φ(ω/2), čďě Q(z) :=^{1√}_2 q_kz^k = cz^{2N +1}P (−^1_z )E_φ(−z). Ğďěáì N - ŕàőĺğćőńìŋőě æěńőě, c - ŕàőĺğćőńìŋăï ŋěŋãńěćăï łőŋáâăŋâă. Ć çăáâŋőáâĺ, ěáńĺ ŕőńőęĺâì N àăćŋëň æěńőľ çăáâĺ (M + n_φ)/2, âő Q ąãďěâ ăńčěąàăĺçěáłĺň ŕőńĺŋőňőň ĺ ψ :=^{∑M +2nφ}_{k=0} q_kφ_{1,k}.

Ŕőáńěďőćăâěńìŋőáâì {ψ(·−k)}_{k∈Z} őąàăğãěâ ąăğĺá Řĺááă ć W_0, ă {ψ_{j,k}(t) := 2^{j/2}ψ(2t − k)}_{j,k∈Z} { ŕőńãőàâőčőŋăńìŋëľ ąăğĺá ć L^2(R).

Ŕàĺňěŋĺň íâã âěőàěňã ł B-áŕńăľŋã φ = N^m, m ∈ N. Ć íâőň áńãçăě M = m, n_φ = m − 1. Ŕőńăčăï N = m − 1, c = −1, ĺňěěň

Q_m(z) = −z^{2m−1}P (−^1_z )E(−z) = = −z^{2m−1} ( z−1 2z )m ∑ m−1 k=−m+1 (−1) kN^{2m}(m + k)z^k = = (_{1−} z 2 )m ∑_2 m−2 k=0 (−1)^kN^{2m}(k + 1)z^k =^{1√}_2

∑_3m_{−2} k=0 q_{m,k}z^k, čďě q_{m,k} =^{(−1)k}_{2m−} 1_2^{∑m}_{l=0} N^{2m}(k − l + 1), k = 0, . . . , 3m − 2. Ğďěáì ĺáŕőńìğőćăŋë ńěčłő ŕàőćěàïěňëě áőőâŋőèěŋĺï: N^m(t) = ∑m k=0 2^{−m+1} ( m k ) N^m(2t − k), E_N m (z) = ∑m_{−1} −m+1 N 2m(m + k)z^k. Őłőŋçăâěńìŋő, ŕőńãőàâőčőŋăńìŋëľ áŕńăľŋ-ćáŕńěáł ŕőàïďłă m àăćěŋ ψ^m(t) =

∑_3m_{−2} k=0 √ 2q_{m,k}N^m(2t − k), supp ψ^m = [0, 2m − 1].

Řĺá.1. Čàăäĺł ψ^2(t). Řĺá.2. Čàăäĺł ψ^3(t).

19 Řěčãńïàŋëě ŁŇĂ ć L^2(R^n)

Ŕěàěľďěň őâ àăááňőâàěŋĺï őďŋőňěàŋëå ŁŇĂ ł ňŋőčőňěàŋëň. Śńěďãîéěě őŕàěďěńěŋĺě őąőąéăěâ őŕàěďěńěŋĺě 11.1

Őŕàěďěńěŋĺě 19.1 Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ (ŁŇĂ) - íâő ŕőáńěďő-

ćăâěńìŋőáâì {V_j}_{j∈Z} ğăňłŋãâëå ŕőďŕàőáâàăŋáâć L^2(R^n), ãďőćńěâćőàïîéăï áńěďãîéĺň áćőľáâćăň:

V_j ⊂ V_{j+1}; (19.1) ⋃ j∈Z V_j = L^2(R^n); (19.2) ⋂ j∈Z V_j = {0}; (19.3) f ∈ V_j ⇔ f(2^{−j} ·) ∈ V_0; (19.4) f ∈ V_0 ⇔ f(· − k) ∈ V_0 ďńï ńîąőčő k ∈ Z^n; (19.5) áãéěáâćãěâ äãŋłæĺï g ∈ V_0 âăłăï, çâő ŕőáńěďőćăâěńìŋőáâì {g(· − k)}_{k∈Z}n őąàăğãěâ ąăğĺá Řĺááă ć V_0. (19.6)

Ŋăŕőňŋĺň, çâő ŕőáńěďőćăâěńìŋőáâì {g_{0k}(·) := g(· − k)}_{k∈Z}n ïćńïěâáï ąăğĺáőň Řĺááă ć V_0, ěáńĺ [g_{0k}]_{k∈Z}n = V_0 ĺ áãéěáâćãîâ ďćě łőŋáâăŋâë A > 0, B > 0 âăłĺě, çâő A( ∑ k∈Z^n |c_k|^2)^{1/2} ≤ ‖ ∑ k∈Z c_k g_{0k}‖_L2_{(R)} ≤ B( ∑ k∈Z^n |c_k|^2)^{1/2}

ďńï ńîąőľ ŕőáńěďőćăâěńìŋőáâĺ çĺáěń {c_k}_{k∈Z}n .

İääěłâĺćŋőáâì ĺáŕőńìğőćăŋĺï ćáŕńěáłőćëå ąăğĺáőć ć äãŋłæĺőŋăńìŋëå ŕàőáâàăŋáâćăå, őâńĺçŋëå őâ L^2(R^n), ğăćĺáĺâ őâ àěčãńïàŋőáâĺ áőőâćěâáâćãîéěčő ŁŇĂ.

Őŕàěďěńěŋĺě 19.2 ŁŇĂ {Vj}j∈Zn ŋăğëćăěâáï r-àěčãńïàŋëň (r ∈ N),

ěáńĺ äãŋłæĺï g(x) ć (19.6) ňőęěâ ąëâì ćëąàăŋă âăł, çâő

|∂^α g(x)| ≤ C_m (1 + |x|)^{−m} (19.7)

ďńï ńîąőčő æěńőčő m ∈ N ĺ ďńï ńîąőčő ňãńìâĺ-ĺŋďěłáă α = (α_1, ..., α_n), ãďőćńěâćőàïîéěčő |α| ≤ r.

Śńěďãîéăï âěőàěňă ŕőłăğëćăěâ, łăł ŕěàěľâĺ őâ ąăğĺáă Řĺááă ł łăŋőŋĺçěáłőňã őàâőŋőàňĺàőćăŋŋőňã ąăğĺáã (áň. ďńï áàăćŋěŋĺï őďŋőňěàŋëľ áńãçăľ ć âěőàěňăå 9.1, 9.2, 9.3).

Šěőàěňă 19.1 Ŕãáâì {Vj }j∈Z { ŁŇĂ ć L^2(R^n). Šőčďă áãéěáâćãîâ ďćě

łőŋáâăŋâë c_2 ≥ c_1 > 0, âăłĺě, çâő ďńï ŕőçâĺ ćáěå ω ∈ R^n ĺňěěň

c_1 ≤ ∑ k∈Z^n |^g(ω + 2kπ)|^2 1/2 ≤ c_2. (19.8)

Ďăńěě, ěáńĺ φ ∈ L^2(R^n) őŕàěďěńěŋă ć őąàăğăå Ťãàìě ^φ(ω) = ^g(ω) ∑ k∈Z^n |^g(ω + 2kπ|^2 −1/2 , (19.9)

âő {φ(x − k)}_{k∈Z}n ïćńïěâáï ŐŊĄ ć V_0.

Ŋăłőŋěæ, ŕãáâì ŕőáńěďőćăâěńìŋőáâì {f(x − k)}_{k∈Z}n őàâőŋőàňĺàőćăŋă, čďě äãŋłæĺï f ∈ V_0. Šőčďă íâă ŕőáńěďőćăâěńìŋőáâì ïćńïěâáï ŐŊĄ ć V_0 ĺ^^f(ω) = θ(ω) ^φ(ω), čďě θ(ω) ∈ C^∞(R^n), |θ(ω)| = 1 ŕőçâĺ ćáîďã, ĺ θ(ω + 2kπ) = θ(ω) ďńï ńîąőčő k ∈ Z^n.

Śńěďãîéăï âěőàěňă ŕőłăğëćăěâ, çâő őàâőčőŋăńĺğăæĺï (19.9) áőåàăŋïěâ àěčãńïàŋőáâì ŁŇĂ.

Šěőàěňă 19.2 Ŕãáâì {Vj }j∈Z { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R^n). Šőčďă

äãŋłæĺï φ ∈ V_0, őŕàěďěńěŋŋăï ć (19.9), ãďőćńěâćőàïěâ őæěŋłě |∂^αφ(x)| ≤ C_m(1 + |x|)^{−m}, (19.10) ďńï ńîąőčő æěńőčő m ∈ N ĺ ďńï ńîąőčő ňãńìâĺ-ĺŋďěłáă α ∈ N^n, ãďőćńěâćőàïîéěčő |α| ≤ r.

Ŕőłăęěň, łăł ŕőńãçĺâì ŁŇĂ ć L^2(R^2), ĺáŕőńìğãï őďŋőňěàŋëľ ŁŇĂ {V_j}_{j∈Z} ć L^2(R). Őŕàěďěńĺň V_j ⊂ L^2(R^2) łăł ğăňëłăŋĺě ć L^2(R^2)−ŋőàňě ăńčěąàăĺçěáłőčő âěŋğőàŋőčő ŕàőĺğćěďěŋĺï V_j ⊗V_j. Ŕőńãçěŋŋëľ ŁŇĂ ŋăğëćăîâ áěŕăàăąěńìŋëň. Ěáńĺ ňŋőčőňěàŋëľ ŁŇĂ ŋěńìğï ŕőńãçĺâì őŕĺáăŋŋëň áŕőáőąőň, âő ěčő ŋăğëćăîâ ŋěáěŕăàăąěńìŋëň.

Ć áěŕăàăąěńìŋőň áńãçăě őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć V_0 áőáâőĺâ ĺğ ŕàőĺğćěďěŋĺľ φ(x − k)φ(y − k), (k, l) ∈ Z^2. Ďàãčĺňĺ áńőćăňĺ, ŕőńăčăï φ(x, y) := φ(x)φ(y), ŕőńãçăěň, çâő őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć V_0 ïćńïěâáï őàąĺâőľ äãŋłæĺĺ φ ŕőď ďěľáâćĺěň Z^2.

Ŕãáâì W_0 - őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě V_0 ďő V_1. Šőčďă

V_1 = V_0 ⊕ V_0 ⊗ W_0 ⊕ W_0 ⊗ V_0 ⊕ W_0 ⊗ W_0.

Ďěľáâćĺâěńìŋő, V_1 = (V_0 ⊕ W_0) ⊗ (V_0 ⊕ W_0), ĺ ďőáâăâőçŋő ćőáŕőńìğőćăâìáï ďĺáâàĺąãâĺćŋőáâìî âěŋğőàŋőčő ŕàőĺğćěďěŋĺě ŕő őâŋőèěŋĺî ł áńőęěŋĺî. Ŕãáâì W_0 őąőğŋăçăěâ őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě V_0 ďő V_1. Šőčďă W_0 = W_{0,1} ⊕ W_{1,0} ⊕ W_{1,1}, čďě W_{0,1} = V_0 ⊗ W_0, W_{1,0} = W_0 ⊗ V_0, W_{1,1} = W_0 ⊗ W_0.

Ďńï ŕőńãçěŋĺï őàâőŋőàňĺàőćăŋŋőčő ąăğĺáă ć W_0 ŋăďő ćğïâì őąêěďĺŋěŋĺě ŕőáńěďőćăâěńìŋőáâěľ φ(x − k)ψ(y − l), ψ(x − k)φ(y − l), ĺ ψ(x − k)ψ(y − l), k, l ∈ Z^2, łőâőàëě ïćńïîâáï őàâőŋőàňĺàőćăŋŋëňĺ ąăğĺáăňĺ ć W_{0,1}, W_{1,0} ĺ W_{1,1}.

Ŕàőąńěňă ŕőáâàőěŋĺï ćáŕńěáłőćőčő ąăğĺáă ŋă őáŋőćě ŁŇĂ ć L^2(R^n) ć őąéěň áńãçăě ïćńïěâáï ąőńěě áńőęŋőľ. Őďŋăłő ć [Gr] ďőłăğăŋă

Šěőàěňă 19.3 Ŕãáâì {Vj }j∈Z { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R^n). Wj - őàâő-

čőŋăńìŋőě ďőŕőńŋěŋĺě V_j ďő V_{j+1}. Šőčďă áãéěáâćãîâ q := 2^n −1 äãŋłæĺľ ψ_1, ..., ψ_q ĺğ V_1 áő áńěďãîéĺňĺ áćőľáâćăňĺ:

|∂^αψ_l(x)| ≤ C_N (1 + |x|)^{−N} (19.11) ďńï ńîąőčő ňãńìâĺ-ĺŋďěłáă α ∈ N^n á |α| ≤ r, ńîąőčő x ∈ R^n ĺ ńîąőčő N ≥ 1; {ψ_l(x − k), 1 ≤ l ≤ q, k ∈ Z^n} ïćńïěâáï ŐŊĄ ć W_0.

Śńěďáâćĺě 19.1 Ťãŋłæĺĺ 2^{nj/2}ψl(2^j x − k), 1 ≤ l ≤ q, k ∈ Z^n, j ∈ Z,

őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć L^2(R^n).

Ğăňěçăŋĺě 19.1 Ŋě ĺğćěáâěŋ ňěâőď ŕőáâàőěŋĺï ŋěáěŕăàăąěńìŋőčő

ňŋőčőňěàŋőčő ŁŇĂ {V_j}_{j∈Z} ć L^2(R^n), ã łőâőàőčő ćáŕńěáłőćëľ ąăğĺá áőáâőĺâ ĺğ łőňŕăłâŋëå äãŋłæĺľ. Ďěńő ć âőň, çâő ăńčőàĺâň Ł.Čàőèěŋĺčă (K.Gr-ochenig) ďăęě ŕàĺ ŕàĺňěŋěŋĺĺ ł łőňŕăłâŋőľ ňăáèâăąĺàãîéěľ äãŋłæĺĺ φ ŋě ďăěâ ćáŕńěáłőć á łőňŕăłâŋëň ŋőáĺâěńěň. Őçěćĺďŋő, çâő áěŕăàăąěńìŋëě ňŋőčőňěàŋëě ćáŕńěáłĺ, ŕőńãçěŋŋëě ŋă őáŋőćě ćáŕńěáłőć Ďőąěèĺ, ĺňěîâ łőňŕăłâŋëľ ŋőáĺâěńì.

20 Ŋěàăćěŋáâćă Ąěàŋèâěľŋă

Řěčãńïàŋőáâì ňăáèâăąĺàãîéěľ äãŋłæĺĺ (19.7) ŕőğćőńïěâ àăááňăâàĺćăâì ŁŇĂ {V_j}_{j∈Z} ŋě âőńìłő ć L^2(R^n), ŋő ĺ ć ďàãčĺå äãŋłæĺőŋăńìŋëå ŕàőáâàăŋáâćăå, ŋăŕàĺňěà, ć L^p(R^n), p ∈ [1, ∞].

Ńěňňă 20.1 Ŕãáâì őàâőčőŋăńìŋăï ňăáèâăąĺàãîéăï äãŋłæĺï φ ãďő-

ćńěâćőàïěâ (19.7). Šőčďă áãéěáâćãîâ ďćě łőŋáâăŋâë c_2 > c_1 > 0 âăłĺě, çâő ďńï ńîąőčő p ∈ [1, ∞] ĺ ńîąőľ łőŋěçŋőľ áãňňë f(x) = ∑ k α(k)φ(x − k) ćëŕőńŋěŋë ŋěàăćěŋáâćă c_1‖f‖_p ≤ ( ∑ k |α(k)|^p)^{1/p} ≤ c_2‖f‖_p. (20.1)

Ďőłăğăâěńìáâćő. Ŋăçŋěň á łàăľŋĺå áńãçăěć. Ŕàĺ p = ∞ |f(x)| ≤ ∑ k |α(k)||φ(x − k)| ≤ sup_k |α(k)|C(φ), čďě C(φ) := sup_{x∈R}n^∑_{k∈Z} |φ(x − k)|. Ć ďàãčãî áâőàőŋã ćőáŕőńìğãěňáï âěň, çâő α(k) =^∫_Rn f(x)φ(x − k)dx, ŕőíâőňã |α(k)| ≤ ‖f‖_∞‖φ‖_1. Śńãçăľ p = 1 àăğąĺàăěâáï âăłęě: ∫ R^n |f(x)|dx ≤ ∫ R^n ∑ k |α(k)||φ(x − k)|dx ≤ ∑ k |α(k)|‖φ‖_1; ∑ k |α(k)| ≤ ∫ R^n |f(x)| ∑ k |φ(x − k)|dx ≤ C(φ)‖f‖_1.

Řăááňőâàĺň őąéĺľ áńãçăľ. Ŕãáâì q { áőŕàïęěŋŋëľ ŕőłăğăâěńì ł p, â.ě. 1/p + 1/q = 1. Ğăŕĺèěň |φ(x − k)| = |φ(x − k)|^{1/p}|φ(x − k)|^{1/q}, çâő ďăěâ |f(x)| ≤ ∑ k |α(k)||φ(x − k)| ≤ ≤ ( ∑ k |α(k)|^p|φ(x − k)|)^{1/p}( ∑ k |φ(x − k)|)^{1/q} ≤ C(φ)( ∑ k |α(k)|^p)^{1/p}, őâłãďă áńěďãěâ ńěćăï çăáâì ŋěàăćěŋáâćă (20.1). Ďńï ďőłăğăâěńìáâćă ŕàăćőľ çăáâĺ ĺáŕőńìğãěň âő, çâő α(k) =^∫_Rn f(x)φ(x − k)dx, ŕőíâőňã |α(k)| ≤ ( ∫ R^n |f(x)| p|φ(x − k)|dx)^{1/p}‖φ‖^{1/q}_1 .2 Őŕàěďěńĺň V_0(p) łăł ŕěàěáěçěŋĺě V_0 ∩ L^p(R^n) ďńï 1 ≤ p ≤ 2, ĺ łăł ğăňëłăŋĺě V_0 ŕő L^p(R^n)-ŋőàňě ďńï 2 ≤ p < ∞. Ŕő ńěňňě 20.1 f ∈ V_0(p) âőčďă ĺ âőńìłő âőčďă, łőčďă f(x) = ∑ k∈Z^n α(k)φ(x − k), čďě α(k) ∈ l^p(Z^n).

Őŕàěďěńĺň V_0(∞) łăł ćěłâőàŋőě ŕàőáâàăŋáâćő, çìĺ íńěňěŋâë ňőčãâ ąëâì ğăŕĺáăŋë łăł f(x) = lim f_m(x), čďě ŕàěďěń ïćńïěâáï àăćŋőňěàŋëň ŋă łőňŕăłâăå ĺ čďě f_m ∈ V_0 ĺ sup_{m≥0} ‖f_m‖_∞ < ∞. Ďàãčĺňĺ áńőćăňĺ, f ∈ V_0(∞) âőčďă ĺ âőńìłő âőčďă, łőčďă f(x) =^∑_{k∈Z}n α(k)φ(x − k), čďě α(k) ∈ l^∞(Z^n).

Ŋăłőŋěæ, őŕàěďěńĺň V_j(p): f(·) ∈ V_j (p) ⇔ f(2^{−j} ·) ∈ V_0(p). Őçěćĺďŋő, çâő V_j (p) ćńőęěŋő ć L^p(R^n).

Šěőàěňă 20.1 [M, á.32] Ŕãáâì Vj, j ∈ Z { r-àěčãńïàŋëľ ŁŇĂ ć L2(R^n).

Šőčďă áãéěáâćãěâ łőŋáâăŋâă C âăłăï, çâő ďńï 1 ≤ p ≤ ∞, j ∈ Z, f ∈ V_j (p) ĺ |α| ≤ r ćëŕőńŋěŋő ŋěàăćěŋáâćő ‖∂^αf‖_p ≤ C2^{|α|j}‖f‖_p. (20.2) Ďőłăğăâěńìáâćő. Ğăňěŋőľ ŕěàěňěŋŋőľ ćáě áćőďĺâáï ł áńãçăî j = 0. Ŕãáâì f(x) =^∑_k α(k)φ(x − k). Šőčďă |∂^αf(x)| ≤^∑_k |α(k)||∂^αφ(x − k)|. Ŕőćâőàěŋĺě àăááãęďěŋĺľ ďőłăğăâěńìáâćă ńěćőľ çăáâĺ (20.1) ďăěâ ‖∂^αf‖_p ≤ C( ∑ k |α(k)|^p)^{1/p}, çâő ňőęŋő őæěŋĺâì, ĺáŕőńìğãï ŕàăćãî çăáâì (20.1). 2

Ŋăŕőňŋĺň, çâő łńăááĺçěáłőě ŋěàăćěŋáâćő Ąěàŋèâěľŋă ãâćěàęďăěâ, çâő ďńï ńîąőčő α ∈ N^n ‖∂^αf‖_p ≤ R^{|α|}‖f‖_p. čďě f { ŕàőĺğćőńìŋăï äãŋłæĺï ĺğ L^p(R^n), 1 ≤ p ≤ ∞, çìě ŕàěőąàăğőćăŋĺě Ťãàìě ĺňěěâ ŋőáĺâěńì ć èăàě |ω| ≤ R.

Šăłĺň őąàăğőň, âěőàěňă 20.1 ŕőłăğëćăěâ, çâő ŕő áćőĺň ďĺääěàěŋæĺăńìŋëň áćőľáâćăň íńěňěŋâë V_j ąńĺğłĺ ł æěńëň äãŋłæĺïň íłáŕőŋěŋæĺăńìŋőčő âĺŕă 2^j , ĺå ŕàěőąàăğőćăŋĺě Ťãàìě áőáàěďőâőçěŋő ć ŕőńőáě [−2^j, 2^j].

21 Řěčãńïàŋëě ŁŇĂ ĺ ŕőńĺŋőňë

Ŕãáâì {V_j }_{j∈Z} { r-àěčãńïàŋëľ łàăâŋőňăáèâăąŋëľ ăŋăńĺğ ć L_2(R^n), {P_j : L^2(R) → V_j }_{j∈Z} { őàâőčőŋăńìŋëě ŕàőěłâőàë. Őçěćĺďŋő, çâő

P_0f(x) = ∫ R^n E(x, y)f(y)dy, (21.1) čďě E(x, y) :=^∑_{k∈Z} φ(x − k)φ(y − k), φ { őàâőčőŋăńìŋăï ňăáèâăąĺàãîéăï äãŋłæĺï. Ďńï ŕàőĺğćőńìŋőčő j ∈ Z

P_j f(x) = ∫ R^n E_j(x, y)f(y)dy, čďě E_j (x, y) := 2^{nj} E(2^j x, 2^jy). Ŕěàěçĺáńĺň ŕàőáâěľèĺě áćőľáâćă ïďěà. Ńěňňă 21.1_{|∂α} x ∂^β_y E(x, y)| ≤ C_m(1 + |x − y|)^{−m}, (21.2) ďńï ńîąëå m ∈ N, |α| ≤ r, |β| ≤ r; E(x + k, y + k) = E(x, y), k ∈ Z^n; (21.3)

lim_{j→∞} ‖P_j f − f‖_L2_{(R)} = 0.

Ďńï ďőłăğăâěńìáâćă ŕőáńěďŋěčő áćőľáâćă ć äãŋłæĺőŋăńìŋëå ŕàőáâàăŋáâć, őâńĺçŋëå őâ L^2(R^n), ŋăň ŕőâàěąãěâáï áńěďãîéĺľ äãŋďăňěŋâăńìŋëľ àěğãńìâăâ, ŕőłăğëćăîéĺľ, çâő ŕőńĺŋőňë áâěŕěŋĺ ŋě ćëèě r ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő ŕàőěłâőàőć P_j r-àěčãńïàŋőčő ŁŇĂ (âőçŋăï äőàňãńĺàőćłă ć áńěďáâćĺĺ 21.2 ŋĺęě).

Šěőàěňă 21.1 [M, c.33] Ďńï ńîąőčő ňãńìâĺĺŋďěłáă α ∈ N^n á ŕőàïďłőň

|α| ≤ r ćëŕőńŋïěâáï àăćěŋáâćő ∫ R^n E(x, y)y^αdy = x^α. (21.4)

Śåěňă ďőłăğăâěńìáâćă. Ć ďőłăğăâěńìáâćě áãéěáâćěŋŋãî àőńì ĺčàăěâ ćńőęěŋĺě V_0 ⊂ V_j, j ∈ N, łőâőàőě ŋă ïğëłě ŕàőěłâőàőć ŕàěćàăéăěâáï ć àăćěŋáâćő P_0 = P_j P_0 ĺńĺ ć âěàňĺŋăå ïďěà: E(x, y) = 2^{nj} ∫ R^n E(2^jx, 2^j u)E(u, y)du. (21.5) Řăááňőâàĺň áŋăçăńă áńãçăľ r = 0. Ŋăďő ďőłăğăâì, çâő ∫ R^n E(x, y)dy = 1 ∀x ∈ R^n. (21.6) Śćőľáâćő (21.2) ĺňěěâ ćĺď: |E(x, y)| ≤ C_m(1 + |x − y|^{−m}), ∀m ∈ N. (21.7) Ŕãáâì μ_0(x) :=^∫_Rn E(x, y)dy. Ć áĺńã (21.3) μ_0 ïćńïěâáï Z^n-ŕěàĺőďĺçěáłőľ äãŋłæĺěľ μ_0(x + k) = μ_0(x) ∀k ∈ Z^n. (21.8) Řăćěŋáâćő (21.6) ŕőńãçăěâáï ŕàěďěńìŋëň ŕěàěåőďőň ĺğ (21.5) ŕàĺ ŕőňőéĺ áńěďãîéěčő àěğãńìâăâă.

Ńěňňă 21.2 [M, c.34] Ďńï ńîąőčő y ∈ R^n ĺ ďńï ŕőçâĺ ćáěå x ∈ R^n

ĺňěěň lim_{j→∞} { 2^{nj} ∫ R^n E(2^j x, 2^ju)E(u, y)du − μ_0(2^jx)E(x, y) } = 0. (21.9) Ďőłăğăâěńìáâćő íâőľ ńěňňë őáŋőćăŋő ŋă áćőľáâćăå âőçěł Ńěąěčă.

Ĺğ (21.9) á ŕőňőéìî (21.5) ŕőńãçăěň, çâő ďńï ŕőçâĺ ćáěå x ∈ R^n lim_{j→∞}(1 − μ_0(2^j x))E(x, y) = 0 ∀y ∈ R^n. (21.10) Şňŋőęăï (21.10) ŋă f ∈ V_0 ĺ ĺŋâěčàĺàãï, ĺňěěň lim_{j→∞} μ_0(2^j x)f(x) = f(x) ∀f ∈ V_0. (21.11) Ğăňěŋőľ ŕěàěňěŋŋëå ŕőńãçăěň âőęě áăňőě ďńï f ∈ V_{j0} , j_0 ≥ 0. Šăł łăł μ_0 ŕàĺŋăďńěęĺâ L_∞(R^n), áåőďĺňőáâì ć (21.11) ĺňěěâ ňěáâő ć L_2(R^n).

Ĺğ (19.2) áńěďãěâ, çâő (21.11) ĺňěěâ ňěáâő ďńï ńîąőľ f ∈ L_2(R^n). Ć çăáâŋőáâĺ, ŕőńăčăï f = κ_{[0,1]}n ĺ ĺáŕőńìğãï ŕěàĺőďĺçŋőáâì μ_0 (áň.(21.8)), ĺňěěň_∫ [0,1]n |1 − μ_0(x)|^2dx = ∫ [0,1]n |1 − μ_0(2^jx)|^2dx → 0 ŕàĺ j → ∞.

Őâłãďă áńěďãěâ, çâő μ_0(x) = 1.

Ďńï r = 0 àěğãńìâăâ ňőęŋő ďőłăğăâì ŕàőéě, őďŋăłő ŕàĺćěďěŋŋőě ďőłăğăâěńìáâćő ąěğ ąőńìèĺå ĺğňěŋěŋĺľ ŕěàěŋőáĺâáï ŋă r ≥ 1. Řăğńőęĺň E(u, y) ć àïď Šěľńőàă ŕő áâěŕěŋïň u − x ďńï âőčő, çâőąë őæěŋĺâì 2^{nj} ∫ E(2^j x, 2^ju)E(u, y)du. Ĺňěěň E(u, y) = ∑ 0≤|α|<r (u − x)^α α! ∂^α_x E(x, y) + R(u, x, y), (21.12) čďě R(u, x, y) := ∑ |α|=r (u−x)α α! S_α(u, x, y), S_α(u, x, y) := r ∫_1 0 ∂^α_x E(tu + (1 − t)x, y)(1 − t)^{r−1}dt. Śďěńăěň ğăňěŋã u = x + 2^{−j} s, łőâőàăï ŕàěćàăéăěâ S_α(u, x, y) ć S^{(j)}_α (s, x, y) = r ∫_1 0 ∂^α_x E(x + t2^{−j} s, y)(1 − t)^{r−1}dt. (21.13)

Őąőğŋăçĺň μ_α(x) := 1 α! ∫ R^n E(x, u)(u − x)^αdu. (21.14) Ťãŋłæĺï μ_α(x) ïćńïěâáï ŋěŕàěàëćŋőľ ĺ Z^n-ŕěàĺőďĺçěáłőľ (áň. (21.8)). Ŕőďáâăćńïï (21.13-21.14) ć (21.12) ĺ ć (21.5), ŕőńãçĺň, çâő 2^{nj} ∫ R^n E(2 jx, 2^ju)E(u, y)du = ∑ 0≤α<r 2 −j|α|μ α(2^jx)∂^α_x E(x, y)+ +r2^{−jr} ∑ |α|=r ∫ R^n

∫_1

0 E(2^j x, 2^jx + s)^{sα}_{α!} ∂^α_x E(x + t2^{−j} s, y)(1 − t)^{r−1}dtds = = E(x, y). (21.15) Ďőłăğăâěńìáâćő âőčő, çâő μ_α(x) = 0 ŕàőćőďĺâáï ĺŋďãłæĺěľ ŕő p := |α| ∈ [1, r]. Řăğąěàěňáï áńãçăľ p = 1. Ć (21.15) E(x, y) áőłàăéăěâáï, â.ł. μ_0(x) = 1. Ŕőíâőňã ∑ 1≤|α|≤r−1 2^{−j|α|}μ_α(2^jx)∂^α_x E(x, y) + O(2^{−jr} ) = 0, (21.16) čďě őæěŋłă O àăćŋőňěàŋă ŕő x ĺ y. Şňŋőęĺň (21.16) ŋă 2^j ĺ ŕěàěľďěň ł ŕàěďěńã lim_{j→∞} ∑ |α|=1 μ_α(2^j x)∂^α_x E(x, y) = 0. (21.17)

Šěŕěàì ňë ŕőćâőàïěň ăŋăńĺğ, ŕàőďěńăŋŋëľ ďńï áńãçăï r = 0. Şňŋőęĺň (21.17) ŋă f ∈ V_0 ĺ ŕàőĺŋâěčàĺàãěň: lim_{j→∞} ∑ |α|=1 μ_α(2^jx)∂^αf = 0. (21.18)

Ŕãáâì g { ŋěŕàěàëćŋăï Z^n-ŕěàĺőďĺçěáłăï äãŋłæĺï. Şňŋőęĺň (21.18) ŋă ŕàőĺğćěďěŋĺě g(2^j x)h(x), čďě h ∈ D(R^n), ĺ ŕàőĺŋâěčàĺàãěň. Ŕěàěľďěň ł ŕàěďěńã ŕő j → ∞ ĺ ćőáŕőńìğãěňáï åőàőèő ĺğćěáâŋőľ ńěňňőľ. Ńěňňă 21.3 Ěáńĺ u(x) ∈ L^∞(R^n) ïćńïěâáï Z^n-ŕěàĺőďĺçěáłőľ äãŋłæĺ-

ěľ ĺ v(x) ∈ L^1(R^n), âő lim_{N →∞} ∫ R^n u(Nx)v(x)dx = ( ∫ u) ∫ R^n v(x)dx, (21.19) čďě_∫ u = ∫_1 0 · · · ∫_1 0 u(x_1, . . . , x_n)dx_1 · · · dx_n. Őłőŋçăâěńìŋő ŕőńãçĺň, çâő ∑ |α|=1 ( ∫ gμ_α)⟨∂^αf, h⟩ = 0. (21.20) Ŕőńăčăï c_α =^∫ gμ_α, ĺğ (21.20) ŕőńãçăěň, çâő ćěłâőàŋőě ŕőńě^∑_{|α|=1} c_α∂^α ăŋŋãńĺàãěâ ńîąãî äãŋłæĺî ĺğ V_0. Ğăňěŋőľ ŕěàěňěŋŋőľ ãáâăŋăćńĺćăěâáï, çâő ăŋŋĺčĺńïæĺï ĺňěěâ ňěáâő ďńï ńîąőľ äãŋłæĺĺ ĺğ V_j , j ∈ N. Şçĺâëćăï (19.2), ŕőńãçăěň íâő áćőľáâćő (ć áňëáńě őąőąéěŋŋëå äãŋłæĺľ) ďńï ćáěå f ∈ L^2(R^n). Šăłĺň őąàăğőň, c_α = 0 ďńï ńîąőľ äãŋłæĺĺ g, çâő őğŋăçăěâ, çâő μ_α = 0 ŕàĺ |α| = 1.

Ďńï p = |α| < r ďőłăğăâěńìáâćő ŕàőåőďĺâ ąěğ łăłĺå-ńĺąő ĺğňěŋěŋĺľ. Ňë ŕőńãçăěň, çâő μ_α = 0 ŕàĺ |α| < r.

Őáâăěâáï àăğőąàăâìáï áő áńãçăěň |α| = r. Řăćěŋáâćő (21.15) ŕàěćàăéăěâáï ć r ∑ |α|=r ∫ R^n

∫_1 0 E(2^j x, 2^jx + s) s^α α! ∂^α_x E(x + t2^{−j} s, y)(1 − t)^{r−1}dtds = 0. (21.21)

Ćőáŕőńìğãěňáï âěň, çâő ∂^α_x E(x, y) ∈ L^∞(dx) ďńï ńîąőčő äĺłáĺàőćăŋŋőčő y. Ŕőçâĺ ćáě âőçłĺ x ∈ R^n ïćńïîâáï âőçłăňĺ Ńěąěčă àăááňăâàĺćăěňőľ äãŋłæĺĺ. Ěáńĺ x { âőçłă Ńěąěčă, âő ć (21.21) ∂^α_x E(x + t2^{−j} s, y) ňőęŋő ğăňěŋĺâì ŋă ∂^α_x E(x, y). Šăłĺň őąàăğőň, ŕàěďěń ŕő j S_j(x, y) := r ∑ |α|=r ∫ R^n

∫_1 0 E(2^j x, 2^jx + s)^{sα}_{α!} ∂^α_x E(x, y)(1 − t)^{r−1}dtds = = r ∑ |α|=r ∫ R^n E(2 j x, 2^jx + s)^{sα}_{α!} ∂^α_x E(x, y)ds ∫_1

0 (1 − t)^{r−1}dt = = ∑ |α|=r μα(2 jx)∂^α_x E(x, y) àăćěŋ 0 ďńï ńîąőčő y ∈ R^n ĺ ďńï ŕőçâĺ ćáěå x ∈ R^n. Ťãŋłæĺĺ S_j(x, y) ãďőćńěâćőàïîâ àăćŋőňěàŋőľ őæěŋłě |S_j(x, y)| ≤ C_m(1 + |x − y|)^{−m}. Şňŋőęăï ŋă f ∈ V_0 ĺ ĺŋâěčàĺàãï, ŋăåőďĺň, çâő^∑_{|α|=r} μ_α(2^j x)∂^αf áåőďĺâáï ł 0 ŕőçâĺ ćáîďã ĺ ć L^2(R^n), âăł łăł ňőęŋő ŕàĺňěŋĺâì âěőàěňã Ńěąěčă. Šăłęě łăł ĺ ć áńãçăě s < r, ğăłńîçăěň, çâő ćáě łőíääĺæĺěŋâë μ_α őąŋãńïîâáï ŕàĺ |α| = r.

Ĺâăł, ďőłăğăŋő, çâő^∫_Rn E(x, y)(x − y)^αdy = 0 ďńï 1 ≤ |α| ≤ r ĺ ∫ R^n E(x, y)dy = 1. Őâáîďă áńěďãěâ, çâő ∫ R^n E(x, y)y αdy = x^α ŕàĺ |α| ≤ r. Ďěľáâćĺâěńìŋő, ğăŕĺèěň^{yα}_{α!} = ∑ β+γ=α (y−x)β β! x^γ γ! ĺ, ŕőáńě ĺŋâěčàĺàőćăŋĺï ŕő y, ćáě çńěŋë ć ŕàăćőľ çăáâĺ őąŋãńïîâáï, ğă ĺáłńîçěŋĺěň β = 0 ĺ γ = α.2

Šěőàěňă 21.1 ňőęěâ ąëâì ŕěàěäőàňãńĺàőćăŋă, ěáńĺ àăáèĺàĺâì őąńăáâì őŕàěďěńěŋĺï ŕàőěłâőàőć P_j ŋă őąêěďĺŋěŋĺě ŕàőáâàăŋáâć L^2(R^n, (1 + |x|)^{−m}dx), m ∈ N. Šăłőě àăáèĺàěŋĺě ćőğňőęŋő, â.ł. ïďàă ŕàőěłâőàőć P_j ãąëćăîâ ąëáâàěě ńîąőľ áâěŕěŋĺ ŕàĺ |y − x| áâàěňïéěňáï ł ąěáłőŋěçŋőáâĺ. Ŕàőáâàăŋáâćő őąàăğőć âěŕěàì ąãďěâ őâńĺçăâìáï őâ V_j, ŋő ąãďěâ ŕőńŋëň ŕő ŋőàňě L^2(R^n, (1 + |x|)^{−m}dx).

Śńěďáâćĺě 21.1 Ŕãáâì Vj { r-àěčãńïàŋëľ ŁŇĂ ć L2(R^n) ĺ ŕãáâì

P_j : L^2(R^n) → V_j őàâőčőŋăńìŋëľ ŕàőěłâőà ŋă V_j. Šőčďă P_j(M) = M ďńï ńîąőčő ŕőńĺŋőňă M áâěŕěŋĺ ňěŋìèě ĺńĺ àăćŋőľ r.

Ğŋăçěŋĺě âěőàěňë 21.1 áőáâőĺâ ć âőň, çâő őŋă ãáâăŋăćńĺćăěâ áåőďáâćő ŕàőěłâőàőć P_j á őŕěàăâőàăňĺ áćěàâłĺ. Ŕőáńěďŋĺě łőňňãâĺàãîâ á őŕěàăâőàăňĺ çăáâĺçŋőčő ďĺääěàěŋæĺàőćăŋĺï, âőčďă łăł őŕěàăâőàë P_j łőňňãâĺàãîâ ŕàĺąńĺęěŋŋő á ∂^α ŕàĺ |α| ≤ r.

Ğăäĺłáĺàãěň äãŋłæĺî g ∈ D(R^n) á ĺŋâěčàăńőň, àăćŋëň 1. Őąőğŋăçĺň çěàěğ g_j äãŋłæĺî 2^{nj} g(2^jx) ĺ çěàěğ G_j { őŕěàăâőà áćěàâłĺ á g_j, j ∈ Z.

Šěőàěňă 21.1 ŕőğćőńïěâ áàăćŋĺâì ∂^αP_j á G_j∂^α ďńï ňãńìâĺĺŋďěłáőć α á |α| ≤ r. Šěőàěňă 21.2 Ŕãáâì Vj , j ∈ Z, { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R^n). Šőčďă

ďńï ńîąőčő ňãńìâĺĺŋďěłáă α á |α| ≤ r áãéěáâćãîâ äãŋłæĺĺ R^{(α,β)}(x, y) ∈ L^∞(R^n, R^n), ğăĺŋďěłáĺàőćăŋŋëě ňãńìâĺĺŋďěłáăňĺ β á |β| = |α| ĺ ãďőćńěâćőàïîéĺě ŋěàăćěŋáâćăň |R^{(α,β)}(x, y)| ≤ C_m(1 + |x − y|)^{−m} (21.22) ďńï ńîąőčő m ∈ N. İâĺ äãŋłæĺĺ ãďőćńěâćőàïîâ âăłęě àăćěŋáâćã ∫ R^n

R^{(α,β)}(x, y)dy = 0 (21.23)

âőęďěáâćěŋŋő ŕő x ĺ őŕàěďěńïîâ ďńï ńîąőčő j ∈ Z őŕěàăâőàë

R^{(α,β)}_j f(x) := 2^{nj ∫}_{Rn} R^{(α,β)}(2^j x, 2^jy)f(y)dy, (21.24)

ďńï łőâőàëå ćěàŋő áńěďãîéěě âőęďěáâćő

∂^αP_j = G_j ∂^α + ∑ |β|=|α| R^{(α,β)}_j ∂^β, (21.25)

čďě ∂^α = (∂/∂x_1)^{α1} · · · (∂/∂x_n)^{αn} .

Ďőłăğăâěńìáâćő. §áŋő, çâő (21.25) ďőáâăâőçŋő ďőłăğăâì ďńï j = 0. Őąéĺľ áńãçăľ ŕőńãçăěâáï ğăňěŋőľ ŕěàěňěŋŋëå.

Ğăäĺłáĺàőćăć x, àăááňőâàĺň ∂^α_x E(x, y) łăł äãŋłæĺî ŕő y. Ŕő âěőàěňě 21.1 ĺňěěň^∫_Rn ∂^α_x E(x, y)y^βdy = 0 ŕàĺ |β| ≤ |α| ĺ β ≠ α, âőčďă łăł ∫ R^n ∂ α x E(x, y)y^αdy = α!. Ğăňěâĺň âěŕěàì, çâő ïďàő g(x − y) őŕěàăâőàă G := G_0 ĺňěěâ âăłĺě ęě áćőľáâćă:^∫_Rn ∂^α_x g(x − y)y^βdy = 0 ŕàĺ |β| ≤ |α| ĺ β ≠ α, ∫ R^n ∂ α x g(x − y)y^αdy = α!. Řăááňőâàĺň àăğŋőáâì R^α(x, y) := ∂^α_x E(x, y) − ∂^α_x g(x − y), ďńï łőâőàőľ ∫ R^n R α(x, y)y^βdy = 0 ŕàĺ |β| ≤ |α|. Řăááňőâàĺň f^α(x, y) := R^α(x, x + y) = ∂^α_x E(x, x + y) − ∂^α_x g(−y), łăł äãŋłæĺî őâ y ŕàĺ äĺłáĺàőćăŋŋőň x. İâă äãŋłæĺï ŕàĺŋăďńěęĺâ ŕàőáâàăŋáâćã S_r(R^n), łőâőàőě őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň.

Őŕàěďěńěŋĺě 21.1 Sr(R^n) { íâő ćěłâőàŋőě ŕàőáâàăŋáâćő äãŋłæĺľ f,

ãďőćńěâćőàïîéĺå ŋěàăćěŋáâćăň |∂^αf(x)| ≤ C_m(1 + |x|)^{−m} ďńï ńîąőčő m ∈ N ĺ ńîąőčő ňãńìâĺĺŋďěłáă α ∈ N^n á |α| ≤ r.

Ńěňňă 21.4 Ŕãáâì 0 ≤ s ≤ r. Ěáńĺ f ŕàĺŋăďńěęĺâ Sr(R^n) ĺ ãďőćńě-

âćőàïěâ ãáńőćĺïň^∫_Rn f(x)x^αdx = 0 ďńï ńîąőčő α ∈ N^n á |α| ≤ r, âő f(x) = ∑ |α|=s ∂^αf_α(x), čďě f_α ∈ S_r(R^n) ĺ^∫_Rn f_α(x)dx = 0 ďńï ńîąőčő α ∈ N^n á |α| = s.

Ďőłăğăâěńìáâćő ńěňňë ŕàőćőďĺâáï ĺŋďãłæĺěľ ŕő àăğňěàŋőáâĺ n. Ŕàĺ n = 1 f_s ïćńïěâáï ŕěàćőőąàăğŋőľ ďńï f ŕőàïďłă s, łőâőàăï áâàěňĺâáï ł 0 ŋă ąěáłőŋěçŋőáâĺ.

Ŕàĺňěŋĺň ńěňňã ł äãŋłæĺĺ f^α(x, y), łőâőàãî ąãďěň àăááňăâàĺćăâì łăł äãŋłæĺî ŕő y, ğăćĺáïéãî őâ ŕăàăňěâàă x. Ŕőńãçăěň, çâő ∂^α_x E(x, y) = (−1)^{|α|}∂^α_y g(x − y) + ∑ |β|=|α| ∂^β_y R^{(α,β)}(x, y), (21.26)

čďě |R^{(α,β)}(x, y)| ≤ C_m(1 + |x − y|)^{−m} ďńï ńîąëå m ∈ N. Ąőńěě âőčő, ∫ R^n R

(α,β)(x, y)dy = 0 ďńï ńîąőčő x.

Ĺŋâěčàĺàőćăŋĺě ŕő çăáâïň ŕőłăğëćăěâ, çâő ïďàő őŕěàăâőàă G_0∂^α áőćŕăďăěâ á (−1)^{|α|}∂^α_y g(x − y). 2

Ğăňěçăŋĺě 21.1 Ťãŋłæĺĺ fα ĺğ ńěňňë 21.4 ńĺŋěľŋő ĺ ŋěŕàěàëćŋő ğă-

ćĺáïâ őâ f. Ŋăŕàĺňěà, ěáńĺ f ïćńïěâáï ŋěŕàěàëćŋőľ äãŋłæĺěľ ŋěłőâőàëå ŕăàăňěâàőć, âő âőęě ąãďěâ ćěàŋő ďńï äãŋłæĺľ f_α. İâő őğŋăçăěâ, çâő äãŋłæĺĺ R^{(α,β)} ąãďãâ ŋěŕàěàëćŋëňĺ ŕő ćáěň ŕěàěňěŋŋëň, ěáńĺ ňăáèâăąĺàãîéăï äãŋłæĺï φ ŕàĺŋăďńěęĺâ C^r(R^n).

Ğăňěçăŋĺě 21.2 Ăŋăńőčĺçŋëňĺ àăááãęďěŋĺïňĺ ďőłăğëćăěâáï, çâő

P_{j+1} − P_j = 2^{−jr} ∑ |β|=r R^{(β)}_j ∂^β,

čďě R^{(β)}_j őŕàěďěńïîâáï ïďàăňĺ 2^{nj} R^{(β)}(2^jx, 2^j y) ĺ R^{(β)} ãďőćńěâćőàïîâ

áćőľáâćăň, ăŋăńőčĺçŋëň áćőľáâćăň R^{(α,β)}.

22 ŁŇĂ ć ŕàőáâàăŋáâćăå Śőąőńěćă

Šěőàěňă 22.1 Ŕãáâì r ∈ N ĺ Vj, j ∈ Z, ïćńïěâáï r-àěčãńïàŋëň ŁŇĂ ć

L_2(R^n). Ěáńĺ f ŕàĺŋăďńěęĺâ ŕàőáâàăŋáâćã Śőąőńěćă W^s_2 (R^n) ĺ −r ≤ s ≤ r, âő P_j (f) áåőďĺâáï ł f ć W^s_2 (R^n)-ŋőàňě.

Ć ďőłăğăâěńìáâćě íâőľ âěőàěňë ĺáŕőńìğãěâáï áńěďãîéăï ńěňňă. Ńěňňă 22.1 Ŕãáâì K(x, y) { äãŋłæĺï ĺğ L^∞(R^n × R^n), ãďőćńěâćőàï-

îéăï ŋěàăćěŋáâćã |K(x, y)| ≤ C(1 + |x − y|)^{−n−1}, ĺ

T_λ : L^p(R^n) → L^p(R^n), 1 ≤ p ≤ ∞, λ > 0, őŕěàăâőàë á ïďàăňĺ λ^nK(λx, λy), T_λf(x) = λ^{n ∫}_Rn K(λx, λy)f(y)dy. Ěáńĺ^∫_Rn K(x, y)dy = 0 âőęďěáâćěŋŋő ŕő x ĺ 1 ≤ p < ∞, âő

lim_{λ→∞} ‖T_λ(f)‖_p = 0 ďńï f ∈ L^p.

Ěáńĺ^∫_Rn K(x, y)dy = 1 âőęďěáâćěŋŋő ŕő x ĺ 1 ≤ p < ∞, âő

lim_{λ→∞} ‖T_λ(f) − f‖_p = 0 ďńï f ∈ L^p.

Ŕàĺ p = ∞ ŕàěďŕőńőęĺň ć ďőŕőńŋěŋĺě, çâő f ïćńïěâáï àăćŋőňěàŋő ŋěŕàěàëćŋőľ ĺ çâő K(x, y) ïćńïěâáï ŋěŕàěàëćŋőľ äãŋłæĺěľ ŕő x ŕàĺ łăęďőň äĺłáĺàőćăŋŋőň y. Šőčďă, ěáńĺ^∫_Rn K(x, y)dy = 1 ĺ f ∈ L^∞(R^n), âő lim_{λ→∞} ‖T_λ(f) − f‖_∞ = 0. Ďőłăğăâěńìáâćő. Ćő-ŕěàćëå, ğăňěâĺň, çâő ŋőàňă őŕěàăâőàă T_λ : L^p(R^n) → L^p(R^n) ïćńïěâáï łőŋěçŋőľ ĺ ŋě ğăćĺáĺâ őâ λ.

Ěáńĺ 1 ≤ p < ∞, âő ďőáâăâőçŋő àăááňőâàěâì ŕńőâŋőě ŕőďňŋőęěáâćă ć L_p(R^n). Ŕãáâì f ŋěŕàěàëćŋăï äãŋłæĺï á łőňŕăłâŋëň ŋőáĺâěńěň. Šőčďă T_λf(x) ïćńïěâáï O(|x|^{−n−1}) ŕàĺ |x| → ∞ àăćŋőňěàŋő ŕő λ ≥ 1. Šăł łăł ∫ R^n K(x, y)dy = 0, âő T_λf(x) = λ^n ∫ R^n K(λx, λy)f(y)dy = λ^n ∫ R^n K(λx, λy)(f(y) − f(x))dy, çâő ňěŋìèě, çěň C^∫_Rn (1 + |y|)^{−n−1}w(λ^{−1}|y|, f)dy =: ϵ(λ), čďě w { ňőďãńì ŋěŕàěàëćŋőáâĺ f. Ĺğ âěőàěňë Ńěąěčă ő ďőňĺŋĺàãěňőľ áåőďĺňőáâĺ áńěďãěâ, çâő lim_{λ→∞} ϵ(λ) = 0. Šăłĺň őąàăğőň, äãŋłæĺĺ T_λf(x) áåőďïâáï ł 0 àăćŋőňěàŋő ŕő x ĺ àăćŋőňěàŋő ŕő λ ïćńïîâáï O(|x|^{−n−1}) ŕàĺ |x| → ∞. Ğŋăçĺâ őŋĺ áåőďïâáï ł 0 ć L^p(R^n)-ŋőàňě.

Ćâőàőľ áńãçăľ ńěňňë, łőčďă^∫_Rn K(x, y)dy = 1, ïćńïěâáï áńěďáâćĺěň ŕěàćőčő. Ŕãáâì g { ŋěŕàěàëćŋăï äãŋłæĺï á łőňŕăłâŋëň ŋőáĺâěńěň, çěľ ĺŋâěčàăń àăćěŋ 1. Ğăňěŋĺň K(x, y) ŋă R(x, y) := K(x, y) − g(x − y) ĺ ŕàĺňěŋĺň ŕěàćëľ áńãçăľ.

Ďőłăğăâěńìáâćő âěőàěňë 22.1. Ŕãáâì s = r. Ŋăďő ďőłăğăâì, çâő ďńï f ∈ W^s_2 (R^n) ĺ |α| ≤ r lim_{j→∞} ‖∂^αP_j (f) − ∂^αf‖_2 = 0. Ŕő âěőàěňě 21.2 ĺňěěň ∂^αP_j = G_j ∂^α +^∑_{|β|=|α|} R^{(α,β)}_j ∂^β, ŕőíâőňã ďőáâăâőçŋő ŕàĺňěŋĺâì ńěňňã 22.1.

Ěáńĺ s ŋě æěńőě ĺ 0 < s < r, âő ğăňěâĺň, çâő őŕěàăâőàë P_j : W^s_2 → W^s_2 àăćŋőňěàŋő őčàăŋĺçěŋë. İâő áńěďãěâ ĺğ łàăľŋĺå áńãçăěć s = 0, s = r ĺ áńěďãîéěľ ĺŋâěàŕőńïæĺőŋŋőľ âěőàěňë. Şâćěàęďěŋĺě 22.1 Ńîąőľ ŋěŕàěàëćŋëľ őŕěàăâőà T : L^2 → L^2, çìě áã-

ęěŋĺě ŋă ŕàőáâàăŋáâćő Śőąőńěćă W^r_2 ïćńïěâáï ŋěŕàěàëćŋëň ńĺŋěľŋëň őŕěàăâőàőň ĺğ W^r_2 ć W^r_2 , ïćńïěâáï âăłęě ŋěŕàěàëćŋëň őŕěàăâőàőň ĺğ W^s_2 ć W^s_2 ďńï 0 < s < r. Ěáńĺ ŋőàňë T łăł őŕěàăâőàă ć L^2 ĺ W^r_2 őąőğŋăçĺâì łăł C_0 ĺ C_1 áőőâćěâáâćěŋŋő, âő ŋőàňă T łăł őŕěàăâőàă ć W^s_2 , 0 < s < r, ŋě ŕàěćőáåőďĺâ max(C_0, C_1).

Ĺğ àăćŋőňěàŋőľ őčàăŋĺçěŋŋőáâĺ őŕěàăâőàőć P_j ĺ ŕńőâŋőáâĺ W^r_2 (R^n) ć W^s_2 (R^n) áńěďãěâ ãâćěàęďěŋĺě âěőàěňë.

Ďńï ďőłăğăâěńìáâćă âěőàěňë 22.1 ŕàĺ −r ≤ s ≤ 0 ŋãęŋő áŋăçăńă őŕàěďěńĺâì P_j ŋă W^s_2 (R^n). Ğăňěâĺň, çâő L^2(R^n) ŕńőâŋő ć W^s_2 (R^n). Ěáńĺ f ĺ g ŕàĺŋăďńěęăâ L_2(R^n), âő (P_j (f), g) = (f, P_j (g)). Šěŕěàì ňë ŕàěďŕőńőęĺň, çâő f ŕàĺŋăďńěęĺâ W^s_2 (R^n), čďě −r ≤ s ≤ 0, ĺ çâő f_m { íâő ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ L^2(R^n), áåőďïéăïáï ł f ć W^s_2 (R^n)-ŋőàňě. Šőčďă, ďńï t = −s ĺ g ∈ W^t_2 (R^n), ĺňěěň

(P_j (f_m), g) = (f_m, P_j (g)) → (f, P_j(g)) ŕàĺ m → ∞.

Ŕőíâőňã ňë őŕàěďěńïěň P_j(f) ∈ W^s_2 (R^n) áńěďãîéĺň őąàăğőň: (P_j (f), g) = (f, P_j(g)). Šăł łăł P^2_j = P_j , âő (P_j (f), P_j (g)) = (P_j(f), g).

Ŕő ďćőľáâćěŋŋőáâĺ őŕěàăâőàë P_j : W^s_2 (R^n) → W^s_2 (R^n) àăćŋőňěàŋő őčàăŋĺçěŋë. Łàőňě âőčő, L^2(R^n) ŕńőâŋő ć W^s_2 (R^n) ĺ P_j (f) áåőďĺâáï ł f ďńï f ∈ L^2(R^n). Ĺğ íâőčő áńěďãěâ, çâő P_j(f) áåőďĺâáï ł f ć W^s_2 (R^n)- ŋőàňě. Śâăŋďăàŋëň áŕőáőąőň ďőłăğëćăěâáï, çâő lim_{j→∞} P_j(f) = f ďńï àăáŕàěďěńěŋĺľ f, ŕàĺŋăďńěęăéĺå W^s_2 (R^n) ŕàĺ −r ≤ s < 0.2

Ğăňěçăŋĺě 22.1 Šěőàěňã 22.1 ňőęŋő őąőąéĺâì ŋă ŕàőáâàăŋáâćă W^s_p

á −r ≤ s ≤ r ĺ 1 < p < ∞. Ďńï äãŋłæĺľ ĺ àăáŕàěďěńěŋĺľ f ∈ W^s_p ŕàőěłæĺĺ P_j(f) áåőďïâáï ł f ć W^s_p -ŋőàňě.

Śńãçăľ p = ∞ âàěąãěâ őâďěńìŋőčő àăááňőâàěŋĺï. Őŕàěďěńĺň ŕàőáâàăŋáâćő W^m_∞ , m ∈ N, ãáńőćĺěň, çâő ∂^αf ŕàĺŋăďńěęăâ L^∞(R^n) ďńï ńîąëå α á |α| ≤ m. Šőčďă, ďńï f ∈ W^m_∞ , 0 ≤ m ≤ r, ŕőáńěďőćăâěńìŋőáâì P_j (f) àăćŋőňěàŋő őčàăŋĺçěŋă ć W^m_∞ ĺ áńăąő áåőďĺâáï ł f, â.ě. ∫ P_j(f)gdx → ∫ fgdx ∀g ∈ S(R^n). Ňőęŋő ğăňěŋĺâì W^m_∞ (R^n) ŋă ŕàőáâàăŋáâćő C^m_∞(R^n), őŕàěďěńïěňőě ãáńőćĺěň, çâő ćáě ŕàőĺğćőďŋëě ∂^αf, |α| ≤ m, őčàăŋĺçěŋë ĺ àăćŋőňěàŋő ŋěŕàěàëćŋë ŋă R^n. Šőčďă, ďńï ńîąőľ äãŋłæĺĺ f ∈ C^m_∞(R^n) ŕàőěłæĺĺ P_j (f) áåőďïâáï ł f ć C^m_∞(R^n)-ŋőàňě ŕàĺ 0 ≤ m < r. Ěáńĺ ňăáèâăąĺàãîéăï äãŋłæĺï φ ŕàĺŋăďńěęăńă C^m_∞(R^n) ĺ ąëáâàő ãąëćăěâ ŋă ąěáłőŋěçŋőáâĺ ćňěáâě áő ćáěňĺ ŕàőĺğćőďŋëňĺ ŕőàïďłă |α| ≤ r, âő áåőďĺňőáâì ĺňěěâ ňěáâő ĺ ŕàĺ m = r.

Ěáńĺ φ ∈ C^m(R^n) ĺ ĺňěěâ łőňŕăłâŋëľ ŋőáĺâěńì, âő P_j (f) áåőďïâáï ł f ∈ C^m(R^n) ć C^m(R^n)-ŋőàňě.

23 Őŕěàăâőàë Q_j = P_{j+1} � P_j

Ŕãáâì V_j , j ∈ Z, { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R^n) ĺ W_j { őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě V_j ďő V_{j+1}. Őàâőčőŋăńìŋëľ ŕàőěłâőà ĺğ L^2(R^n) ŋă W_j àăćěŋ Q_j = P_{j+1} − P_j . §áŋő, çâő f(·) ∈ W_0 âőčďă ĺ âőńìłő âőčďă, łőčďă f(2^j ·) ∈ W_j. Łàőňě âőčő,

L^2(R^n) = ∞⨁ −∞ W_j, (23.1)

â.ł. őąêěďĺŋěŋĺě V_j ŕńőâŋő ć L^2(R^n), ă ŕěàěáěçěŋĺě V_j àăćŋő {0}. Ńîąãî äãŋłæĺî f ∈ L^2(R^n) ňőęŋő àăğńőęĺâì ć őàâőčőŋăńìŋëľ àïď f = ∞∑ −∞ Q_j(f). (23.2)

Ŕőłăęěň, çâő łńăááĺçěáłĺě ŋőàňë ŕàőáâàăŋáâć äãŋłæĺľ ĺ àăáŕàěďěńěŋĺľ ńěčłő ćëçĺáńïîâáï á ĺáŕőńìğőćăŋĺěň íâőčő àăğńőęěŋĺï.

Řăáŕàőáâàăŋĺň àăğńőęěŋĺě (23.1) ŋă L^p(R^n), 1 ≤ p ≤ ∞. Ěáńĺ 1 ≤ p ≤ 2, âő W_j(p) őŕàěďěńĺň łăł ŕěàěáěçěŋĺě W_j á L^p(R^n), çâő áőčńăáőćăŋő á őŕàěďěńěŋĺěň V_j(p) (áň. á. 51). Šőčďă V_{j+1}(p) = V_j (p) + W_j(p), čďě áãňňă ŕàïňăï, ŋő ŋě őàâőčőŋăńìŋăï. Őŕěàăâőàë P_j ĺ Q_j, ŕàőěłâĺàãîéĺě V_{j+1}(p) ŋă V_j (p) ĺ W_j(p) áőőâćěâáâćěŋŋő, ïćńïîâáï ŋěŕàěàëćŋëňĺ ć L^p(R^n) (áň. ńěňňã 22.1). Łàőňě âőčő, ŕàĺ 1 < p ≤ 2 ďńï ńîąőľ äãŋłæĺĺ f ∈ L^p(R^n) ‖P_j f‖_p → 0 ŕàĺ j → −∞. Šăłĺň őąàăğőň, äãŋłæĺï f ∈ L^p(R^n) ňőęěâ ąëâì ěďĺŋáâćěŋŋëň őąàăğőň ğăŕĺáăŋă ć ćĺďě f = ∞∑ −∞ q_j, čďě q_j ∈ W_j(p), (23.3)

čďě çăáâŋëě áãňňë áåőďïâáï ł f ć L_p(R^n) ŕàĺ 1 < p ≤ 2.

Ć áńãçăě 2 ≤ p < ∞ ŕàőáâàăáâćă W_j(p) őŕàěďěńïîâáï łăł ğăňëłăŋĺě W_j ć L^p(R^n). Šőčďă (23.3) àăáŕàőáâàăŋïěâáï ŋă L^p(R^n), 2 ≤ p < ∞.

Ďńï p = ∞ W_j(p) { íâő ğăňëłăŋĺě W_j ć L^∞(R^n) á âőŕőńőčĺěľ σ(L^∞, L^1). Śńěďãîéĺľ àěğãńìâăâ ďőŕőńŋïěâ ĺ ãâőçŋïěâ ŋěàăćěŋáâćă Ąěàŋèâěľ- ŋă. Šěőàěňă 23.1 Ŕãáâì Vj , j ∈ Z, { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R^n). Šőčďă

áãéěáâćãîâ ďćě łőŋáâăŋâë C_2 ≥ C_1 > 0 âăłĺě, çâő ďńï ńîąőčő æěńőčő s ∈ N, s ∈ [0, r], ďńï ńîąőčő p ∈ [1, ∞] ĺ ńîąőľ äãŋłæĺĺ f ∈ W_0(p) C_1‖f‖_p ≤ ∑ |α|=s ‖∂^αf‖_p ≤ C_2‖f‖_p. (23.4) Ěáńĺ s ŋěæěńőě ĺ 0 < s < r, âő

C_1‖f‖_p ≤ ‖Λ^sf‖_p ≤ C_2‖f‖_p, (23.5)

čďě Λ = (−Δ)^{1/2}.

Ďőłăğăâěńìáâćő. Ŕàăćăï çăáâì (23.4) ŕőńŋőáâìî áőćŕăďăěâ á (20.2). Ďńï ďőłăğăâěńìáâćă ńěćőľ çăáâĺ őąőğŋăçĺň çěàěğ Q(x, y) ïďàő ŕàőěłâőàă Q_0 = P_1 − P_0. Šőčďă őçěćĺďŋő, çâő f(x) =^∫_Rn Q(x, y)f(y)dy, ěáńĺ f ∈ W_0. Ś őďŋőľ áâőàőŋë, |Q(x, y)| ≤ C_m(1 + |x − y|)^{−m} ďńï ńîąőčő m ∈ N. Ś ďàãčőľ, Q(x, y) = 2^nE(2x, 2y) − E(x, y), čďě E(x, y) { ïďàő P_0, áńěďőćăâěńìŋő ŕő âěőàěňě 21.1^∫_Rn Q(x, y)y^αdy = 0 ŕàĺ |α| ≤ r.

Ĺáŕőńìğãï ńěňňã 21.4, ŕőńãçĺň, çâő Q(x, y) =^∑_{|β|=s} ∂^β_y Q_β(x, y), čďě äãŋłæĺĺ Q_β âăłęě ãďőćńěâćőàïîâ ãáńőćĺïň |Q_β(x, y)| ≤ C^′_m(1 + |x − y|)^{−m} ďńï ńîąőčő m ∈ N. Šăłĺň őąàăğőň f(x) = ∫ R^n Q(x, y)f(y)dy = (−1)^s ∑ |β|=s ∫ R^n Q_β(x, y)∂^βf(y)dy. Šăł łăł ïďàă Q_β(x, y) őŕàěďěńïîâ őčàăŋĺçěŋŋëě őŕěàăâőàë ć L^p(R^n) ŕàĺ 1 ≤ p ≤ ∞ (áň. ďőłăğăâěńìáâćő ńěňňë 22.1), âő ńěćăï çăáâì (23.4) ďőłăğăŋă.

Ŕãáâì s { ŋěæěńőě ĺ m ∈ Z âăłőě, çâő m < s < m + 1. Ďńï Q_0 ĺňěîâ ňěáâő ďćă ŕàěďáâăćńěŋĺï Q_0 =^∑_{|β|=m} Q_β∂^β =^∑_{|β|=m+1} Q_β∂^β, łőâőàëě ŕàĺćőďïâ ł àăćěŋáâćã Q_0 = GΛ^s, čďě G { őŕěàăâőà, łőâőàëľ őčàăŋĺçěŋ ćő ćáěå L_p(R^n), 1 ≤ p ≤ ∞. Ďěľáâćĺâěńìŋő, őŕàěďěńĺň őŕěàăâőà áćěàâłĺ U, áőőâćěâáâćãîéĺľ ňãńìâĺŕńĺłăâőàã u(ξ) ∈ D(R^n), łőâőàëľ àăďĺăńěŋ, àăćěŋ 1 ŕàĺ |ξ| ≤ 1/2 ĺ àăćěŋ 0 ŕàĺ |ξ| ≥ 1. Ŕãáâì V := I − U. Šőčďă

Q_0 = Q_0U + Q_0V = ∑ |β|=m+1 Qβ∂ βΛ^{−s}UΛ^s + ∑ |β|=m Qβ∂ βΛ^{−s}V Λ^s = = (∑ |β|=m+1 Qβ∂ βΛ^{−s}U + ∑ |β|=m Qβ∂ βΛ^{−s}V ) Λ^s =: GΛ^s.

Ŋěŕàěàëćŋőáâì G ć L^p(R^n) áńěďãěâ ĺğ ŋěŕàěàëćŋőáâĺ őŕěàăâőàőć ∂^βΛ^{−s}U, |β| = m+1, ĺ ∂^βΛ^{−s}V, |β| = m, ć L^p(R^n), łőâőàëě ïćńïîâáï őŕěàăâőàăňĺ áćěàâłĺ, áőőâćěâáâćãîéĺňĺ ňãńìâĺŕńĺłăâőàăň ξ^β|ξ|^{−s}u(ξ), |β| = m + 1, ĺ ξ^β|ξ|^{−s}(1 − u(ξ)), |β| = m, (á âőçŋőáâìî ďő áâěŕěŋĺ i). İâĺ äãŋłæĺĺ ïćńïîâáï ŕàěőąàăğőćăŋĺïňĺ Ťãàìě ĺŋâěčàĺàãěňëå äãŋłæĺľ, çâő ğăćěàèăěâ ďőłăğăâěńìáâćő. 2

Śńěďáâćĺě 23.1 Ěáńĺ 1 ≤ p ≤ ∞ ĺ f ŕàĺŋăďńěęĺâ Wj(p), âő C_12^{js}‖f‖_p ≤ ∑ |α|=s ‖∂^αf‖_p ≤ C_22^{js}‖f‖_p (23.6)

ŕàĺ æěńőň s ∈ [0, r].

Ć őąéěň áńãçăě ďěľáâćĺâěńìŋőčő s ∈ [0, r]

C_12^{js}‖f‖_p ≤ ‖Λ^sf‖_p ≤ C_22^{js}‖f‖_p. (23.7)

Ďőłăğăâěńìáâćő. Ďńï ďőłăğăâěńìáâćă ďőáâăâőçŋő áďěńăâì ğăňěŋã ŕěàěňěŋŋëå ć (23.4) ĺ (23.5). 2

Ğăňěâĺň, çâő ŕàĺ j ∈ N Λ^s ňőęŋő ğăňěŋĺâì ć (23.7) ŋă (I − Δ)^{s/2}. §áŋő, çâő ŕàĺ 1 ≤ p ≤ ∞ ‖Λ^sf‖_p ≤ C(s, n)‖(I − Δ)^{s/2}f‖_p. Ďőáâăâőçŋő áàăćŋĺâì ŕàěőąàăğőćăŋĺï Ťãàìě Λ^sf ĺ (I − Δ)^{s/2}f. Ś ďàãčőľ áâőàőŋë, ‖(I − Δ)^{s/2}f‖_p ≤ C^′(s, n)‖(I + Λ^s)f‖_p ŕàĺ 1 ≤ p ≤ ∞. Şâćěàęďěŋĺě 23.1 Ěáńĺ −r ≤ s ≤ r, 1 ≤ p ≤ ∞ ĺ f ∈ Wj (p) ďńï j ∈ N, âő C^′_12^{js}‖f‖_p ≤ ‖(I − Δ)^{s/2}f‖_p ≤ C^′_22^{js}‖f‖_p, (23.8)

čďě C^′_2 > C^′_1 > 0 { łőŋáâăŋâë.

Ďőłăğăâěńìáâćő. Ć ďőłăğăâěńìáâćě ŋãęďăěâáï âőńìłő áńãçăľ −r ≤ s < 0, â.ł. áńãçăľ 0 ≤ s ≤ r àăááňőâàěŋ ć áńěďáâćĺě 23.1. Ğăňěŋă ŕěàěňěŋŋőľ x → 2^jx áćőďĺâ ďőłăğăâěńìáâćő ł áńěďãîéĺň ŋěàăćěŋáâćăň

C^′_1‖f‖_p ≤ ‖(ϵI − Δ)^{s/2}f‖_p ≤ C^′_2‖f‖_p, (23.9)

ďńï f ∈ W_0(p) ĺ ϵ := 4^{−j} .

Ďńï ďőłăğăâěńìáâćă ŕàăćőľ çăáâĺ ćőáŕőńìğãěňáï âőęďěáâćőň I = U +V (áň. ďőłăğăâěńìáâćő âěőàěňë 23.1). Őŕěàăâőà (ϵI−Δ)^{s/2} àăğńăčăěâáï ŋă áãňňã (ϵI −Δ)^{s/2}U ĺ (ϵI −Δ)^{s/2}V. Ćâőàőě ćëàăęěŋĺě { íâő őŕěàăâőà áćěàâłĺ, áőőâćěâáâćãîéĺľ ňãńìâĺŕńĺłăâőàã (ϵ+|ω|^2)^{s/2}(1−u(ω)). Šăł łăł u(ω) = 1 ŕàĺ |ω| ≤ 1/2, áĺŋčãńïàŋőáâĺ ŕěàćőčő ňŋőęĺâěńï ć ŋãńě ãŋĺçâőęăîâáï ğă áçěâ ćâőàőčő. Šăłĺň őąàăğőň, őŕěàăâőà (ϵI − Δ)^{s/2}V àăćŋőňěàŋő őčàăŋĺçěŋ ŋă L^p(R^n) ŕàĺ 1 ≤ p ≤ ∞.

Ďńï ĺğãçěŋĺï ďěľáâćĺï (ϵI −Δ)^{s/2}U ŋă W_0(p) ĺáŕőńìğãěň ćőáŕàőĺğćőďïéěě ïďàő Q(x, y) ŕőďŕàőáâàăŋáâćă W_0. Šőčďă f(x) =^∫_Rn Q(x, y)f(y)dy ďńï f ∈ W_0. Őŕěàăâőà Q_0 ïćńïěâáï áăňőáőŕàïęěŋŋëň ĺ âőęďěáâćő Q_0 = ∑ |β|=r Qβ∂ β ŕàĺćőďĺâ ł Q_0 =^∑_{|β|=r} ∂^βQ̃_β, čďě Q̃_β àăćŋőňěàŋő őčàăŋĺçěŋë ć L^p(R^n) ŕàĺ 1 ≤ p ≤ ∞. Šăłĺň őąàăğőň, ĺňěěň (ϵI − Δ)^{s/2}Uf = ∑ |β|=r ((ϵI − Δ)^{s/2}U∂^β)Q̃_βf, ĺ őŕěàăâőàë (ϵI − Δ)^{s/2}U∂^β : L^p(R^n) → L^p(R^n) àăćŋőňěàŋő őčàăŋĺçěŋë ć L^p(R^n) ŕàĺ |β| = r > |s| ĺ 0 ≤ ϵ ≤ 1, â.ł. áőőâćěâáâćãîéĺě ňãńìâĺŕńĺłăâőàë àăćŋë (ϵ + |ω|^2)^{s/2}u(ω)ω^β (c âőçŋőáâìî ďő áâěŕěŋĺ i) ĺ áőćŕăďăîâ á ŕàěőąàăğőćăŋĺěň Ťãàìě ĺŋâěčàĺàãěňëå äãŋłæĺľ. Ŕàăćăï çăáâì ŋěàăćěŋáâćă (23.9) ďőłăğăŋă.

Ŕãáâì t = −s. Šőčďă f = E_0(f) = E_0(ϵI −Δ)^{t/2}(ϵI −Δ)^{s/2}f. Őŕěàăâőàë E_0(ϵI − Δ)^{t/2} àăćŋőňěàŋő őčàăŋĺçěŋë ć L^p(R^n) ŕàĺ 1 ≤ p ≤ ∞, â.ł. áőŕàïęěŋŋëě ł ŋĺň őŕěàăâőàë àăćŋőňěàŋő őčàăŋĺçěŋë ć L^p(R^n) ć áĺńã âěőàěňë 20.1. 2

Őåăàăłâěàĺğãěň ŕàőáâàăŋáâćă Śőąőńěćă W^s_2 (R^n) ć âěàňĺŋăå àăğńőęěŋĺï (23.2).

Šěőàěňă 23.2 Ěáńĺ Vj , j ∈ N, { r-àěčãńïàŋëľ ŁŇĂ ć L2(R^n) ĺ

s ∈ (−r, r), âő äãŋłæĺï f ŕàĺŋăďńěęĺâ ŕàőáâàăŋáâćã Śőąőńěćă W^s_2 (R^n) âőčďă ĺ âőńìłő âőčďă, łőčďă P_0(f) ∈ L^2(R^n) ĺ ‖Q_jf‖_2 = ϵ_j2^{−js} ďńï ćáěå j ∈ N, čďě {ϵ_j}^∞_0 ∈ l^2(N). Ąőńěě âőčő, W^s_2 -ŋőàňă f íłćĺćăńěŋâŋă áãňňě L^2-ŋőàňë P_0(f) ĺ l^2(N)-ŋőàňë ŕőáńěďőćăâěńìŋőáâĺ ϵ_j.

Ďőłăğăâěńìáâćő. Ĺğ âěőàěňë 20.1 áńěďãěâ, çâő V_0 ⊂ W^s_2 (R^n). Ŕőíâőňã ďńï ďőłăğăâěńìáâćă ďőáâăâőçŋőáâĺ ŋãęŋő ŕőłăğăâì, çâő áãňňă äãŋłæĺľ q_j ∈ W_j á ‖q_j‖_2 = ϵ_j2^{−js}, čďě ϵ_j ∈ l^2(N), ŕàĺŋăďńěęĺâ W^s_2 (R^n). Ğăäĺłáĺàãěň ŕőńőęĺâěńìŋőě ϵ, ďńï łőâőàőčő |s|+2ϵ ≤ r. Ŕàőáâàăŋáâćő W^s_2 ïćńïěâáï čĺńìąěàâőćëň áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň ⟨(I −Δ)^{s/2}u, (I −Δ)^{s/2}v⟩. Őąőğŋăçĺň çěàěğ ‖·‖_s áőőâćěâáâćãîéãî ŋőàňã ć W^s_2 . Ğăňěâĺň, çâő |⟨(I − Δ)^{s/2}u, (I − Δ)^{s/2}v⟩| = = ⟨(I − Δ)^{s/2+ϵ}u, (I − Δ)^{s/2−ϵ}v⟩ ≤ ‖u‖_{s+2ϵ}‖v‖_{s−2ϵ}. Ŕőíâőňã ‖ ∑_∞ 0 q_j‖^2_s ≤ 2 ∑ ∑ j<k‖q_j‖_{s+2ϵ}‖q_k‖_{s−2ϵ} + ∑ j ‖q_j‖^2_s. Ĺğ ãâćěàęďěŋĺï 23.1 áńěďãěâ, çâő ‖q_j‖_σ ≍ 2^{jσ}2^{−js}ϵ_j ďńï σ ∈ [−r, r]. Ŕőíâőňã ‖q_j‖_{s+2ϵ}‖q_k‖_{s−2ϵ} ≤ ≤ Cϵ_jϵ_k4^{ϵ(j−k)}. Řïď ∑ ∑ j<kϵ_jϵ_k4^{−ϵ|j−k|} áåőďĺâáï, â.ł. áćěàâłă l^1-ŕőáńěďőćăâěńìŋőáâĺ {4^{−ϵ|j−k|}} á l^2-ŕőáńěďőćăâěńìŋőáâìî ïćńïěâáï l^2-ŕőáńěďőćăâěńìŋőáâìî (ďăńěě ŋěàăćěŋáâćő Łőèĺ).

Ŋěőąåőďĺňőáâì ãáńőćĺľ P_0(f) ∈ L^2(R^n) ĺ ‖Q_jf‖_2 ≤ ϵ_j2^{−js} ďńï ŕàĺŋăďńěęŋőáâĺ f ł W^s_2 áńěďãěâ ĺğ ďőáâăâőçŋőáâĺ ãáńőćĺľ ďńï t = −s ĺ áőőąàăęěŋĺľ ďćőľáâćěŋŋőáâĺ. 2

Śńěďáâćĺě 23.2 Ěáńĺ −r < s < r, f ∈ W^s_2 (R^n) ĺ g ∈ W^{−r}_2 (R^n), âő ⟨f, g⟩ = ⟨P_0f, P_0g⟩ + ∞∑ 0 ⟨Q_jf, Q_jg⟩, (23.10) ŕàĺçěň àïď ć ŕàăćőľ çăáâĺ áåőďĺâáï ăąáőńîâŋő.

Ďőłăğăâěńìáâćő. Ďěľáâćĺâěńìŋő, ‖Q_j(f)‖_2 ≤ ϵ_j2^{−js} ĺ ‖Q_jg‖_2 ≤ η_j2^{js}, ŕőíâőňã ⟨Q_j(f), Q_j(g)⟩ ≤ ϵ_jη_j ĺ àïď^{∑∞}_0 ϵ_jη_j áåőďĺâáï ăąáőńîâŋő.2

24 Ŕàőáâàăŋáâćă Ąěáőćă

Ěáńĺ ć őŕàěďěńěŋĺĺ 2.8 ŕàőáâàăŋáâć Ąěáőćă ŕőńőęĺâì g_j := f_{j+1} − f_j, âő

f = f_0 + ∞∑ 0 g_j , (24.1)

čďě ∂^αg_j ≤ ϵ_j2^{(m−s)j} ŕàĺ |α| = m ĺ ‖g_j ‖ ≤ ϵ_j2^{−js}. Őçěćĺďŋő, çâő ćěàŋő ĺ őąàăâŋőě.

Ŕãáâì V_j, j ∈ Z { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R^n), P_j : L^2(R^n) → V_j { őàâőčőŋăńìŋëľ ŕàőěłâőà, Q_j = P_{j+1} − P_j .

Şâćěàęďěŋĺě 24.1 Ŕãáâì 0 < s < r ĺ f ∈ L^p(R^n). Ťãŋłæĺï f ŕàĺ-

ŋăďńěęĺâ ŕàőáâàăŋáâćã Ąěáőćă B^{s,q}_p (R^n) âőčďă ĺ âőńìłő âőčďă, łőčďă ŕőáńěďőćăâěńìŋőáâì {2^{js}‖Q_j(f)‖_p}_{j∈N} ŕàĺŋăďńěęĺâ l^q(N). Ąőńěě âőčő, ŋőàňă f ć B^{s,q}_p (R^n) íłćĺćăńěŋâŋă áãňňě l^q-ŋőàňë íâőľ ŕőáńěďőćăâěńìŋőáâĺ ĺ ‖P_0(f)‖_p.

Ďőłăğăâěńìáâćő. Ďőáâăâőçŋőáâì áńěďãěâ ĺğ âěőàěňë 20.1. Ŋěőąåőďĺňőáâì. Ĺğ (24.1) áńěďãěâ, çâő Q_j(f) = Q_j(f_0) +^{∑∞}_{k=0} Q_j(g_k).

Ďńï k ≥ j ‖Q_j(g_k)‖_p ≤ C‖g_k‖_p, â.ł. őŕěàăâőàë Q_j : L^p → L^p àăćŋőňěàŋő őàăŋĺçěŋë ŕàĺ 1 ≤ p ≤ ∞. Ďńï k < j ć áĺńã ğăňěçăŋĺï 21.2 Q_j = 2^{−jr} ∑ |α|=r R (α) j ∂^α. Ŕőíâőňã ‖Q_j(g_k)‖_p ≤ Cϵ_k2^{(r−s)k}2^{−rj} . Őłőŋçăâěńì- ŋő, ‖Q_j(f)‖_p ≤ C2^{−rj} j∑ k=0 ϵ_k2^{(r−s)k} + C ∞∑ k=j+1 ϵ_k2^{−js} ≤ C^′ϵ̃_j2^{−sk} , čďě ϵ̃_j :=^∑_k ϵ_k2^{−(r−s)|j−k|} ŕàĺŋăďńěęĺâ l^q, łăł áćěàâłă l^q-ŕőáńěďőćăâěńì-ŋőáâĺ á l^1-ŕőáńěďőćăâěńìŋőáâìî.2

Ŕő ăŋăńőčĺĺ á ŕàőáâàăŋáâćăňĺ Śőąőńěćă őŕàěďěńěŋĺě ŕàőáâàăŋáâć Ąěáőćă ňőęŋő àăáŕàőáâàăŋĺâì ŋă ŋěŕőńőęĺâěńìŋëě s.

Őŕàěďěńěŋĺě 24.1 Ŕãáâì s ≤ 0, |s| < r ∈ N. Ąãďěň čőćőàĺâì, çâő

f ∈ B^{s,q}_p (R^n), ěáńĺ P_0f ∈ L^p(R^n) ĺ ‖Q_jf‖_p ≤ ϵ_j2^{−js}, čďě {ϵ_j}^∞_{j=0} ∈ l^q(N).

Ńěčłő ćĺďěâì, çâő ŕàĺ s^′ = −s, s^′ > 0, 1/p + 1/p^′ = 1, 1/q + 1/q^′ = 1 ďćőľáâćěŋŋőáâì ňěęďã àăáŕàěďěńěŋĺïňĺ f ∈ B^{s,q}_p (R^n) ĺ ŕàőąŋëňĺ äãŋłæĺïňĺ g ∈ B^{s′,q′}_p′ (R^n) őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň ⟨f, g⟩ = ⟨P_0f, P_0g⟩ + ∞∑ 0 ⟨Q_jf, Q_jg⟩. Ěáńĺ p > 1 ĺ q > 1, âő B^{s,q}_p (R^n) { ďćőľáâćěŋŋőě ŕàőáâàăŋáâćő ł B^{s′,q′}_p′ (R^n) ĺ ěčő őŕàěďěńěŋĺě ŋě ğăćĺáĺâ őâ ćëąőàă ŁŇĂ. Ďńï p = 1 ĺńĺ q = 1 ŋěğăćĺáĺňőáâì őŕàěďěńěŋĺï őâ ŁŇĂ ŕàőćěàïěâáï ŋěŕőáàěďáâćěŋŋő.

Ĺáŕőńìğãï ãâćěàęďěŋĺě 24.1, ŋěâàãďŋő ŕőłăğăâì, çâő

C^r(R^n) = B^{r,∞}_∞ (R^n) = (B^{−r,1}_1 )^∗(R^n). (24.2)

Şâćěàęďěŋĺě 24.2 Ŕãáâì Vj , j ∈ Z { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R^n),

r > s. Šőčďă f ∈ C^s(R^n) âőčďă ĺ âőńìłő âőčďă, łőčďă P_0f ∈ L^∞(R^n) ĺ ‖Q_jf‖_∞ ≤ C2^{−js} ďńï ŋěłőâőàőľ łőŋáâăŋâë C.

25 Ŕàőěłâőàë P_j ĺ ŕáěćďőďĺääěàěŋæĺăńìŋëě őŕěàăâőàë

Őŕàěďěńěŋĺě 25.1 Ŕãáâì áĺňćőń σ(x, ω) ïćńïěâáï äãŋłæĺěľ őâ

x ∈ R^n ĺ őâ ω ∈ R^n (ĺŋőčďă ďőŕőńŋĺâěńìŋő âàěąãîâ, çâőąë ω ≠ 0). Ŕáěćďőďĺääěàěŋæĺăńìŋëľ őŕěàăâőà (ŔĎŐ) T őŕàěďěńïěâáï ŕőáàěďáâćőň äőàňăńìŋőčő ŕàăćĺńă T (e^{ix·ω}) = σ(x, ω)e^{ix·ω}. (25.1) Őŕàěďěńěŋĺě 25.2 Łńăáá Ţěàňăŋďěàă S^0_{ρ,δ} őŕàěďěńïěâáï ãáńőćĺěň |∂^α_ω ∂^β_x σ(x, ω)| ≤ C(α, β)(1 + |ω|)^{ρ|β|−δ|α|}, (25.2) čďě áńãçăľ ρ = δ = 1 ĺáłńîçăěâáï ĺğ àăááňőâàěŋĺï.

Ŕàőĺğćőńìŋăï äãŋłæĺï ĺğ S(R^n) àăćŋă f(x) =^1_{(2π)n}^∫_Rn e^{ix·ω}f̂ (ω)dω, ŕőíâőňã ďńï ńĺŋěľŋőčő T ŕőńãçăěň, çâő T f(x) = 1 (2π)^n ∫ R^n e^{ix·ω}σ(x, ω)f̂(ω)dω. (25.3)

Ťőàňãńă (25.3) ĺňěěâ áňëáń ďńï σ(x, ω) ∈ L^∞(R^n × R^n).

Ŕãáâì V_j , j ∈ Z, { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R^n), φ { őàâőčőŋăńìŋăï ňăáèâăąĺàãîéăï äãŋłæĺï, P_j : L^2(R^n) → V_j { őàâőčőŋăńìŋëě ŕàőěłâő- àë. Şâćěàęďěŋĺě 25.1 Śĺňćőń ŕàőěłâőàă Pj àăćěŋ σ(2^jx, 2^{−j}ω), čďě σ(x, ω) := ∑ k∈Z^n e^{2πik·x} ^φ(ω + 2kπ) ^φ(ω). (25.4) Ďőłăğăâěńìáâćő. Ŕãáâì σ(x, ω) áĺňćőń P_0. Ńěčłő ćĺďěâì, çâő ďńï ńîąőčő a ∈ R^n σ(x − a, ω) ïćńïěâáï áĺňćőńőň őŕěàăâőàă R_aP_0R^{−1}_a , čďě R_af(x) := f(x − a). Šăł łăł őŕěàăâőà P_0 łőňňãâĺàãěâ áő áďćĺčăňĺ R_k, k ∈ Z^n, ěčő áĺňćőń σ(x, ω) ïćńïěâáï Z^n-ŕěàĺőďĺçěáłőľ äãŋłæĺěľ ŕő x. Ğăňěâĺň, çâő ∑ k∈Z^n e 2πik·x ^φ(ω + 2kπ) = ∑ l∈Z^n e −iω·(x+l)φ(x + l) â.ł. ∫ [0,1]n e −2πik·x(∑ l∈Z^n e −iω·(x+l)φ(x + l))dx = = ∫ R^n e −2πik·xe−iω·xφ(x)dx = ^φ(ω + 2πk). Šăłĺň őąàăğőň (25.4) ŕěàěŕĺáëćăěâáï ć ćĺďě σ(x, ω) = ( ∑ l∈Z^n e^{−iω·(x+l)}φ(x + l) ) ^φ(ω). (25.5)

Ďńï ďőłăğăâěńìáâćă (25.5) ćőáŕőńìğãěňáï âőęďěáâćőň P_0(e^{ix·ω}) = σ(x, ω)e^{ix·ω}. Šăł łăł E_0(x, y) := ∑ k∈Z φ(x − k)φ(y − k), âő P_0(e^{ix·ω}) = ∑ k∈Z φ(x − k) ∫ R^n φ(y − k)e iy·ωdy = = ∑ k∈Z φ(x − k)e^{i(k−x)·ω} ^φ(ω)e^{ix·ω} = σ(x, ω)e^{ix·ω}. 2_{Šăł łăł ŕàőĺğćőďŋëě φ ŕőàïďłă ŋěćëèě r ąëáâàő ãąëćăîâ, âő} |∂^α_ω ∂^β_x σ(x, ω)| ≤ C(α), (25.6) ďńï ńîąőčő α ∈ N^n ĺ ńîąőčő β ∈ N^n, |β| ≤ r.

Ĺááńěďãěň łăłĺě áćőľáâćă áĺňćőńă σ(x, ω) áńěďãîâ ĺğ âěőàěňë 21.1. Ćëçĺáńĺň P_0(x^α), ĺáŕőńìğãï (25.3). Ďńï íâőčő ŕàĺąńĺğĺň x^α äãŋłæĺïňĺ ĺğ łńăááă Ÿćăàæă. Řăááňőâàĺň ďńï ńîąőčő ϵ > 0 äãŋłæĺî f_ϵ(x) = x^αe^{−ϵ|x|2} , ŕàěőąàăğőćăŋĺě Ťãàìě łőâőàőľ àăćŋő i^{|α|}∂^α_ω g_ϵ(ω), čďě g_ϵ(ω) := (π/ϵ)^{n/2}e^{−|ω|2/4ϵ}. Šőčďă P_0f_ϵ(x) = i^{|α|} (2π)^n ∫ e^{ix·ω}σ(x, ω)∂^α_ωg_ϵ(ω)dω. Ĺŋâěčàĺàãï ŕő çăáâïň, ĺňěěň

P_0f_ϵ(x) = (−i)^{|α|} (2π)^n ∫ ∂^α_ω (e^{ix·ω}σ(x, ω))g_ϵ(ω)dω. (25.7) Šăł łăł ïďàő E(x, y) őŕěàăâőàă P_0 ěáâì O(|x−y|^{−m}) ŋă ąěáłőŋěçŋőáâĺ ďńï ńîąőčő m ∈ N, ŕő âěőàěňě Ńěąěčă ŕőńãçăěň, çâő P_0(x^α) = lim_{ϵ↓0} P_0(f_ϵ)(x). Ŕěàěåőďï ł ŕàěďěńã ć (25.7), ĺňěěň x^α = (−i)^{|α|}∂^α_ω (e^{ix·ω}σ(x, ω))|_{ω=0}. (25.8) Řăćěŋáâćő (25.8) ćëŕőńŋěŋő ďńï ńîąëå α ∈ N^n á |α| ≤ r. Ŕőíâőňã σ(x, 0) = 1 ĺ ∂^α_ω σ(x, ω)|_{ω=0} = 0 ŕàĺ 1 ≤ |α| ≤ r.

Şçĺâëćăï (25.4), ĺňěěň σ(x, 0) =^∑_{k∈Z}n e^{2πik·x} ^φ(0 + 2kπ) ^φ(0) = 1, őâłãďă áńěďãěâ, çâő ^φ(2kπ) = 0 ∀k ≠ 0. (25.9) Ŕő ĺŋďãłæĺĺ ŕőńãçĺň, çâő (∂^α ^φ)(2kπ) = 0 ∀k ≠ 0, |α| ≤ r.

Šăł łăł φ(x) ≤ C_m(1 + |x|)^{−m} ďńï ńîąőčő m ∈ N, âő àïď ∑ k∈Z^n | ^φ(ω + 2kπ)| 2 ĺ ćáě ěčő ŕàőĺğćőďŋëě àăćŋőňěàŋő áåőďïâáï ŋă łőňŕăłâăå. Ĺğ âěőàěňã 9.1 áńěďãěâ Şâćěàęďěŋĺě 25.2

| ^φ(ω)|^2 = 1 + O(|ω|^{2r+2}) ŕàĺ |ω| → 0. (25.10)

Ćáěčďă ňőęŋő áłőààěłâĺàőćăâì φ âăłĺň őąàăğőň, çâőąë áłőààěłâĺàőćăŋŋăï äãŋłæĺï φ̃ ãďőćńěâćőàïńă ãáńőćĺïň ∫ R^n

φ̃(x)dx = 1 ĺ ∫ R^n

x^αφ̃(x)dx = 0, (25.11)

ŕàĺ 1 ≤ |α| ≤ r, áőåàăŋïï ŕàĺ íâőň áćőľáâćő őàâőčőŋăńìŋőáâĺ {φ̃(· − k)}_{k∈Z} ĺ ąëáâàőčő ãąëćăŋĺï ŋă ąěáłőŋěçŋőáâĺ ŕàőĺğćőďŋëå ∂^αφ̃ ŕàĺ |α| ≤ r. Ďńï íâőčő ãňŋőęĺň áŋăçăńă ^φ ŋă łőŋáâăŋâã, ŕő ňőďãńî àăćŋãî 1, ďńï âőčő, çâőąë^^φ̃(0) = 1. Ďăńěě, ŕãáâì α(ω) { ăàčãňěŋâ ^φ(ω) ć őłàěáâŋőáâĺ 0, â.ě. ^φ(ω) = | ^φ(ω)|e^{iα(ω)} ďńï |ω| < δ, čďě α(0) = 0 ĺ α(ω) ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňăï äãŋłæĺï ŋă |ω| < δ. Ŕãáâì ďěľáâćĺâěńìŋăï, ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňăï äãŋłæĺï β(ω) ïćńïěâáï 2π-ŕěàĺőďĺçěáłĺň ŕàőďőńęěŋĺěň α(ω) ŋă R^n. Őŕàěďěńĺň^^φ̃(ω) łăł e^{−iβ(ω)} ^φ(ω). Šőčďă^^φ̃(ω) = | ^φ(ω)| ć őłàěáâŋőáâĺ 0 ĺ ćëŕőńŋěŋő (25.11).

Şâćěàęďěŋĺě 25.3 Ćáŕńěáłĺ ψ1, . . . , ψq, q := 2^n − 1, őŕàěďěńěŋŋëě ć

âěőàěňě 19.3 ãďőćńěâćőàïîâ ãáńőćĺïň ∫ R^n

x^αψ_l(x)dx = 0, (25.12) ďńï |α| ≤ r ĺ 1 ≤ l ≤ q. Ďőłăğăâěńìáâćő. Ŕãáâì ^φ(ω) = m_0(ω/2) ^φ(ω/2), ^ψ_l(ω) = m_l(ω/2) ^φ(ω/2), čďě m_l { ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňëě 2πZ^nŕěàĺőďĺçěáłĺě äãŋłæĺĺ. Ăŋăńőčĺçŋő őďŋőňěàŋőňã áńãçăî ďőłăğëćăěâáï, çâő |m_0(ω)|^2 + |m_1(ω)|^2 + · · · + |m_q(ω)|^2 = 1, őâłãďă áńěďãěâ, çâő | ^φ(ω)|^2 + | ^ψ_1(ω)|^2 + · · · + | ^ψ_q(ω)|^2 = | ^φ(ω/2)|^2. Ĺğ (25.10) áńěďãěâ, çâő ^ψ_l(ω) = O(|ω|^{r+1}), 1 ≤ l ≤ q. Šăł łăł ψ_l ąëáâàő ãąëćăîâ ŋă ąěáłőŋěçŋőáâĺ, ĺå ŕàěőąàăğőćăŋĺě Ťãàìě ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňő. Ğŋăçĺâ ∂^αψ_l(ω) = 0 ŕàĺ ω = 0 ĺ 1 ≤ l ≤ q, őâłãďă áńěďãěâ (25.12).

Ŕàĺňěà. Ŕàĺňěŋĺň (25.4) ł ŁŇĂ Ňěľěàă (áň. ŕăàăčàăä 14). Šăł łăł supp ^φ^M = [−4π/3, 4π/3], âő ć (25.4) ćáěčő âàĺ ŋěàăćŋëå ŋãńî çńěŋă σ(t, ω) = e^{−2πit} ^φ(ω − 2π) ^φ(ω) + ( ^φ(ω))^2 + e^{2πit} ^φ(ω + 2π) ^φ(ω). (25.13) Ŕãáâì S_j { őŕěàăâőà áćěàâłĺ, áőőâćěâáâćãîéĺľ ňãńìâĺŕńĺłăâőàã ( ^φ(2^{−j} ω))^2. Őąőğŋăçĺň η(ω) := ^φ(ω−2π) ^φ(ω) ĺ θ(ω) := ^φ(ω+2π) ^φ(ω). §áŋő, çâő supp η = [2π/3, 4π/3], η(2π −ω) = η(ω), supp θ = [−4π/3, −2π/3], θ(−2π − ω) = θ(ω). Ŕãáâì Δ^+_j ĺ Δ^−_j { őŕěàăâőàë áćěàâłĺ, áőőâćěâáâćãîéĺě ňãńìâĺŕńĺłăâőàăň η(2^{−j} ω) ĺ θ(2^{−j} ω) áőőâćěâáâćěŋŋő. Ŕãáâì M_j { őŕěàăâőà ŕőâőçěçŋőčő ãňŋőęěŋĺï ŋă e^{2πi2jt}. Ĺğ (25.13) áńěďãěâ, çâő ŕàőěłâőàë ŁŇĂ Ňěľěàă ĺňěîâ ćĺď

P_j = S_j + M_jΔ^−_j + M^{−1}_j Δ^+_j . (25.14)

26 Ćáŕńěáłőćăï åăàăłâěàĺğăæĺï ŕàőáâàăŋáâć Čěńìďěàă C^s, Śőąőńěćă W^s_2 ĺ Ąěáőćă B^{s,q}_p

Ćáŕńěáłőćëě àïďë őąńăďăîâ áńěďãîéĺňĺ ŕàěĺňãéěáâćăňĺ:

- ćáŕńěáłĺ, ńőłăńĺğőćăŋŋëě ć őąńăáâĺ àěčãńïàŋőáâĺ äãŋłæĺĺ, ĺňěîâ ŕàěŋěąàěęĺňő ňăńěŋìłĺě łőíääĺæĺěŋâë, ă ćáŕńěáłĺ, ńőłăńĺğőćăŋŋëě őłőńő őáőąěŋŋőáâěľ äãŋłæĺĺ, ŋăőąőàőâ ĺňěîâ ąőńìèĺě łőíääĺæĺěŋâë (íâă őáőąěŋŋőáâì ćëàăęěŋă âěň ïàçě, çěň ąőńìèě ŋãńěćëå ňőňěŋâőć ã ćáŕńěáłă);

-ćáŕńěáłőćëě łőíääĺæĺěŋâë ŕőğćőńïîâ ćëçĺáńïâì, á âőçŋőáâìî ďő íłćĺćăńěŋâŋőáâĺ, ŋőàňã äãŋłæĺĺ ć ąőńìèĺŋáâćě äãŋłæĺőŋăńìŋëå ŕàőáâàăŋáâć.

Ŕãáâì {ψ_l}^{2n−1}_{l=0} - äãŋłæĺĺ, őŕàěďěńěŋŋëě ć Šěőàěňě 19.3. Ňŋőčőňěàŋëľ ćáŕńěáłőćëľ àïď ĺňěěâ ćĺď f(x) = ∑ λ∈Λ ⟨f, ψ_λ⟩ψ_λ(x), (26.1) čďě Λ := {λ = (l, j, k) : 1 ≤ l ≤ 2^n − 1, k ∈ Z^n, j ∈ Z}, ψ_λ(x) := 2^{nj/2}ψ_l(2^j x − k).

Ć ŕàőáâàăŋáâćăå, őâńĺçŋëå őâ L^2(R^n), ĺáŕőńìğőćăŋĺě (26.1) ąëćăěâ ğăâàãďŋĺâěńìŋëň. Ŋăŕàĺňěà, ć L^∞(R^n) ďńï f ≡ 1 (26.1) ŕàěćàăéăěâáï ć 1 = 0. Ďćőľáâćěŋŋëľ ŕàĺňěà: ŕãáâì f ∈ D(R^n) ĺ^∫_Rn f(x)dx = 1. Šăł łăł^∫_Rn ψ_l(x)dx = 0, âő àïď (26.1) ŋě áåőďĺâáï ć L^1(R^n).

Ŕőíâőňã ćňěáâő (26.1) ãďőąŋěě ŕőńìğőćăâìáï àïďőň ŕő áďćĺčăň ňăáèâăąĺàãîéěľ äãŋłæĺĺ φ ĺ ćáŕńěáłăň, áęăâëň ć 2^j àăğ á j ≥ 0 : f(x) = ∑ k∈Z^n ⟨f, φ_{0,k}⟩φ_{0,k}(x) + ∑ λ∈∪_{j≥0}Λ_j ⟨f, ψ_λ⟩ψ_λ(x), (26.2) čďě Λ_j := {λ = (l, j, k) : 1 ≤ l ≤ 2^n − 1, k ∈ Z^n}.

Řïď (26.2) åőàőèő ŕàěďáâăćńïěâ äãŋłæĺĺ ĺğ ŕàőáâàăŋáâć, łőâőàëě åăàăłâěàĺğãîâáï ŋěłőâőàëň ńőłăńìŋëň ãáńőćĺěň ĺ ŋěłőâőàëň čńőąăńìŋëň ãáńőćĺěň àőáâă ŋă ąěáłőŋěçŋőáâĺ.

Ŕàőĺńńîáâàĺàãěň ĺáŕőńìğőćăŋĺě (26.1) ĺ (26.2) ŋă ŕàĺňěàě ŕàőáâàăŋáâć Śőąőńěćă W^s_2 (R^n) (Őŕàěďěńěŋĺě 2.6), Čěńìďěàă C^s(R^n) (Őŕàěďěńěŋĺě 2.9) ĺ Ąěáőćă B^{s,q}_p (Őŕàěďěńěŋĺě 2.8). Ąãďěň àăááňăâàĺćăâì ćáŕńěáłĺ, ŕőńãçěŋŋëě ĺğ r-àěčãńïàŋőčő ŁŇĂ. Ŕàĺ íâőň ŕőàïďőł àăáŕàěďěńěŋĺï, ďńï łőâőàőčő ćëçĺáńïîâáï łőíääĺæĺěŋâë, ŕàěďŕőńăčăěâáï áâàőčő ňěŋìèĺň r. Řăćěŋáâćő (26.1) ŕőŋĺňăěâáï łăł àăćěŋáâćő ĺŋâěčàăńőć őâ őąěĺå çăáâěľ àăćěŋáâćă, ãňŋőęěŋŋëå ŋă äãŋłæĺî ĺğ C^r(R^n) á łőňŕăłâŋëň ŋőáĺâěńěň.

Šěőàěňă 26.1 Řăáŕàěďěńěŋĺě f ŕàĺŋăďńěęĺâ W^s_2 (R^n) á s ∈ (−r, r) âő-

čďă ĺ âőńìłő âőčďă, łőčďă ćáŕńěáłőćëě łőíääĺæĺěŋâë α(λ) := ⟨f, ψ_λ⟩ ãďőćńěâćőàïîâ ãáńőćĺïň ∑ j<0 ∑ λ∈Λ_j |α(λ)|^2 + ∑ j≥0 ∑ λ∈Λ_j 4^{js}|α(λ)|^2 < ∞. (26.3)

Ťãŋłæĺï f ŕàĺŋăďńěęĺâ C^s(R^n) á s ∈ (0, r) âőčďă ĺ âőńìłő âőčďă, łőčďă áãéěáâćãîâ ďćě łőŋáâăŋâë C_0 ĺ C_1, âăłĺě, çâő łőíääĺæĺěŋâë β(k) := (f, φ_{0,k}), k ∈ Z^n, ĺ α(λ) := (f, ψ_λ), λ ∈ Λ_j, j > 0, ãďőćńěâćőàïîâ ãáńőćĺïň |β(k)| ≤ C_0, |α(λ)| ≤ C_12^{−nj/2}2^{−js}. Ďőłăğăâěńìáâćő. Ć áńãçăě ŕàőáâàăŋáâć Śőąőńěćă âěőàěňă áńěďãěâ ĺğ âěőàěňë 23.2 ĺ âőčő, çâő {ψ_λ}_{λ∈Λj} { őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć W_j, ŕőíâőňã ‖Q_jf‖^2 =^∑_{λ∈Λj} |⟨f, ψ_λ⟩|^2.

Ďńï ŕàőáâàăŋáâć Čěńìďěàă àěğãńìâăâ áńěďãěâ ĺğ ãâćěàęďěŋĺï 24.2 ĺ âőčő, çâő ‖f‖_∞ ĺ sup_{λ∈Λ0} |⟨f, ψ_λ⟩| íłćĺćăńěŋâŋë ŋă W_0. Ďěľáâćĺâěńìŋő, |⟨f, ψ_λ⟩| ≤ ‖ψ_λ‖_1‖f‖_∞ = C‖f‖_∞ ĺ sup_{λ∈Λ0} |ψ_λ(x)| ≤ C^′ ć áĺńã (19.11), őâłãďă |f(x)| ≤ C^′ sup_{λ∈Λ0} |⟨f, ψ_λ⟩|. 2 Ğăňěçăŋĺě 26.1 Ŕàőáâàăŋáâćő C^s ŋěńìğï őåăàăłâěàĺğőćăâì, ĺáŕőńì-

ğãï âőńìłő ňőďãńĺ łőíääĺæĺěŋâőć àïďă (26.1). İâő áćïğăŋő á ŋěćőğňőęŋőáâìî őåăàăłâěàĺğőćăâì âăłĺň áŕőáőąőň L^∞(R^n). Ŋăŕàĺňěà, ŕàĺ x ∈ R ňőďãńĺ łőíääĺæĺěŋâőć ćáŕńěáłőć Ňěľěàă (áň.(14.1)) ďńï log |x| ĺ ďńï x/|x| ăáĺňŕâőâĺçěáłĺ áőćŕăďăîâ. İâő áćïğăŋő á âěň, çâő ŕàěőąàăğőćăŋĺě Čĺńìąěàâă H őâőąàăęăěâ x/|x| ć log |x|, ă ćáŕńěáłĺ Ňěľěàă ψ^M_{j,k} ŕàěőąàăğãîâáï ć áőćěàèěŋŋő ăŋăńőčĺçŋëě ćáŕńěáłĺ ψ̃^M_{j,k}, čďě ψ̃^M (t) := (Hψ^M )(t) =^1_{2π}^∫_R sin((t − 1/2)ξ) sgn(ξ) sin (λ(ξ)) dξ.

Ğăňěçăŋĺě 26.2 Ŕàőáâàăŋáâćő Śőąőńěćă W^s_2 ňőęŋő őåăàăłâěàĺğő-

ćăâì ŕàĺ ŕőňőéĺ àïďă (26.2): f ∈ W^s_2 , −r < s < r âőčďă ĺ âőńìłő âőčďă, łőčďă^∑_{k∈Z} |β(k)|^2 < ∞ ĺ^∑_{j≥0}^∑_{λ∈Λj} 4^{js}|α(λ)|^2 < ∞.

Ďěńő ć âőň, çâő^∑_{k∈Z} |β(k)|^2 =^∑_{j<0}^∑_{λ∈Λj} |α(λ)|^2 < ∞, âăł łăł V_0 - ŕàïňăï áãňňă ŕàőáâàăŋáâć W_j, j < 0.

Ăŋăńőčĺçŋő ńěňňě 20.1 ďőłăğëćăěâáï Şâćěàęďěŋĺě 26.1 Ŕãáâì p ∈ [1, ∞]. Śãéěáâćãîâ łőŋáâăŋâë

C^′ > C > 0, âăłĺě, çâő ďńï ńîąőľ łőŋěçŋőľ áãňňë f(x) = ∑ λ∈Λ_j α(λ)ψλ(x) ∈ Wj C‖f‖_p ≤ 2^{nj( 12 − 1p )}( ∑ λ∈Λ_j |α(λ)|^p)^{1/p} ≤ C^′‖f‖_p. Ĺğ ãâćěàęďěŋĺľ 24.1 ĺ 26.1 áńěďãěâ Šěőàěňă 26.2 Ťãŋłæĺï f(x) = ∑ k∈Z^n β(k)φ(x − k) + ∑ j≥0 ∑ λ∈Λ_j α(λ)ψ_λ(x) ŕàĺŋăďńěęĺâ B^{s,q}_p âőčďă ĺ âőńìłő âőčďă, łőčďă {β(k)}_{k∈Z}n ∈ l^p(Z^n) ĺ ( ∑ λ∈Λ_j |α(λ)| p)^{1/p} = 2^{−nj( 12 − 1p )}2^{−js}a_j, čďě {a_j}_{j∈N} ∈ l^q(N).

27 Ćáŕńěáłőćăï åăàăłâěàĺğăæĺï ŕàőáâàăŋáâć H^1(R^n) ĺ BMO

Ŕãáâì {ψ_l}^{2n−1}_{l=0} - ćáŕńěáłĺ, őŕàěďěńěŋŋëě ć Šěőàěňě 19.3, r ≥ 1, Λ := {λ = (l, j, k) : 1 ≤ l ≤ 2^n − 1, k ∈ Z^n, j ∈ Z}, ψ_λ(x) := 2^{nj/2}ψ_l(2^j x − k).

Šěőàěňă 27.1 Ćáŕńěáłĺ {ψλ}λ∈Λ őąàăğãîâ ąěğãáńőćŋëľ ąăğĺá ć ćěéě-

áâćěŋŋőň łńăááě Ţăàďĺ H^1(R^n).

Śåěňă ďőłăğăâěńìáâćő. Śŋăçăńă àăááňőâàĺň ćáŕńěáłĺ á łőňŕăłâŋëň ŋőáĺâěńěň. Ŋě őčàăŋĺçĺćăï őąéŋőáâĺ ňőęŋő áçĺâăâì, çâő ∫ [0,1]n |ψl(x)| 2dx ≠ 0, 1 ≤ l < 2^n (íâőčő ćáěčďă ňőęŋő ďőąĺâìáï ğă áçěâ áőőâćěâáâćãîéěčő áďćĺčă). Šőčďă áãéěáâćãîâ łőŋáâăŋâë c > 0, γ > 0 ĺ łãąë A_l ⊂ [0, 1)^n, âăłĺě, çâő |ψ_l(x)| ≥ c, ěáńĺ x ∈ A_l, ĺ |A_l| ≥ γ.

Ěáńĺ λ = (l, j, k), 1 ≤ l ≤ 2^n − 1, k ∈ Z^n, j ∈ Z, âő ŕő őŕàěďěńěŋĺî Q(λ) := Q(j, k) := {x ∈ R^n : 2^jx − k ∈ [0, 1)^n} ĺ R(λ) := {x ∈ R^n : 2^j x − k ∈ A_l}. Ŕãáâì f(x) =^∑_{λ∈Λ} α(λ)ψ_λ(x). Şâćěàęďěŋĺě âěőàěňë áńěďãěâ ĺğ âőčő, çâő ‖f‖_H1_{(R}n_) íłćĺćăńěŋâŋă áńěďãîéĺň ćěńĺçĺŋăň: ‖( ∑ λ∈Λ |α(λ)|^2|ψ_λ(x)|^2)^{1/2}‖_L1_{(R}n_); (27.1) ‖( ∑ λ∈Λ |α(λ)|^2|Q(λ)|^{−1}κ_{R(λ)}(x))^{1/2}‖_L1_{(R}n_); (27.2) ‖( ∑ λ∈Λ |α(λ)|^2|Q(λ)|^{−1}κ_{Q(λ)}(x))^{1/2}‖_L1_{(R}n_). (27.3)

Ğďěáì |e| - ňěàă Ńěąěčă ňŋőęěáâćă e.

Ć ďőłăğăâěńìáâćě ĺáŕőńìğãěâáï ăâőňăàŋőě őŕĺáăŋĺě H^1(R^n).

Őŕàěďěńěŋĺě 27.1 Ăâőňőň ć H^1(R^n) ŋăğëćăîâ äãŋłæĺî a(x) ĺğ

L^2(R^n), ďńï łőâőàőľ áãéěáâćãěâ èăà B ⊂ R^n âăłőľ, çâő ćëŕőńŋěŋë âàĺ áćőľáâćă

a(x) = 0, ěáńĺ x ∉ B; (27.4) ‖a‖_2 ≤ |B|^{−1/2}; (27.5) ∫ B a(x)dx = 0. (27.6)

Šěőàěňă 27.2 [CW] Ťãŋłæĺï f ∈ L^1(R^n) ŕàĺŋăďńěęĺâ H^1(R^n) âőčďă

ĺ âőńìłő âőčďă, łőčďă áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì ăâőňőć a_j(x) ĺ ŕőáńěďőćăâěńìŋőáâì çĺáěń λ_j âăłĺě, çâő ∞∑ 0 |λ_j | < ∞ ĺ f(x) = ∞∑ 0 λ_j a_j(x). (27.7)

Őłăğëćăěâáï ćőğňőęŋëň áčàãŕŕĺàőćăâì çńěŋë ćáŕńěáłőćőčő àïďă f(x) = ∑ λ∈Λ α(λ)ψ_λ(x) âăł, çâő çăáâŋëě áãňňë ∑ λ∈Λ(l,m,r) α(λ)ψλ(x), čďě {Λ(l, m, r)} { ďĺğêîŋłâŋőě àăğąĺěŋĺě Λ, őąàăğãîâ ăâőňăàŋőě ŕàěďáâăćńěŋĺě f. Ňŋőęěáâćă Λ(l, m, r) őŕàěďěńïîâáï áńěďãîéĺň őąàăğőň. Ŕãáâì σ_l(x) := (^∑_{Q∈Ω} |α(l, Q)|^2|Q|^{−1}κ_{R(l,Q)}(x))^{1/2}, čďě Ω - áőćőłãŕŋőáâì ćáěå ďćőĺçŋëå łãąőć, α(l, Q) = α(l, j, k) ďńï Q = Q(j, k),

R(l, Q) := R(l, j, k). Ŕãáâì E(l, m) := {x : σ_l(x) > 2^m}, m ∈ Z. §áŋő, çâő_∑ m∈Z 2^m|E(l, m)| ≤ 2 ∫ R^n

σ_l(x)dx. (27.8)

Őąőğŋăçĺň çěàěğ Ω(l, m) áőćőłãŕŋőáâì ďćőĺçŋëå łãąőć Q, ďńï łőâőàëå |Q ∩ E(l, m)| ≥ β|Q|, čďě β ∈ (0, γ) { äĺłáĺàőćăŋŋăï ŕőáâőïŋŋăï. Ŕãáâì {A(l, m, r)}_r { áőćőłãŕŋőáâì ćáěå ňăłáĺňăńìŋëå ŕő ćłńîçěŋĺî łãąőć ć Ω(l, m). Ńěčłő ćĺďěâì, çâő | ⋃ r A(l, m, r)| < 1 β |E(l, m)|. (27.9) Ŋăłőŋěæ, Λ(l, m, r) áőáâőĺâ ĺğ âěå λ = (l, j, k) ∈ Λ, ďńï łőâőàëå Q(λ) ∈ Ω(l, m)\Ω(l, m + 1) ĺ Q(λ) ⊂ A(l, m, r). Ŋěâàãďŋő ŕőłăğăâì, çâő ∑ λ∈Λ(l,m,r) |α(λ)|^2 ≤ 1 γ − β 4^{m+1}|A(l, m, r)|. (27.10) Ŕãáâì b(l, m, r) := |A(l, m, r)|^{1/2}(^∑_{λ∈Λ(l,m,r)} |α(λ)|^2)^{1/2}, α̃(λ) := (b(l, m, r))^{−1}α(λ) ďńï λ ∈ Λ(l, m, r) ĺ α̃(λ) := 0 ć ŕàőâĺćŋőň áńãçăě. Ĺğ (27.9),(27.10) ĺ (27.8) áńěďãěâ, çâő ďńï ńîąőčő l, 1 ≤ l ≤ 2^n − 1, ∑ m∈Z ∑ r b(l, m, r) ≤^2_{(γ−β)1/2} ∑ m∈Z 2^m| ⋃ r A(l, m, r)| ≤ ≤^2_{β(γ−β)1/2} ∑ m∈Z 2^m|E(l, m)| ≤^4_{β(γ−β)1/2} ‖σ_l‖_1. (27.11)

Šăł łăł ňë ŕőłă àăááňăâàĺćăěň ćáŕńěáłĺ á łőňŕăłâŋëň ŋőáĺâěńěň, âő áãéěáâćãěâ d ∈ N âăłőě, çâő supp ψ_λ ⊂ dQ(λ), čďě dQ őąőğŋăçăěâ łãą á âěň ęě æěŋâàőň ĺ ć d-àăğ ąőńìèěľ, çěň ã Q ďńĺŋőľ áâőàőŋë. Ťãŋłæĺĺ a(l, m, r, x) := d^{−n/2 ∑}_{λ∈Λ(l,m,r)} α̃(λ)ψ_λ(x) ïćńïîâáï ăâőňăňĺ ć H^1(R^n). Ďěľáâćĺâěńìŋő, supp a(l, m, r, x) ⊂ dQ(l, m, r) ĺ ‖a(l, m, r, ·)‖_2 ≤ ≤ d^{−n/2}( ∑ λ∈Λ(l,m,r) |α̃(λ)| 2)^{1/2} ≤ |dQ(l, m, r)|^{−1/2}. Ŕőíâőňã àïď, őŕàěďěńïîéĺľ a(l, m, r, x), áåőďĺâáï ć L^1(R^n) ĺ ŕőçńěŋŋőě ĺŋâěčàĺàőćăŋĺě ďăěâ ŕőáńěďŋěě áćőľáâćő ăâőňă^∫_Rn a(l, m, r, x)dx = 0 ć áĺńã (25.12).

Šăłĺň őąàăğőň, ďőłăğăŋő, çâő ĺğ łőŋěçŋőáâĺ (27.2) áńěďãěâ ćőğňőęŋőáâì ăâőňăàŋőčő ŕàěďáâăćńěŋĺï äãŋłæĺĺ f.

Ŕőłăęěň, çâő ĺğ ăâőňăàŋőčő ŕàěďáâăćńěŋĺï f áńěďãěâ ĺŋâěčàĺàãěňőáâì äãŋłæĺĺ Sf(x) := (^∑_{λ∈Λ} |⟨f, ψ_λ⟩|^2|ψ_λ(x)|^2)^{1/2}. §áŋő, çâő ďńï íâőčő ďőáâăâőçŋő ŕàőćěàĺâì ćëŕőńŋěŋĺě íâőčő áćőľáâćă ďńï ŕàőĺğćőńìŋőčő ăâőňă ć H^1(R^n). Ŕãáâì f { ăâőň, B { áőőâćěâáâćãîéĺľ èăà á æěŋâàőň ć x_0 ĺ àăďĺãáőň r > 0. Ŕãáâì C { ŋěłőâőàăï łőŋáâăŋâă, ğŋăçěŋĺě łőâőàőľ ąãďěâ őŕàěďěńěŋő ŋĺęě. Řăğőąìěň R^n ŋă æěŋâàăńìŋëľ èăà B̃ := {x : |x − x_0| ≤ Cr} ĺ ďćőĺçŋëě őąőńőçłĺ R_m := {x : 2^mCr ≤ |x − x_0| < 2^{m+1}Cr}, m ∈ N. Šőčďă ∫ R^n Sf(x)dx = ∫_~ B Sf(x)dx + ∑_∞ 0 ∫ Rm Sf(x)dx. Ŕěàćëľ ĺŋâěčàăń őæěŋĺćăěâáï ŕàĺ ŕőňőéĺ ŋěàăćěŋáâćă Łőèĺ ∫ B̃ Sf(x)dx ≤ |B̃|^{1/2}‖Sf‖_2 = C^{n/2}|B|^{1/2}‖f‖_2 ≤ C^{n/2}. Ďńï őæěŋłĺ őáâăńìŋëå ĺŋâěčàăńőć ğăňěâĺň, çâő ⟨f, ψ_λ⟩ = 0, ěáńĺ dQ(λ) ŋě ŕěàěáěłăěâáï á B. Őąőğŋăçĺň çěàěğ Λ^m áőćőłãŕŋőáâì âěå λ, ďńï łőâőàëå dQ(λ) ŕěàěáěłăěâáï łăł á B, âăł ĺ á R_m. Ěáńĺ łőŋáâăŋâă C ďőáâăâőçŋő ąőńìèăï, âő áãéěáâćãěâ c > 0 âăłőě, çâő ĺğ λ ∈ Λ^m áńěďãěâ ŋěàăćěŋáâćő 2^{−j} ≥ cr2^m, čďě 2^{−j} { ďńĺŋă áâőàőŋë łãąă Q(λ). Ĺğ àěčãńïàŋőáâĺ ćáŕńěáłőć ψ_λ ĺ âőčő, çâő^∫_Rn f(x)dx = 0, áńěďãěâ, çâő |⟨f, ψ_λ⟩| ≤ C2^{nj/2}2^j r. Ŕőíâőňã ŕàĺ x ∈ R_m Sf(x) ≤ C^′2^{−m(n+1)}r^{−n} ĺ^{∑∞}_0^∫_{Rm} Sf(x)dx < ∞.

Ěáńĺ ćáŕńěáłĺ ŋě ĺňěîâ łőňŕăłâŋőčő ŋőáĺâěńï, âő ćňěáâő ăâőňăàŋőľ åăàăłâěàĺğăæĺĺ H^1(R^n) ĺáŕőńìğãěâáï ňőńěłãńïàŋăï.

Őŕàěďěńěŋĺě 27.2 Ŕãáâì s > n. Ňőńěłãńőľ á æěŋâàőň ć x0 ĺ èĺàĺ-

ŋőľ d > 0 ŋăğëćăîâ äãŋłæĺî f, ãďőćńěâćőàïîéãî âàěň ãáńőćĺïň: ∫ R^n f(x)dx = 0, ∫ R^n |f(x)| 2(1 + |x|)^sdx < ∞ ĺ (∫ R^n |f(x)|^2 ( 1 + |x − x_0| d )s dx )_1/_2 ≤ d^{−n/2}. Ŋěâàãďŋő ŕàőćěàĺâì, çâő ć âěőàěňě 27.2 ăâőňë ňőęŋő ğăňěŋĺâì ŋă ňőńěłãńë.

Ć áńãçăě ćáŕńěáłőć á ŋěłőňŕăłâŋëň ŋőáĺâěńěň àăŋěě őŕàěďěńěŋŋëě äãŋłæĺĺ a(l, m, r, x) := d^{−n/2 ∑}_{λ∈Λ(l,m,r)} α̃(λ)ψ_λ(x), ŋě ąãďãçĺ ăâőňăňĺ, ïćńïîâáï ňőńěłãńăňĺ. 2

Ŕàőáâàăŋáâćő BMO(R^n) ïćńïěâáï áőŕàïęěŋŋëň ł H^1(R^n). Šěőàěňă 27.3 Ěáńĺ f(x) ŕàĺŋăďńěęĺâ BMO(R^n), âő ćáŕńěáłőćëě łő-

íääĺæĺěŋâë α(λ) := ⟨f, ψ_λ⟩ ãďőćńěâćőàïîâ ãáńőćĺî Łăàńěáőŋă ∑ Q(λ)⊂Q |α(λ)|^2 ≤ C|Q| (27.12) ďńï ńîąőčő ďćőĺçŋőčő łãąă Q.

Őąàăâŋő, ěáńĺ łőíääĺæĺěŋâë α(λ), λ ∈ Λ, ãďőćńěâćőàïîâ (27.12), âő àïď^∑_{λ∈Λ} α(λ)ψ_λ(x) áåőďĺâáï ć áńăąőľ âőŕőńőčĺĺ σ(BMO, H^1) ł äãŋł- æĺĺ ĺğ BMO. Ďőłăğăâěńìáâćő. Ďńï ãŕàőéěŋĺï ćëłńăďőł ŕàěďŕőńăčăěň, çâő ćáŕńěáłĺ ψ_l, 1 ≤ l ≤ 2^n − 1, ĺňěîâ łőňŕăłâŋëľ ŋőáĺâěńì. Őąéĺľ áńãçăľ àăááňăâàĺćăěâáï ăŋăńőčĺçŋő.

Ŋěőąåőďĺňőáâì. Ŕãáâì supp ψ_λ ⊂ dQ(λ) (őąőğŋăçěŋĺï áň. ŋă á. 75). Ğăäĺłáĺàãěň ŕàőĺğćőńìŋëľ ďćőĺçŋëľ łãą Q. Ŕàěďáâăćĺň f ∈ BMO ć ćĺďě f = f_1 + f_2 + f_{dQ}, čďě f_{dQ} =^1_{|dQ|}^∫_{dQ} f(x)dx, f_1(x) = f(x) − f_{dQ} ŕàĺ x ∈ dQ ĺ f_1(x) = 0 ŕàĺ x ∉ dQ. §áŋő, çâő ⟨f_2, ψ_λ⟩ = 0, ěáńĺ Q(λ) ⊂ Q. Şçĺâëćăï (25.12), ŕőńãçăěň, çâő ⟨f, ψ_λ⟩ = ⟨f_1, ψ_λ⟩ ŕàĺ Q(λ) ⊂ Q. Ŕőíâőňã ∑ Q(λ)⊂Q |α(λ)|^2 ≤ ∑ λ∈Λ |⟨f_1, ψ_λ⟩|^2 = ‖f_1‖^2 ≤ d^n‖f‖^2_{BMO}|Q|. Ďőáâăâőçŋőáâì. Ŕãáâì ćëŕőńŋěŋő ãáńőćĺě (27.12). Řăááňőâàĺň èăà B àăďĺãáă r á æěŋâàőň ć x_0. Ćëąěàěň q ∈ Z âăł, çâőąë 2^{−q} ≤ r < 2^{−q+1}. Ńěčłő ćĺďěâì, çâő ŕàĺ j ≥ q ĺğ âőčő, çâő dQ(λ) ∩ B ≠ ∅ ĺ ďńĺŋă áâőàőŋë Q(λ) àăćŋă 2^{−j} , áńěďãěâ, çâő Q(λ) ⊂ MB, čďě łőŋáâăŋâă M ğăćĺáĺâ âőńìłő őâ d. Ŕãáâì Λ_{1,1} := {λ = (l, j, k) ∈ Λ : j ≥ q, Q(λ) ⊂ MB}, Λ_{1,2} := {λ = (l, j, k) ∈ Λ : j ≥ q, λ ∉ Λ_{1,1}}, f_{1,1} := ∑ λ∈Λ_{1,1} α(λ)ψλ, f_{1,2} := ∑ λ∈Λ_{1,2} α(λ)ψλ. Šőčďă äãŋłæĺï f1,2 àăćŋă ŋãńî ŋă B, ă ďńï f1,1

ĺňěěň őæěŋłã ‖f_{1,1}‖^2 ≤^∑_{Q(λ)⊂MB} |α(λ)|^2 ≤ C|B|.

Řăááňőâàĺň j < q. Ďńï łăęďőčő âăłőčő j âőńìłő M^n ćáŕńěáłőć ψ_λ, á ďńĺŋőľ áâőàőŋë Q(λ) àăćŋőľ 2^{−j} , ŋě àăćŋë ŋãńî âőęďěáâćěŋŋő ŋă B. Ďńï łăęďőčő âăłőčő ćáŕńěáłă ć áĺńã (19.11) ĺňěěň |ψ_λ(x) − ψ_λ(x_0)| ≤ C2^j2^{nj/2}|x − x_0|. Ĺğ (27.12) áńěďãěâ, çâő |α(λ)| ≤ C|Q(λ)|^{1/2} = C2^{−nj/2}. Ĺğ ćáěčő áłăğăŋŋőčő ŕőńãçăěň, çâő ŕàĺ x ∈ B | ∑ {λ=(l,j,k)∈Λ:j≤q} α(λ)ψλ(x) − ∑ {λ=(l,j,k)∈Λ:j≤q} α(λ)ψλ(x0)| ≤ ≤ CM^n ∑ j<q 2^j|x − x_0| = CM^n2^q|x − x_0| ≤ 2CM^n. 2

28 Ćáŕńěáłőćăï åăàăłâěàĺğăæĺï ŕàőáâàăŋáâć L^p(R^n) ĺ W^s_p (R^n)

Ŕãáâì ψ_λ, λ ∈ Λ { ćáŕńěáłĺ, ŕőáâàőěŋŋëě ŋă őáŋőćě r-àěčãńïàŋőčő ŁŇĂ ŕàĺ ŕőňőéĺ âěőàěňë 19.3, r ≥ 1. Ĺáŕőńìğãěňëě ć ďăńìŋěľèěň őąőğŋăçěŋĺï őŕàěďěńěŋë ŋă á. 74.

Šěőàěňă 28.1 Ŕãáâì 1 < p < ∞. Ćáŕńěáłőćëľ àïď^∑_{λ∈Λ} α(λ)ψλ(x) ŕàĺ-

ŋăďńěęĺâ L^p(R^n) âőčďă ĺ âőńìłő âőčďă, łőčďă ‖( ∑ λ∈Λ |α(λ)|^2|ψ_λ(x)|^2)^{1/2}‖_p < ∞. Łàőňě âőčő, ŋőàňă ‖( ∑ λ∈Λ |α(λ)|^2|ψ_λ(x)|^2)^{1/2}‖_p íłćĺćăńěŋâŋă ŋőàňě ‖( ∑ λ∈Λ |α(λ)|^2|Q(λ)|^{−1}κ_{Q(λ)}(x))^{1/2}‖_p. Ďőłăğăâěńìáâćő. Ŕãáâì ϵ := {ϵ(λ) = ±1}_{λ∈Λ} { ŕàőĺğćőńìŋăï àăááâăŋőćłă ğŋăłőć. Őŕàěďěńĺň ńĺŋěľŋëľ őŕěàăâőà T_ϵ : L^2(R^n) → L^2(R^n), ŕőńăčăï T_ϵψ_λ = ϵ(λ)ψ_λ. Ńěčłő ćĺďěâì, çâő őŕěàăâőàë T_ϵ ïćńïîâáï őŕěàăâőàăňĺ Łăńìďěàőŋă-Ğĺčňãŋďă (őŕàěďěńěŋĺě 2.5) á ïďàăňĺ K_ϵ(x, y) = ∑ λ∈Λ ϵ(λ)α(λ)ψ_λ(x)ψ_λ(y), ãďőćńěâćőàïîéĺňĺ ć áĺńã (19.11) őæěŋłăň |K_ϵ(x, y)| ≤ C|x − y|^{−n} ĺ | | | | | ∂K_ϵ ∂x_j | | | | | + | | | | | ∂K_ϵ ∂y_j | | | | | ≤ C|x − y|^{−n−1} àăćŋőňěàŋő ŕő ϵ. Ć áĺńã âěőàěňë 2.1 őŕěàăâőàë T_ϵ àăćŋőňěàŋő őčàăŋĺçěŋë ć L^p(R^n). Šěŕěàì ŕěàćőě ãâćěàęďěŋĺě âěőàěňë áńěďãěâ ĺğ ŋěàăćěŋáâć Ţĺŋçĺŋă.

Ćâőàőě ãâćěàęďěŋĺě áńěďãěâ ĺğ âőčő, çâő ńĺŋěľŋëľ őŕěàăâőà U : L^2(R^n) → L^2(R^n), őŕàěďěńïěňëľ àăćěŋáâćăňĺ U(ψ^H_l ) = ψ_l, 1 ≤ l < 2^n, čďě ψ^H_l { ňŋőčőňěàŋëě ćáŕńěáłĺ Ţăăàă, ïćńïěâáï ĺğőňőàäĺğňőň ć L^p(R^n). Ďěľáâćĺâěńìŋő, U { ĺğőňőàäĺğň ďćőĺçŋőčő H^1(R^n) ĺ őąëçŋőčő H^1(R^n) (ďćőĺçŋőě H^1(R^n) áőáâőĺâ ĺğ äãŋłæĺľ, ďőŕãáłăîéĺå ăâőňăàŋőě ŕàěďáâăćńěŋĺě ŕő ăâőňăň á ŋőáĺâěńïňĺ, àăćŋëňĺ ďćőĺçŋëň łãąăň, áň. âěőàěňã 27.1). Őçěćĺďŋő, çâő U { ĺğőňěâàĺï ć L^2(R^n). Őáâăěâáï ćőáŕőńìğőćăâìáï ĺŋâěàŕőńïæĺěľ ňěęďã H^1 ĺ L^2 (áň. [FS]). 2

Šěőàěňă 28.2 Ŕãáâì 1 < p < ∞ ĺ 0 ≤ s < r. Ćáŕńěáłőćëľ àïď ∑ λ∈Λ α(λ)ψ_λ(x) ŕàĺŋăďńěęĺâ W^s_p (R^n) âőčďă ĺ âőńìłő âőčďă, łőčďă ∑ λ∈Λ |α(λ)|^2(1 + 4^{js})2^{nj} κ_{Q(λ)}(x) 1/2 ∈ L^p(R^n). (28.1)

Ěáńĺ −r < s ≤ 0, âő ćáŕńěáłőćëľ àïď ŕàĺŋăďńěęĺâ W^s_p (R^n) âőčďă ĺ âőńìłő âőčďă, łőčďă ∑ λ∈Λ |α(λ)|^2(1 + 4^{−js})^{−1}2^{nj} κ_{Q(λ)}(x) 1/2 ∈ L^p(R^n). (28.2)

Śåěňă ďőłăğăâěńìáâćă. Śŋăçăńă àăááňőâàĺň ćáŕńěáłĺ Ňěľěàă. Ďńï ŋĺå ŕàěőąàăğőćăŋĺě Ťãàìě^^ψ_l àăćŋő ŋãńî ć őłàěáâŋőáâĺ ŋãńï ĺ ĺňěěâ łőňŕăłâŋëľ ŋőáĺâěńì. Ŕőíâőňã ďńï ńîąőčő γ ∈ R ňőęŋő őŕàěďěńĺâì äãŋłæĺĺ ψ^γ_l := (−Δ)^{γ/2}ψ_l, čďě Δ =^{∂2}_{∂x}2_1 +^{∂2}_{∂x}2 +· · · +^{∂2}_{∂x2n} . §áŋő, çâő^^ψ^γ_l (ξ) = |ξ|^γ ^ψ_l(ξ). Őŕàěďěńĺň ψ^γ_λ(x) := 2^{nj/2}ψ^γ_l (2^j x − k), čďě λ = (l, j, k). Řăááňőâàĺň ńĺŋěľŋëě őŕěàăâőàë D_γ, őŕàěďěńïěňëě äőàňãńăňĺ D_γ (ψ_λ) = ψ^γ_λ. Ďńï ńîąőčő γ ∈ R őŕěàăâőàë D_γ ïćńïîâáï ĺğőňőàäĺğňăňĺ ć L^p(R^n). Ďěńő ć âőň, çâő ψ^γ_λ, λ ∈ Λ, őąàăğãîâ ąăğĺá Řĺááă ć L^2(R^n), őâłãďă áńěďãěâ, çâő D_γ { ĺğőňőàäĺğň ć L^2(R^n). Łàőňě âőčő, ïďàő őŕěàăâőàă D_γ àăćŋő^∑_{λ∈Λ} ψ^γ_λ(x)ψ_λ(y) ĺ ãďőćńěâćőàïěâ âàěąőćăŋĺïň őŕàěďěńěŋĺï 2.5. Ğŋăçĺâ ŕő âěőàěňě 2.1 D_γ { ŋěŕàěàëćŋëľ őŕěàăâőà ć L^p(R^n). Őąàăâŋëľ őŕěàăâőà ĺááńěďãěâáï ăŋăńőčĺçŋő.

Ŋőàňă f ć ŕàőáâàăŋáâćě W^s_p (R^n) íłćĺćăńěŋâŋă ‖f‖_p + ‖(−Δ)^{s/2}f‖_p. Ŕőíâőňã ďńï őæěŋłĺ W^s_p (R^n)-ŋőàňë àïďă^∑_{λ∈Λ} α(λ)ψ_λ(x) ŋěőąåőďĺňő ćëçĺáńĺâì L^p(R^n)-ŋőàňã (−Δ)^{s/2 ∑}_{λ∈Λ} α(λ)ψ_λ(x) =^∑_{λ∈Λ} α(λ)2^{js}ψ^s_λ(x). Őáâăěâáï ĺáŕőńìğőćăâì ĺğőňőàäĺğň D_s ć L^p(R^n) ĺ âěőàěňã 28.1.

Ć őąéěň áńãçăě r-àěčãńïàŋőčő ŁŇĂ ďőłăğëćăěâáï, çâő äãŋłæĺĺ (−Δ)^{−s/2}ψ_l, 1 ≤ l < 2^n, ĺňěîâ ŋãńěćőě áàěďŋěě ĺ ćňěáâě áő ćáěňĺ ŕàőĺğćőďŋëňĺ ŕőàïďłă ≤ r ĺňěîâ ŕőàïďőł O(|x|^{−n−r+s}) ŋă ąěáłőŋěçŋőáâĺ. Ăŋăńőčĺçŋő, äãŋłæĺĺ (−Δ)^{s/2}ψ_l, 1 ≤ l < 2^n, ŕàĺŋăďńěęăâ łńăááã Čěńìďěàă H^{r−s}, ãąëćăîâ ŋă ąěáłőŋěçŋőáâĺ łăł O(|x|^{−n−r+s}) ĺ ĺňěîâ ŋãńěćőě áàěďŋěě. İâĺ áćőľáâćă ŕőğćőńïîâ ŕőćâőàĺâì àăááãęďěŋĺï, ĺáŕőńìğőćăŋŋëě ďńï ćáŕńěáłőć Ňěľěàă.

Şâćěàęďěŋĺě âěőàěňë ďńï s < 0 ŕőńãçăěâáï ŕő ďćőľáâćěŋŋőáâĺ.2

Śńěďáâćĺě 28.1 Řïď f(x) = ∑ k∈Z^n β(k)φ(x − k) + ∑ {λ=(l,j,k)∈Λ, j≥0} α(λ)ψ_λ(x) (28.3)

ŕàĺŋăďńěęĺâ W^s_p (R^n), 1 < p < ∞, |s| < r, âőčďă ĺ âőńìłő âőčďă, łőčďă {β(k)}_{k∈Z}n ∈ l^p(Z^n) ĺ ∑ {λ=(l,j,k)∈Λ, j≥0} 2^{nj} 4^{js}|α(λ)|^2κ_{Q(λ)}(x) 1/2 ∈ L^p(R^n). (28.4)

29 Ŕěàĺőďĺçěáłĺě ćáŕńěáłĺ

Ŋă őáŋőćě ćáŕńěáłőćőčő ąăğĺáă ŋă ŕàïňőľ ňőęŋő ŕőáâàőĺâì ćáŕńěáłőćëľ ąăğĺá ŋă őâàěğłě [0, 1].

Ŕãáâì {V_j}_{j∈Z} | r-àěčãńïàŋëľ ŁŇĂ ć L_2(R), r ≥ 1, V^∞_j { ğăňëłăŋĺě V_j ć áńăąőľ âőŕőńőčĺĺ σ(L^∞, L^1). Ŕãáâì T_j ŕőďŕàőáâàăŋáâćő äãŋłæĺľ ĺğ V^∞_j , ĺňěîéĺå ŕěàĺőď 1.

Ńěňňă 29.1 Ěáńĺ j ≤ 0, âő Tj áőćŕăďăîâ ĺ áőáâőïâ âőńìłő ĺğ ŕő-

áâőïŋŋëå äãŋłæĺľ. Ěáńĺ j > 0, âő àăğňěàŋőáâì T_j àăćŋă 2^j .

Ďőłăğăâěńìáâćő. Ğăňěâĺň, çâő łőŋáâăŋâë ŕàĺŋăďńěęăâ ćáěň V_j , âăł łăł^∑_{k∈Z} φ(t − k) ≡ 1. Ŕőáńěďŋěě áńěďãěâ ĺğ (25.9), âăł łăł

∫_1 −1 ∑ k∈Z φ(t − k)e^{−2πlt} dt = ∫ R φ(t)e^{−2πlt} dt = ^φ(2πl) = δ_{l,0}. Šăł łăł V^∞_j ⊂ V^∞_{j+1}, âő ŕěàćőě ãâćěàęďěŋĺě ńěňňë ąãďěâ ďőłăğăŋő, ěáńĺ ńîąăï äãŋłæĺï f ∈ T_0 ïćńïěâáï łőŋáâăŋâőľ. Ďěľáâćĺâěńìŋő, ěáńĺ f 1-ŕěàĺőďĺçŋă, âő ŕőáńěďőćăâěńìŋőáâì łőíääĺæĺěŋâőć c_k := ∫ R f(t)φ(t − k) dt ŕőáâőïŋŋă, ă ğŋăçĺâ ĺ f(t) = ∑ k∈Z c_kφ(t − k) àăćŋă łőŋáâăŋâě.

Ŕãáâì j > 0. Šőčďă ńîąăï äãŋłæĺï f ∈ T_j ĺňěěâ ćĺď f(t) = ∑_∞ k=−∞ ckφ(2 jt − k), čďě c_k := 2^j ∫ R f(t)φ(2^jt − k) dt. Ĺğ ŕěàĺőďĺçŋőáâĺ f áńěďãěâ, çâő c_{k+2}j = c_k. Őçěćĺďŋő, çâő ćěàŋő ĺ őąàăâŋőě. Šăłĺň őąàăğőň, àăğňěàŋőáâì T_j àăćŋă 2^j .2

Ńěňňă 29.2 Őąêěďĺŋěŋĺě Tj, j ≥ 0, ŕńőâŋő ć ąăŋăåőćőň ŕàőáâàăŋáâćě

ŋěŕàěàëćŋëå ŋă ďěľáâćĺâěńìŋőľ őáĺ ŕěàĺőďĺçěáłĺå á ŕěàĺőďőň 1 äãŋłæĺľ.

Ďőłăğăâěńìáâćő. Őàâőčőŋăńìŋëľ ŕàőěłâőà P_j : L^2(R) → V_j őŕàěďěńïěâáï äőàňãńăňĺ P_j f(t) =^∫_R E_j(t, s)f(s) ds, čďě E_j(t, s) := 2^jE(2^j t, 2^js) ĺ E(t, s) := ∑_∞ k=−∞ φ(t − k)φ(s − k). Ěáńĺ f { őčàăŋĺçěŋă ĺ àăćŋőňěàŋő ŋěŕàěàëćŋă ŋă R, âő ‖f − P_j (f)‖_∞ → 0 ŕàĺ j → ∞ (áň. ńěňňã 22.1). Őáâăěâáï ğăňěâĺâì, çâő P_j (f) ∈ T_j ďńï ńîąőčő j ∈ N, ěáńĺ f ŕěàĺőďĺçŋă á ŕěàĺőďőň 1.2

Őŕàěďěńěŋĺě 29.1 Ćńőęěŋŋăï ŕőáńěďőćăâěńìŋőáâì {Tj}j∈N, őŕàěďě-

ńěŋŋăï ćëèě, ŋăğëćăěâáï r-àěčãńïàŋëň ŁŇĂ ć L^2(T), čďě T - őâàěğőł [0, 1] á őâőęďěáâćńěŋŋëňĺ łőŋæăňĺ.

Ŕãáâì φ^{per}_j (t) := 2^{j/2 ∑}_{k∈Z} φ(2^j (t − k)).

Ńěňňă 29.3 Ďńï ńîąőčő j ∈ N äãŋłæĺĺ φ^{per}_j (t − k2^{−j} ), 0 ≤ k < 2^j,

őąàăğãîâ ŐŊĄ ć T_j.

Ďőłăğăâěńìáâćő. Šăł łăł àăğňěàŋőáâì T_j àăćŋă 2^j , âő ďőáâăâőçŋő ŕàőćěàĺâì őàâőŋőàňĺàőćăŋŋőáâì äãŋłæĺľ φ^{per}_j (t − k2^{−j} ), 0 ≤ k < 2^j , ć L^2[0, 1]. Ďńï íâőčő ŋěőąåőďĺňő ćëçĺáńĺâì

2^j ∑ k∈Z ∑ l∈Z ∫_1 0 φ(2^j t − 2^j k − m)φ(2^jt − 2^j l − m^′) dt. Śďěńăěň ğăňěŋã ŕěàěňěŋŋëå t − k = 2^{−j} t^′, čďě 0 ≤ t < 1, k ∈ Z. Őŋă ŕàĺćőďĺâ ł ćëàăęěŋĺî ∑ q∈Z ∫_∞ −∞ φ(t^′ − m)φ(t − 2^j q − m^′) dt. Ěáńĺ 0 ≤ m < 2^j, 0 ≤ m^′ < 2^j ĺ m ≠ m^′, âő łăęďëľ ĺğ ĺŋâěčàăńőć àăćěŋ ŋãńî. Ěáńĺ m = m^′, âő ěďĺŋáâćěŋŋëň ŋěàăćŋëň ŋãńî ĺŋâěčàăńőň ïćńïěâáï ĺŋâěčàăń ŕàĺ q = 0, łőâőàëľ àăćěŋ 1.2

Ŕãáâì U_j őąőğŋăçăěâ őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě T_j ďő T_{j+1} ĺ ŕãáâì

ψ_j(t) := 2^{j/2} ∑ k∈Z ψ(2^j(t − k)).

Ńěňňă 29.4 Ďńï ńîąőčő j ∈ N äãŋłæĺĺ ψ_j(t − k2^{−j} ), 0 ≤ k < 2^j,

őąàăğãîâ ŐŊĄ ć U_j.

Ďőłăğăâěńìáâćő. Ďőłăğăâěńìáâćő ăŋăńőčĺçŋő ďőłăğăâěńìáâćã ńěňňë 29.3. Ńěčłő ćĺďěâì, çâő äãŋłæĺĺ ψ_j(t − k2^{−j} ) ŕàĺŋăďńěęăâ T_{j+1} ĺ őàâőčőŋăńìŋë ł T_j. Łàőňě âőčő, äãŋłæĺĺ ψ_j(t − k2^{−j}), 0 ≤ k < 2^j , ŕőŕăàŋő őàâőčőŋăńìŋë. Őáâăěâáï ğăňěâĺâì, çâő àăğňěàŋőáâì U_j àăćŋă 2^j, âăł łăł àăğňěàŋőáâì T_j àăćŋă 2^j , ă àăğňěàŋőáâì T_{j+1} àăćŋă 2^{j+1}.2 Šăłĺň őąàăğőň,

L^2(T) = T_0 ⊕ U_0 ⊕ U_1 ⊕ U_2 ⊕ · · · ,

őâłãďă áńěďãěâ, çâő ŕőáâőïŋŋăï äãŋłæĺï 1 ćňěáâě á ŕőáńěďőćăâěńìŋőáâìî {ψ_j(t − k2^{−j} )}_{0≤k<2}j_{, j∈N} őąàăğãîâ ŐŊĄ ć L^2(T). Ğăŋãňěàãěň íâã ŕőáńěďőćăâěńìŋőáâì ńěłáĺłőčàăäĺçěáłĺ: g_0(t) ≡ 1; ěáńĺ m = 2^j + k, 0 ≤ k < 2^j , âő g_m(t) := ψ_j(t − k2^{−j} ).

Šěőàěňă 29.1 Ŕãáâì {Vj}j∈Z { r-àěčãńïàŋëľ ŁŇĂ ć L^2(R), r ≥ 1. Šő-

čďă ŕőáńěďőćăâěńìŋőáâì {g_m}_{m∈N} ïćńïěâáï ąăğĺáőň Ÿăãďěàă ć C(T) ĺ L^1(T). Őŋă âăłęě ïćńïěâáï ąăğĺáőň Ÿăãďěàă ĺ ć C^k(T) ŕàĺ 0 ≤ k < r. Šăęě ŕőáńěďőćăâěńìŋőáâì {g_m}_{m∈N} ïćńïěâáï ąěğãáńőćŋëň ąăğĺáőň ć ŕàőáâàăŋáâćě Čěńìďěàă C^α ŕàĺ 0 < α < 1, ć łńăááě Ğĺčňãŋďă Λ_⋆ = C^1 ŕàĺ r ≥ 2, ć ŕàőáâàăŋáâćăå L^p á 1 < p < ∞, ć ŕàőáâàăŋáâćě Ţăàďĺ H^1(T) ĺ ć ěčő ďćőľáâćěŋŋőň ŕàőáâàăŋáâćě BMO(T).

Ğăňěçăŋĺě 29.1 Őâňěâĺň, çâő âàĺčőŋőňěâàĺçěáłăï áĺáâěňă ŋě ïć-

ńïěâáï ąăğĺáőň Ÿăãďěàă ć C(T) ĺ ć L^1(T). Ć ŕàőáâàăŋáâćăå L^p ŕàĺ 1 < p < ∞ őŋă őąàăğãěâ ąăğĺá Ÿăãďěàă, ŋő ŋě ąěğãáńőćŋëľ.

Ďőłăğăâěńìáâćő. Šăł łăł^⋃ T_j ŕńőâŋő ć C(T) (áň. ńěňňã 29.2), âő ďńï ąăğĺáŋőáâĺ {g_m}_{m∈N} ć C(T) ďőáâăâőçŋő ďőłăğăâì, çâő ‖ ∑l m=0⟨f, g_m⟩g_m‖_∞ ≤ C‖f‖_∞ ďńï ńîąőčő l ∈ N. Ŕàőďőńęĺň äãŋłæĺî f ∈ C(T) ŕő ŕěàĺőďĺçŋőáâĺ ŋă ćáî ŕàïňãî R. Šőčďă

∑_2j

m=0⟨f, g_m⟩g_m = P_j f, ŕàĺçěň őŕěàăâőàë P_j àăćŋőňěàŋő őčàăŋĺçěŋë ŋă L^∞(R), â.ł. ‖P_j ‖_∞ = ‖P_0‖_∞. Ŕãáâì 2^j ≤ l < 2^{j+1}. Ğăňěâĺň, çâő ‖ l∑ m=2^j ⟨f, g_m⟩g_m‖_∞ ≤ ‖f‖_∞ ( sup 2j≤m<2j+1 ‖g_m‖_1 ) ‖ ‖ ‖ ‖ ‖ ∑ 2j≤m<2j+1 |g_m| ‖ ‖ ‖ ‖ ‖ ‖_∞

Ńěčłő ćĺďěâì, çâő ‖g_m‖_L1_{(T)} = 2^{−j/2}‖ψ‖_L1_{(R)} ŕàĺ 2^j ≤ m < 2^{j+1}. Łàőňě âőčő,_‖ ‖ ∑ 2j≤m<2j+1 |gm| ‖ ‖_∞ = ‖ ‖ ∑ k∈Z |2^{j/2}ψ(2^j · −k)| ‖ ‖_∞ =

= 2^{j/2} ‖ ∑ k∈Z |ψ(· − k)|‖_∞ = C2^{j/2}. Ŕőíâőňã ‖^{∑l}_{m=2}j ⟨f, g_m⟩g_m‖_∞ ≤ C‖f‖_∞. Śńãçăľ C^k(T) àăğąĺàăěâáï ăŋăńőčĺçŋő á ĺáŕőńìğőćăŋĺěň âěőàěňë 21.2.

Ąăğĺáŋőáâì ć L^1(T) ŕőńãçăěâáï ŕő ďćőľáâćěŋŋőáâĺ. Ĺğ âěőàěňë 26.1 áńěďãěâ, çâő ∞∑ m=0 α_mg_m ∈ C^s(T) ⇔ α_m = O(m^{−s−1/2}), (29.1)

ĺğ çěčő áńěďãěâ ąěğãáńőćŋăï ąăğĺáŋőáâì ć C^s(T).

Řěğãńìâăâ ďńï ŕàőáâàăŋáâć L^p(T), H^1(T), BMO(T) áńěďãěâ ĺğ âěőàěň 28.1, 27.1 ĺ 27.3. 2

Śàăćŋĺň ćáŕńěáłőćëě àïďë ĺ àïďë Ťãàìě. Őłăğëćăěâáï, çâő ŕőńŋëě ćáŕńěáłőćëě àïďë, ĺňěîéĺě ňŋőčő ąőńìèĺå łőíääĺæĺěŋâőć ŕàěďáâăćńïîâ áőąőľ ŕăâőńőčĺçěáłĺě äãŋłæĺĺ, âőčďă łăł ćáŕńěáłőćëě àïďë åőàőèĺå äãŋłæĺľ ĺňěîâ ňăńő ąőńìèĺå łőíääĺæĺěŋâőć. İâő ŕàïňő ŕàőâĺćőŕőńőęŋő áĺâãăæĺĺ á őąëçŋëňĺ àïďăňĺ Ťãàìě: ďńï åőàőèĺå äãŋłæĺľ őŋĺ ŕőńŋëě, ă ďńï ŕăâőńőčĺçěáłĺå { ńăłãŋăàŋëě. İâő őąêïáŋïěâáï âěň, çâő ćáŕńěáłőćëľ ăŋăńĺğ ŋőáĺâ ńőłăńìŋëľ åăàăłâěà. Ąőńìèĺě łőíääĺæĺěŋâë ĺňěîâ ćáŕńěáłĺ, ńőłăńĺğőćăŋŋëě ćąńĺğĺ őáőąěŋŋőáâěľ ăŋăńĺğĺàãěňőľ äãŋłæĺĺ. Ćŋě őáőąěŋŋőáâěľ ăŋăńĺğĺàãěňăï äãŋłæĺï ïćńïěâáï ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňőľ ĺ áőőâćěâáâćãîéĺě ćáŕńěáłőćëě łőíääĺæĺěŋâë ïćńïîâáï ŕàěŋěąàěęĺňő ňăńëňĺ ğă áçěâ áćőľáâćă (25.12).

Řăááňőâàĺň äãŋłæĺî | sin πt|^{−α}, čďě 0 < α < 1. Ěě łőíääĺæĺěŋâë Ťãàìě c_k, k ∈ Z, ĺňěîâ áńěďãîéãî ăááĺňŕâőâĺłã c_k = γ(α)|k|^{−1+α} + O(k^{−3+α}), čďě γ(α) ≠ 0 (áň.[Z, Čńăćă 5].) Šăłĺň őąàăğőň, őáőąěŋŋőáâì ć 0 äãŋłæĺĺ | sin πt|^{−α} ćńĺïěâ ŋă ćáě łőíääĺæĺěŋâë Ťãàìě. Ćáŕńěáłőćëě łőíääĺæĺěŋâë ŕőďćěàčăîâáï ćńĺïŋĺî őáőąěŋŋőáâĺ âőńìłő, ěáńĺ ĺŋâěàćăń I_m := [k2^{−j}, (k + 1)2^{−j} ], m = 2^j + k, 0 ≤ k < 2^j, őŕàěďěńïîéĺľ ńőłăńĺğăæĺî ćáŕńěáłă g_m(t), ŋăåőďĺâáï ąńĺğłő ł őáőąěŋŋőáâĺ. Ąőńěě âőçŋő, ďńï ŕěàĺőďĺçěáłĺå ćáŕńěáłőć, ŕőáâàőěŋŋëå ŋă őáŋőćě ćáŕńěáłőć Ňěľěàă, ĺňěěň áńěďãîéãî őæěŋłã: ěáńĺ 2^j ≤ m < 2^{j+1} ĺ l := min(m − 2^j, 2^{j+1} − m), âő |α_m| ≤ C_N 2^{j(α−1/2)}/(1 + l)^N ďńï ńîąőčő ŋăâãàăńìŋőčő N. Šăłĺň őąàăğőň, ąőńìèĺňĺ ąãďãâ âőńìłő łőíääĺæĺěŋâë á ŋőňěàăňĺ ąńĺğłĺňĺ ł 2^j, j ∈ N.

Řĺá.1. Čàăäĺł | sin πt|^{−1/2}.

Řĺá.2. Őæěŋłă ňőďãńěľ ćáŕńěáłőćëå łőíääĺæĺěŋâőć.

Řăááňőâàĺň ŕăâőńőčĺçěáłĺě äãŋłæĺĺ. Ŕãáâì q > 1, λ_1 > 0, λ_{k+1} > qλ_k, k ∈ N, ∑_∞ 0 |α_k| < ∞, ŋő α_kλ_k ŋě áâàěňĺâáï ł 0. Ĺğćěáâŋő [Z, Čńăćă 2.], çâő ŕàĺ íâĺå ŕàěďŕőńőęěŋĺïå àïď^{∑∞}_0 α_k cos λ_kt őŕàěďěńïěâ ŋěŕàěàëćŋãî ŋĺčďě ŋě ďĺääěàěŋæĺàãěňãî äãŋłæĺî.

Ďńï ćáŕńěáłőćëå àïďőć ĺňěěň áńěďãîéĺľ àěğãńìâăâ.

Šěőàěňă 29.2 Ŕãáâì {gm}m∈N { ŕěàĺőďĺçěáłĺě ćáŕńěáłĺ, ŕőńãçěŋŋëě

ĺğ r-àěčãńïàŋőčő ŁŇĂ á r ≥ 2. Ŕãáâì f(t) =^{∑∞}_0 α_mg_m(t) { ŋěŕàěàëćŋăï äãŋłæĺï, ďĺääěàěŋæĺàãěňăï ć âőçłě t_0. Šőčďă ďńï ńîąőčő äĺłáĺàőćăŋŋőčő q ≥ 1 α_m = o(m^{−3/2}) ŕàĺ m áâàěňïéěňáï ł ąěáłőŋěçŋőáâĺ ĺ âăłőň, çâő ĺŋâěàćăńë qI_m áőďěàęăâ âőçłã t_0. Ğďěáì I_m := [k2^{−j} , (k + 1)2^{−j} ] ŕàĺ m = 2^j + k, 0 ≤ k < 2^j, ă qI_m - ĺŋâěàćăń á âěň ęě, çâő ĺ ã I_m æěŋâàőň ĺ ďńĺŋőľ q/2^j .

Ďőłăğăâěńìáâćő. Řěğãńìâăâ ńěčłő áńěďãěâ ĺğ (19.11) ĺ (25.12).2 Ĺğ âěőàěň 29.1 ĺ 29.2 áńěďãěâ

Śńěďáâćĺě 29.1 Ŕãáâì ŕőáńěďőćăâěńìŋőáâì çĺáěń αm, m ≥ 1 ãďőćńě-

âćőàïěâ ŋěàăćěŋáâćăň C_1m^{−3/2} ≤ |α_m| ≤ C_2m^{−3/2} ďńï ďćãå łőŋáâăŋâ 2 ≥ C_1 > 0. Šőčďă äãŋłæĺï f(t) = ∑_∞ 0 α_mg_m(t) ŕàĺŋăďńěęĺâ łńăááã Ğĺčňãŋďă Λ_⋆ = C^1, ŋő ŋĺčďě ŋě ďĺääěàěŋæĺàãěňă.

Ťãŋłæĺĺ Ćěľěàèâàăááă ïćńïîâáï çăáâŋëň áńãçăěň áńěďáâćĺï 29.1. Ŕãáâì ψ^{,M}(t) - ŕěàĺőďĺçěáłĺľ ćáŕńěáł Ňěľěàă. Ŕàïňëě ćëçĺáńěŋĺï ŕőłăğëćăîâ, çâő^{∑∞}_{−∞} ψ^M (t − k) = − √ 2 cos 2πt. Ŕőíâőňã äãŋłæĺï f(t) = ∑ j∈N ∑_2j_{−1}

0 α(j, k)ψ^{,M}_j (t −^k_{2j} ) á łőíääĺæĺěŋâăňĺ α(j, k) = α(j), ŋě ğăćĺáïéĺå őâ k, àăćŋă f(t) = − √ 2 ∑_∞ 0 2^{j/2}α(j) cos(2π2^jt). Šăłĺň őąàăğőň, ŕőńŋëľ ćáŕńěáłőćëľ àïď áőćŕăďăěâ á ńăłãŋăàŋëň àïďőň Ťãàìě.

Śŕĺáőł ńĺâěàăâãàë

[GM] Grossman A., Morlet J. Decomposition of Hardy functions into square integrable wavelets of constant shape. SIAM J.Math.Anal. 1984. 15. C.723-736.

[M] Meyer Y. Ondelettes et operateurs. Paris: Hermann. 1990. [D] Daubechies. Ten lectures on wavelets. CBMS-NSF. Regional conference series in applied mathematics, SIAM. 1992.

[C] Chui C.K. An Introduction to Wavelets. New York: Academic Press.

1992.

[A] Ăáâăäìěćă Ŋ.Ň. Ćěľćńěâ-ăŋăńĺğ: őáŋőćë âěőàĺĺ ĺ ŕàĺňěàë ŕàĺňěŋěŋĺï. ŞŤŊ. 166, 11. Ś.1145-1170.

[NS] Ŋőćĺłőć Ĺ.§., Śâěçłĺŋ Ś.Ą. Őáŋőćŋëě łőŋáâàãłæĺĺ ćáŕńěáłőć.

Ťãŋďăňěŋâăńìŋăï ĺ ŕàĺłńăďŋăï ňăâěňăâĺłă. 1997. 3, 4. C.999-1028. [L] Ńãğĺŋ Ŋ.Ŋ. Sur une propriete des fonctions a carre sommable.

Bull.Calcutta Math.Soc. 1930. 20. C.139-154.

[CW] Coifman R.R., Weiss G. Extentions of Hardy spaces and their use in analysis. Bull AMS. 1977. 83. C.569-645.

[S] Śâěľŋ Ĺ. Śĺŋčãńïàŋëě ĺŋâěčàăńë ĺ ďĺääěàěŋæĺăńìŋëě áćőľáâćă äãŋłæĺľ. Ňőáłćă: Ňĺà. 1973.

[Z] Ğĺčňãŋď Ă. Šàĺčőŋőňěâàĺçěáłĺě àïďë. I-II. Ň.:Ňĺà. 1965. [Ca] Calderon A. P. Commutators of singular integral operators. Proc. Nat.

Acad. Sci. USA. 1965. 53. C.1092-1099. 15. C.723-736.

[Ca1] Calderon A. P. Intermediate spaces and interpolation, the complex method. Studia Math. 1964. 24. C.113-190.

[G] Gabor D. Theory of communication. J.IEE (London) 1946. 93. C.429- 457.

[La] Ńăŋďăã Ń.Ď., Ńĺäèĺæ Ě.Ň. Łćăŋâőćăï ňěåăŋĺłă, 3 ĺğď. Ň.:Ŋăãłă.

1974.

[Lu] Ńãłăèěŋłő Š.Ŕ. Ćáŕńěáłĺ ŋă âőŕőńőčĺçěáłĺå čàãŕŕăå. ĎĂŊ. 1993.

332, 1. Ś.15-17.

[H] Haar A. Zur theorie der orthogonalen functionensysteme.

Math.Annalen 1910. 69. C.331-371.

[Ma] Mallat S. Multiresolution approximation and wavelets. Trans.AMS 1989. 315. C.69-88.

[BDR] de Boor C., DeVore R., Ron A. On the construction of multivariate (pre)wavelets. Constr.Approx. 1993. 2. 3. C.123-166.

[W] Whittaker J.T. Interpolatory function theory. Cambridge: Cambridge University Press. - 1935.

[M] Meyer Y. Principe d’incertitude, bases hilbertiennes et algebres d’operateurs. Seminaire Bourbaki. 1985-86. nr.662.

[B] Battle G. A block spin construction of ondelettes, Part II: QFT connection. Comm. Math. Phys. 1988. 114. C.93-102.

[L] Lemarie P.G. Une nouvelle base d’ondelettes de L^2(R^n). J. de Math.

Pures et Appl. 1988. 67. C.227-236.

[R] Ŕőńĺă Č., Śěčě Č. Ğăďăçĺ ĺ âěőàěňë ĺğ ăŋăńĺğă. Ů.2. Ňőáłćă: Ŋăãłă. 1978.

[Sh] Schoenberg I.J. Contributions to the problem of approximation of equidistant data by analytic functions. Quart.Appl.Math. 1946. 4. C.45- 99,112-141.

[St] Stromberg J.O. A modi˛ed Franklin system and higher order spline systems on R^n as unconditional bases for Hardy spaces. Conf. in honor of A.Zygmund, Vol. II. 1982. C.475-493.

[D1] Daubechies I. Orthonormal basis of compactly supported wavelets.

Comm. Pure Appl. Math. 1988. 46. C.909-996.

[Sm] Smith M.J.T.,Barnwell T.P. Exact reconstruction techniques for treestructured subband coders. IEEE Trans.ASSP 1986. 34. C.434-441.

[Mi] Mintzer F. Filters for distortion-free two-band multirate ˛lter banks.

IEEE Trans.Acoust.Speech Signal Process. 1985. 33. C.626-630.

[V] Vetterli M. Filter banks allowing perfect reconstruction. Signal Proc.

1986. 10. C.219-244.

[Gr] Gr-ochenig K. Analyse multi«echelle et bases d’ondelettes. C. R. Acad.Sci.

Paris. S«erie I. 1987. 305. C.13-17.

[FS] Fe¸erman C., Stein E.M. H^p spaces of several variables. Acta Matematica. 1972. 129. C.137-193.