udk 517.5

oRTOGONALXNYE POLINOMIALXNYE BAZISY –AUDERA W C[�1; 1] S OPTIMALXNYM ROSTOM STEPENEJ

m.a. sKOPINA^1

w 1961 G. p. l. uLXQNOW [1] POSTAWIL ZADA^U: KAKOJ MOVNO SDELATX MINIMALXNYJ ROST STEPENEJ MNOGO^LENOW, OBRAZU@]IH BAZIS (ILI ORTOGO- NALXNYJ BAZIS) –AUDERA W PROSTRANSTWE C[a, b]? iSSLEDOWANIQ MNOGIH AW- TOROW POSWQ]ENY “TOJ I BLIZKIM K NEJ PROBLEMAM. pODROBNOE IZLOVENIE ISTORII WOPROSA PRIWEDENO, NAPRIMER, W [2], MY OTMETIM LI[X EE KL@^E- WYE MOMENTY. w 1914 G. g. fABER [3] DOKAZAL, ^TO NE SU]ESTWUET POSLEDO- WATELXNOSTI ALGEBRAI^ESKIH MNOGO^LENOW Pn STEPENI n, OBRAZU@]IH BAZIS –AUDERA W C[a, b], w [4] aL. a. pRIWALOW USILIL “TOT REZULXTAT, POKAZAW, ^TO ESLI Pn OBRAZU@T BAZIS –AUDERA W C[a, b], TO SU]ESTWUET TAKOE ε > 0, ^TO STEPENX Pn NE MENX[E n(1 + ε) DLQ n ≥ n0. a W [5] ON USTANOWIL OKON- ^ATELXNOSTX “TOJ OCENKI, POSTROIW PRIMER POLINOMIALXNOGO BAZISA –AU- DERA, STEPENI KOTOROGO RASTUT NE BYSTREE, ^EM n(1 + ε). oDNAKO “TOT BAZIS NE BYL ORTOGONALXNYM. pARALLELXNO RASSMATRIWALASX ANALOGI^NAQ ZADA^A DLQ TRIGONOMETRI^ESKIH POLINOMOW. eE UDALOSX RE[ITX BLAGODARQ ISPOLX- ZOWANI@ WSPLESKOW. d. oFFIN, k. oSKOLKOW [6] ZAMETILI, ^TO NEZNA^ITELX- NAQ MODIFIKACIQ WSPLESKOW mEJERA DAET ORTOGONALXNYJ BAZIS –AUDERA, W KOTOROM STEPENX POLINOMOW LI[X W DWA RAZA PREWY[AET MINIMALXNU@. zAMENIW OBY^NOE WSPLESK-RAZLOVENIE NA PAKET WSPLESKOW, r. a. lORENC, a. a. sAAKQN [7] OKON^ATELXNO RE[ILI ZADA^U DLQ TRIGONOMETRI^ESKIH

1rABOTA WYPOLNENA PRI PODDERVKE rOSSIJSKOGO FONDA FUNDAMENTALXNYH ISSLEDOWANIJ, GRANT N 97-01-00443

POLINOMOW. pERENESTI “TOT REZULXTAT NA OTREZOK S POMO]X@ STANDART- NOGO METODA INDUCIROWANNYH FUNKCIJ NE UDAETSQ. w RABOTE t. kILGORE, q. pRESTINA, k. sELIV [8] ZADA^A RE[ENA DLQ ALGEBRAI^ESKIH MNOGO^LENOW, ORTOGONALXNYH S WESOM ~EBY[ËWA PERWOGO RODA. dLQ MNOGO^LENOW, ORTOGO- NALXNYH BEZ WESA, DO SIH POR WOPROS OSTAWALSQ OTKRYTYM. oTWETU NA NEGO POSWQ]ENA NASTOQ]AQ RABOTA. iDEQ POSTROENIQ BAZISA ZAIMSTWOWANA W [7]. rEALIZACI@ “TOJ IDEI OSLOVNQLI SLEDU@]IE OBSTOQTELXSTWA. oPREDELENIE BAZISOW WSPLESKOW (PAKETOW WSPLESKOW) SWQZANO S KONSTRUKCIEJ KRATNOMAS- [TABNOGO ANALIZA, SOSTOQ]EGO IZ PROSTRANSTW INWARIANTNYH OTNOSITELXNO SDWIGA. pRI OBY^NOM PONIMANII OPERATORA SDWIGA EGO NELXZQ RASSMATRI- WATX NA PROSTRANSTWAH FUNKCIJ, ZADANNYH NA OTREZKE, T.K. SDWIG WYWODIT ZA PREDELY PROSTRANSTWA. mY WWODIM OBOB]ENNYE OPERATORY SDWIGA TAK, ^TO SOHRANQ@TSQ WSE NEOBHODIMYE SWOJSTWA SDWIGA, W ^ASTNOSTI, SDWIG AL- GEBRAI^ESKOGO MNOGO^LENA ESTX MNOGO^LEN TOJ VE STEPENI. kROME TOGO MY ISPOLXZUEM PODHOD K PERIODI^ESKOMU KRATNOMAS[TABNOMU ANALIZU, DANNYJ AWTOROM W [9], WMESTO STANDARTNOGO (PERIODIZACII KRATNOMAS[TABNOGO ANA- LIZA W L2(R)). pRI TAKOM PODHODE PONQTIQ KRATNOMAS[TABNOGO ANALIZA I WSPLESKOW ESTESTWENNYM OBRAZOM RASPROSTRANQ@TSQ NA PROIZWOLXNOE GILX- BERTOWO PROSTRANSTWO.

1. fORMULIROWKA OSNOWNOGO REZULXTATA.

tEOREMA 1 dLQ L@BOGO ε_0 > 0 SU]ESTWUET POSLEDOWATELXNOSTX ALGEBRA-

I^ESKIH MNOGO^LENOW T_n STEPENI NE WY[E n(1+ε_0), POPARNO ORTOGONALXNYH NA OTREZKE [−1, 1] I OBRAZU@]IH BAZIS –AUDERA W PROSTRANSTWE C[−1, 1].

2. kRATNOMAS[TABNYJ ANALIZ W GILXBERTOWOM PROSTRANSTWE.

pUSTX H – GILXBERTOWO PROSTRANSTWO SO SKALQRNYM PROIZWEDENIEM

⟨f, g⟩, f, g ∈ H, {X_n}^∞_{n=−∞} – ORTONORMIROWANNYJ BAZIS W H. eSLI f ∈ H, TO f = ∑ k ^f(k)X_k, GDE ^f(k) = ⟨f, X_k⟩ SUTX KO“FFICIENTY fURXE “LEMENTA f.

dLQ KAVDOGO NEOTRICATELXNOGO CELOGO j OPREDELIM OPERATOR Sj :

S_j f = ∑ k∈Z^e 2πi2�^jk ^f(k)X k. qSNO, ^TO Sj – MULXTIPLIKATORY, DEJSTWU@]IE IZ H W H , I ‖Sj f‖ = ‖f‖ DLQ L@BOGO f ∈ H. w SLU^AE, KOGDA H = L2(−π, π), Xn(t) = e^{int}, Sj QWLQ@TSQ OPERATORAMI SDWIGA (NA 2^{−j+1}π). i W OB]EM SLU^AE IH TAKVE ESTESTWENNO NAZYWATX OPERATORAMI SDWIGA, POSKOLXKU SOHRANQETSQ OSNOWNOE SWOJSTWO: POSLEDOWATELXNOE PRIMENENIE Sj_1 , Sj_2 DAET ”SDWIG” NA 2π(2^{−j1} + 2^{−j2} ). tEOREMA 2 pUSTX Gj ∈ H, j ∈ Z+, Vj = span{S^n_j Gj , n = 0, . . . , 2^j − 1}.

eSLI KO“FFICIENTY fURXE G_j UDOWLETWORQ@T USLOWIQM: G1. ^G_0(k) = 0 DLQ L@BOGO k ≠ 0;

G2. DLQ L@BOGO j ∈ Z_+ I L@BOGO k = 0, . . . , 2^j −1 SU]ESTWUET TAKOE m ∈ Z, ^TO ^G_j (2^jm + k) ≠ 0;

G3. DLQ L@BOGO k ∈ Z SU]ESTWUET TAKOE j ∈ Z_+, ^TO ^G_j(k) ≠ 0; G4. DLQ L@BOGO j = 1, 2, . . . I L@BOGO k ∈ ZSU]ESTWUET TAKOE KOMPLEKSNOE ^ISLO δ^j_k, ^TO ^G_{j−1}(2^jm + k) = δ^j_k ^G_j (2^j m + k) DLQ WSEH m ∈ Z, TO 1. {S^n_j G_j }^{2j−1}_{n=0} { BAZIS W V_j , “TOT BAZIS QWLQETSQ ORTONORMIROWANNYM TOG- DA I TOLXKO TOGDA, KOGDA ∑ m∈Z^{| ^Gj(2} j m + k)|^2 = 2^{−j} (1)

DLQ WSEH k ∈ Z.

2. V_j ⊂ V_{j+1} DLQ L@BOGO j ∈ Z_+. 3.^∞∪_{j=0} V_j PLOTNO W H.

sEMEJSTWO PODPROSTRANSTW Vj , UDOWLETWORQ@]IH USLOWIQM 1-3, NAZOWEM

KRATNOMAS[TABNYM ANALIZOM W H, A POSLEDOWATELXNOSTX “LEMENTOW G_j – MAS[TABIRU@]EJ POSLEDOWATELXNOSTX@.

dLQ KAVDOGO j ∈ Z+ I n = 0, . . . , 2^j − 1 OPREDELIM OPERATOR ω^j_n,: ω^j_nf = ∑ m∈Z^{^f(2} j m + n)X_2j_{m+n}. qSNO, ^TO

S^n_j f = 2^j−1∑

k=0 e^{2πi2} �j_{nk} ω^j_kf. pOSKOLXKU ⟨ω^j_kf, ω^j_ℓ f⟩ = 0 PRI k ≠ ℓ, IZ “TOGO RAWENSTWA I UNITARNOSTI MATRICY {2^{−j/2}e^{2πi2�j nk}}^{2j−1}_{k,n=0} WYTEKAET SLEDU@]EE UTWERVDENIE. lEMMA 3 pUSTX f ∈ H, TOGDA DLQ L@BOGO j = 0, 1, . . .

1. span{S^n_j f, n = 0, . . . , 2^j − 1} = span{ω^j_nf, n = 0, . . . , 2^j − 1}; 2. cISTEMA {S^n_j f}^{2j −1}_{n=0} ORTOGONALXNA TOGDA I TOLXKO TOGDA, KOGDA ‖ω^j_nf‖ NE ZAWISIT OT n, PRI ‖ω^j_nf‖ = 2^{−j/2} ONA QWLQETSQ ORTONORMIROWANNOJ.

dOKAZATELXSTWO TEOREMY 2. uTWERVDENIE 1 SLEDUET IZ LEMMY 3. kRO-

ME TOGO, PO LEMME 3, {ω^j_nGj}^{2j −1}_{n=0} – BAZIS W Vj . pO“TOMU UTWERVDENIE 2 SLEDUET IZ RAWENSTWA

ω^j_kG_j = ∑ ℓ∈Z^{^Gj (2} j+1ℓ + k)X_2j+1_{ℓ+k} + ∑ ℓ∈Z^{^Gj (2} j+1ℓ + 2^j + k)X_2j+1_{ℓ+2}j_{+k} =

δ^{j+1}_k ∑ ℓ∈Z^{^Gj+1(2} j+1ℓ + k)X_2j+1_{ℓ+k} + δ^{j+1}_{2j+k} ∑ ℓ∈Z^{^Gj (2} j+1ℓ + 2^j + k)X_2j+1_{ℓ+2}j_{+k} =

δ^{j+1}_k ω^{j+1}_k G_{j+1} + δ^{j+1}_{2j+k}ω^{j+1}_{2j +k}G_{j+1}.

dLQ DOKAZATELXSTWA UTWERVDENIQ 3 DOSTATO^NO PROWERITX, ^TO Xr ∈^∞∪_{j=0} Vj DLQ WSEH r ∈ Z. pOLOVIM

v^0_n = G_0, v^j_n = ω^j_nG_j , ESLI δ^j_n = 0, ω^j_nv^{j−1}_n , ESLI δ^j_n ≠ 0, j = 1, 2, . . . w SILU SWOJSTW G3, G4 SU]ESTWUET TAKOE j0, ^TO ^v^j_r (r) = ^v^{j0}_r (r) ≠ 0 DLQ WSEH

j ≥ j_0. mOVNO S^ITATX r < 2^{j0} − 1. tOGDA DLQ j ≥ j_0

^v^j_r (r)X_r − v^j_r = ^v^j_r (r)X_r − v^j_r − s_2j�1 (^v^j_r(r)X_r − v^j_r ),

GDE sN (f) – N- AQ ^ASTI^NAQ SUMMA fURXE “LEMENTA f. C DRUGOJ STORONY, NETRUDNO PROWERITX, ^TO ^v^j_r (r)X_r − v^j_r = 2^{j0−j} 2^j�^{j0} −1∑

n=0 e^{−2πi2} �j_{nr} S^n_j (^v^{j0}_r (r)X_r − v^{j0}_r ).

sOPOSTAWLQQ “TI SOOTNO[ENIQ, IMEEM ‖^v^j_r (r)X_r − v^j_r ‖ ≤ 2^{j0−j} 2^j�^{j0}−1 ∑ n=0 ‖^v^{j0}_r (r)X_r − v^{j0}_r − s_2j�1(^v^{j0}_r (r)X_r − v^{j0}_r )‖.

oSTALOSX ZAMETITX, ^TO PRAWAQ ^ASTX “TOGO SOOTNO[ENIQ STREMITSQ K NUL@ PRI j → ∞. 3

dLQ KAVDOGO j ∈ Z+ OPREDELIM “LEMENT Hj , ZADAW EGO KO“FFICIENTY fURXE:

^H_j (r) = e^{πi2}�^{j r}δ^{j+1}_{2j+r} ^G_{j+1}(r),

I POLOVIM

W_j = span{S^n_j H_j , n = 0, . . . , 2^j − 1}.

nAZOWEM Hj I Wj SOOTWETSTWENNO WSPLESKOM I PROSTRANSTWOM WSPLESKOW. tEOREMA 4 eSLI W USLOWIQH TEOREMY 2 WYPOLNENO (1), TO

1. {S^n_j H_j }^{2j−1}_{n=0} { ORTONORMIROWANNYJ BAZIS W W_j . 2. W_j ⊕ V_j = V_{j+1}.

dOKAZATELXSTWO. pO OPREDELENI@ FUNKCIJ H_j

⟨S^n_j H_j , S^m_j H_j ⟩ = ∑ r∈Z^{| ^Gj+1(r)|} 2|δ^{j+1}_{2j+r}|^2e^{2πi2} �j_{(n−m)r} . oTS@DA, U^ITYWAQ 2^{j+1}-PERIODI^NOSTX POSLEDOWATELXNOSTI δ^{j+1}_k I (1), PO- LU^AEM

⟨S^n_j H_j , S^m_j H_j ⟩ =

2^{j+1}−1∑

k=0 |δ^{j+1}_{2j+k}|^2e^{2πi2} �j_{(n−m)k} ∑ ℓ∈Z^{| ^Gj+1(2} j+1ℓ + k)|^2 =

2^{−j−1} 2^j−1∑

k=0 (|δ^{j+1}_{2j+k}|^2 + |δ^{j+1}_k |^2)e^{2πi2} �j_{(n−m)k} . s DRUGOJ STORONY, IZ SWOJSTW G4 I (1) SLEDUET

⟨S^n_j G_j , S^m_j G_j ⟩ = ∑ r∈Z^{| ^Gj (r)|} 2e^{2πi2} �j_{(n−m)r} = 2^{j+1}−1∑

k=0 ( ∑ ℓ∈Z^{|δ} j+1 k ^G_{j+1}(2^{j+1}ℓ + k)|^2 + ∑ ℓ∈Z^{|δ} j+1 2^j+k

^G_{j+1}(2^{j+1}ℓ + 2^j + k)|^2 ) e^{2πi2} �j_{(n−m)k} =

2^{−j−1} 2^j−1∑

k=0 (|δ^{j+1}_{2j+k}|^2 + |δ^{j+1}_k |^2)e^{2πi2} �j_{(n−m)k} . oTS@DA I IZ ORTONORMIROWANNOSTI SISTEMY {S^n_j Gj }^{2j−1}_{n=0} SLEDUET UTWERVDE- NIE 1.

wWIDU 2^{j+1}-PERIODI^NOSTI POSLEDOWATELXNOSTI δ^{j+1}_k IMEEM ω^j_kH_j = e^{πi2} �j_k (

δ^{j+1}_{2j+k}ω^{j+1}_k G_{j+1} − δ^{j+1}_k ω^{j+1}_{2j +k}G_{j+1} ) (2) oTS@DA I IZ LEMMY 3 SLEDUET Wj ⊂ Vj+1. kROME TOGO, PO SWOJSTWU G4

ω^j_kG_j = δ^{j+1}_k ω^{j+1}_k G_{j+1} + δ^{j+1}_{2j+k}ω^{j+1}_{2j +k}G_{j+1}.

—TO RAWENSTWO I (2) SOSTAWLQ@T LINEJNU@ SISTEMU OTNOSITELXNO NEIZWEST- NYH ω^{j+1}_k Gj+1, ω^{j+1}_2j_{+k}Gj+1. oPREDELITELX SISTEMY OTLI^EN OT NULQ W SILU SWOJSTWA G2. oTS@DA I IZ LEMMY 3 SLEDUET UTWERVDENIE 2. 3

3. pOSTROENIE BAZISA.

pUSTX H = L2[−1, 1], Pn, n = 0, 1, . . ., - ORTONORMIROWANNYE MNOGO^LENY lEVANDRA. pOLOVIM X0 = P0, Xn = P2n + iP2n−1, X−n = Xn DLQ n = 1, 2, . . .. qSNO, ^TO {Xn}n∈Z – ORTONORMIROWANNYJ BAZIS W H. bUDEM ISPOLXZOWATX SIMWOL deg T DLQ OBOZNA^ENIQ STEPENI ALGEBRAI^ESKOGO MNOGO^LENA T , RAS- SMATRIWAEMOGO KAK POLINOM PO SISTEME Xn, T.E. deg T = n DLQ MNOGO^LENOW STEPENI 2n I 2n − 1.

rASSMOTRIM FUNKCI@ φ S PREOBRAZOWANIEM fURXE ~φ, OBLADA@]IM SWOJ- STWAMI: supp ~φ ⊂ [−^1_2 (1+ε),^1_2 (1+ε)], ~φ ≡ 1 NA [−^1_2 (1−ε),^1_2 (1−ε)], 0 < ε ≤ 1/6

~φ^2(x) + ~φ^2(x + 1) = 1 DLQ WSEH x ∈ R, ~φ ∈ C^∞(R). tAKAQ FUNKCIQ φ QWLQET-

SQ MAS[TABIRU@]EJ (SM, NAPRIMER, [10], GL. 5) DLQ OBOB]ENNYH WSPLESKOW mEJERA, RASSMOTRENNYH W [6]. mAS[TABIRU@]EE URAWNENIE DLQ φ IMEET WID: ~φ(2x) = m0(x)~φ(x), GDE m0 – 1-PERIODI^ESKAQ FUNKCIQ, m0(x) = ~φ(2x) NA [−1/2, 1/2]. pOLOVIM Gj =^∑_{k∈} Z^{^Gj(k)Xk,} GDE^^Gj (k) = 2^{−j/2} ~φ(2^{−j}k). wWIDU FINITNOSTI φ FUNKCII Gj SUTX POLINOMY, deg Gj ≤ 2^{j−1}(1 + ε). nETRUDNO PROWERITX, ^TO POSLEDOWATELXNOSTX Gj QWLQETSQ MAS[TABIRU@]EJ, T.E. WY- POLNENY USLOWIQ G1-G4 TEOREMY 2 PRI δ^j_r = 2^{−1/2}m0(2^{−j} r). tAKIM OBRAZOM, POSTROEN KRATNOMAS[TABNYJ ANALIZ W L2[−1, 1] I OPREDELENY SOOTWETSTWU- @]IE EMU POSLEDOWATELXNOSTX WSPLESKOW Hj I PROSTRANSTWA WSPLESKOW Wj. pOSKOLXKU USLOWIE (1), O^EWIDNO, WYPOLNENO, PO TEOREMAM 2, 4 BAZISY SDWIGOW {S^n_j Gj }^{2j−1}_{n=0} , {S^n_j Hj }^{2j−1}_{n=0} QWLQ@TSQ ORTONORMIROWANNYMI. wWEDEM W RASSMOTRENIE E]E POSLEDOWATELXNOSTX λ^j_r = 2^{−1/2}e^{2πi2�jr}m0(2^{−j} r +^1_2 ) I OT- METIM SLEDU@]IE O^EWIDNYE SWOJSTWA ^ISEL δ^j_r , λ^j_r:

|δ^j_r|^2 + |λ^j_r|^2 = |δ^j_r|^2 + |δ^j_{r+2j}�_1 |^2 = |λ^j_r|^2 + |λ^j_{r+2j}�_1 |^2 = 1, (3)

δ^j_rλ^jr + δ^j_{r+2j}�_1 λ^j_{r+2j}�_1 = 0. (4)

pUSTX r ∈ Z, k ∈ Z+, OBOZNA^IM ^EREZ Δk I Λk MULXTIPLIKATORY, ZADANNYE NA H I OPREDELQEMYE RAWENSTWAMI ^Δ_kf(r) = δ^k_r ^f(r), ^Λ_kf(r) = λ^k_r ^f(r). zAFIKSIRUEM NATURALXNOE s. dLQ CELOGO j ≥ s I ν = (νj−s+1, . . . , νj ), GDE

ν_k PRINIMAET ZNA^ENIQ 0 I 1, POLOVIM

H^ν_j = H^{s,ν}_j = j∏ k=j−s+1 Δ^{νk}_k Λ^{1−νk}_k H_j , W^ν_j = span{S^n_{j−s}H^ν_j , n = 0, . . . , 2^{j−s} − 1}. pOSKOLXKU OBE POSLEDOWATELXNOSTI {δ^j_r }, {λ^j_r} 2^j -PERIODI^NY, TO

ω^j_r H^ν_j = j∏ k=j−s+1 (δ^k_r )^{νk}(λ^k_r )^{1−νk} ω^j_r H_j . (5)

oTS@DA I IZ LEMMY 3 SLEDUET W^ν_j ⊂ Wj. tEPERX POKAVEM, ^TO W^ν_j ⊥ W^{ν0}_j PRI ν ≠ ν^′, I PRI KAVDOM ν SISTEMA FUNKCIJ {S^n_{j−s}H^ν_j }^{2j −1}_{n=0} QWLQETSQ OR- TONORMIROWANNYM BAZISOM PROSTRANSTWA W^ν_j . w SILU LEMMY 3 DLQ “TOGO DOSTATO^NO USTANOWITX, ^TO ⟨ω^{j−s}_r H^ν_j , ω^{j−s}_r H^ν 0 j ⟩ = 0 (6)

PRI ν ≠ ν^′ I

‖ω^{j−s}_r H^ν_j ‖^2 = 2^{−j+s}. (7)

dLQ DOKAZATELXSTWA “TIH RAWENSTW PROWEDEM INDUKCI@ PO s. pUSTX SNA^ALA

s = 1. pRIMENQQ 5, IMEEM ⟨ω^{j−1}_r H^ν_j , ω^{j−1}_r H^ν 0 j ⟩ = ⟨ω^j_r H^ν_j , ω^j_r H^ν 0 j ⟩ + ⟨ω^j_{r+2j}�_1 H^ν_j , ω^j_{r+2j}�_1 H^ν 0 j ⟩ = (δ^j_r )^{νj} (δ^jr ))^ν

0_j (λ^j_r)^{1−νj} (λ^jr)^{1−ν}

0_j ‖ω^j_r H_j ‖^2 +

(δ^j_{r+2j}�_1)^{νj} (δ^j_{r+2j}�_1 )^ν

0_j (λ^j_{r+2j}�_1 )^{1−νj} (λ^j_{r+2j}�_1)^{1−ν}

0_j ‖ω^j_{r+2j}�_1 H_j ‖^2

oTS@DA, U^ITYWAQ, ^TO ‖ω^j_kHj ‖^2 = 2^{−j} I PRIMENQQ RAWENSTWA (3), (4), POLU- ^AEM (6), (7) DLQ s = 1. tEPERX PREDPOLOVIM, ^TO RAWENSTWA (6), (7) WERNY

DLQ WSEH j < j0. pUSTX ν = (νj−s_0 +1, . . . , νj ), ν^′ = (ν^′_{j−s0+1}, . . . , ν^′_j ), POLOVIM

μ = (ν_{j−s0+2}, . . . , ν_j ), μ^′ = (ν^′_{j−s0+2}, . . . , ν^′_j ) κ = ν_{j−s0 +1}, κ^′ = ν^′_{j−s0 +1}. tOGDA ⟨ω^{j−s0}_r H^ν_j , ω^{j−s0}_r H^ν 0 j ⟩ = ⟨ω^{j−s0 +1}_r H^ν_j , ω^{j−s0 +1}_r H^ν 0 j ⟩ + ⟨ω^{j−s0 +1}_{r+2j}�_1 H^ν_j , ω^{j−s0 +1}_{r+2j}�_1 H^ν 0 j ⟩ = (δ^{j−s0 +1} r )^κ(δ^{j−s0 +1}r )^κ 0 (λ^{j−s0 +1} r )^{1−κ}(λ^{j−s0 +1}r )^{1−κ} 0 ⟨ω^{j−s0 +1} r H^μ_j , ω^{j−s0 +1}_r H^μ 0 j ⟩ + (δ^j_{r+2j}�_1)^κ(δ^j_{r+2j}�_1 )^κ 0 (λ^{j−s0 +1} r+2^j�^1 ) 1−κ(λ^{j−s0 +1} r+2^j�^1 ) 1−κ0 ⟨ω^{j−s0 +1} r+2^j�^1 H μ j , ω^{j−s0 +1} r+2^j�^1 H μ0 j ⟩ . pO INDUKCIONNOMU PREDPOLOVENI@ ⟨ω^{j−s0 +1}_k H^μ_j , ω^{j−s0 +1}_k H^{μ0}_j ⟩ = 0 PRI μ ≠ μ^′ I ⟨ω^{j−s0 +1}_k H^μ_j , ω^{j−s0 +1}_k H^{μ0}_j ⟩ = 2^{j−s0 +1} PRI μ = μ^′. oTS@DA, PRIMENQQ RAWENST- WA (3), (4), POLU^AEM (6), (7) DLQ s = s0.

tAKIM OBRAZOM, DOKAZANO, ^TO

W_j = ⊕_ν W^ν_j , (8)

I SISTEMA FUNKCIJ {S^n_{j−s}H^ν_j }n,ν QWLQETSQ ORTONORMIROWANNYM BAZISOM PRO- STRANSTWA Wj . —TA SISTEMA NAZYWAETSQ PAKETOM WSPLESKOW.

pUSTX T – ALGEBRAI^ESKIJ MNOGO^LEN, deg T ≤ m2^{k−1}(1 + ε), ε ≤ 1/2m. pOSKOLXKU NA MNOVESTWE {[ℓ+1/2−^1_4 (1−ε), ℓ+1/2+^1_4 (1−ε)], ℓ ∈ Z} FUNKCIQ

m_0 TOVDESTWENNO RAWNA NUL@, deg Δ_kT ≤ (m2^{k−1} −2^{k−2})(1+ε) PRI NE^ETNYH

m, I deg ΛkT ≤ (m2^{k−1} − 2^{k−2})(1 + ε) PRI ^ETNYH m. oTS@DA, PRINIMAQ WO WNIMANIE ^TO deg Hj ≤ 2^j (1 + ε) I S^ITAQ ε ≤ 2^{−s−1}, NETRUDNO PONQTX, ^TO FUNKCII H^{s,ν}_j MOVNO PERENUMEROWATX ODNOMERNYM INDEKSOM ℓ = 1, . . . , 2^s TAKIM OBRAZOM, ^TOBY

deg H^{s,ℓ}_j ≤ (2^{j−1} + ℓ2^{j−s−1})(1 + ε). (9)

pOLOVIM

T_1 = G_0, T_2j_{+n+1} = H^{j,n+1}_j DLQ j < s, n = 0, . . . , 2^j − 1, T_2j_{+m2}j�s_{+r+1} = S^r_{j−s}H^{s,m+1}_j DLQ j ≥ s, m = 0, . . . , 2^s − 1, r = 0, . . . , 2^{j−s} − 1.

nERAWENSTWO (9), O^EWIDNO, WLE^ET deg TN ≤^1_2 N(1 + ε) PRI N ≤ 2^s. pRED- STAWLQQ PROIZWOLXNOE NATURALXNOE N > 2^s W WIDE N = 2^j + m2^{j−s} + r + 1, GDE j ≥ s, m < 2^s, r < 2^{j−s}, IZ (9) POLU^AEM

deg T_N ≤ (2^{j−1} + (m + 1)2^{j−s−1})(1 + ε) ≤ 1 2 (2^j + m2^{j−s} + 2^{j−s})(1 + ε) ≤ 1 2 N(1 + 2^{−s})(1 + ε).

pO L@BOMU ZADANNOMU ε0 > 0 MOVNO PODOBRATX STOLX BOLX[OE NATURALXNOE s I STOLX MALOE ε > 0, ^TOBY DLQ WSEH N > 2^s WYPOLNQLOSX NERAWENSTWO

deg T_N ≤ 1 2 N(1 + ε_0).

dALEE NAM BUDUT POLEZNY SLEDU@]IE PREDSTAWLENIQ FUNKCIJ Hj , H^{s,ν}_j

(ν – BINARNYJ WEKTOR):

H_j = ∑ ℓ∈Z ~ψ(2^{−j}ℓ)X_ℓ, H^{s,ν}_j = 2^{−j/2} ∑ ℓ∈Z ~ψν (2^{−j} ℓ)X_ℓ, (10) GDE ψ, ψ^ν – FUNKCII, OPREDELQEMYE RAWENSTWAMI ~ψ(x) = e^{πix}m_0 ( x + 1 2 ) ~φ (x 2 ) , ~ψ^ν(x) = j∏ k=j−s+1 (m_0(x))^{νk} ( e^{2πix}m_0 ( x + 1 2 ))_{1−νk} ~ψ(x). w SOOTWETSTWII S OPISANNOJ WY[E PERENUMERACIEJ FUNKCIJ H^ν_j W FUNKCIQH

Ψ^ν MY TAKVE ZAMENIM ν NA ODNOMERNYJ INDEKS ℓ = 1, . . . , 2^s.

4. wSPOMOGATELXNYE REZULXTATY.

nAM PONADOBQTSQ SLEDU@]IE SWOJSTWA ORTONORMIROWANNYH MNOGO^LENOW lEVANDRA Pn. iH MOVNO NAJTI, NAPRIMER, W MONOGRAFII [11].

fORMULA dIRIHLE-mELERA:

P_n(cos πθ) = √ 2 ( n + 1 2 )^θ∫ 0 . cos ( n +^1_2 ) πτ dτ √ cos πτ − cos πθ , θ ∈ (0, 1). (11)

uRAWNENIE wOLXTERRA WTOROGO RODA:

(sin πθ)^{1/2}P_n(cos πθ) = λ_n cos (( n + 1 2 ) πθ − π 4 ) − π ( n +^1_2 ) 1/2∫ θ sin ( n +^1_2 ) π(t − θ) 4 sin^2 πt

(sin πt)^{1/2}P_n(cos πt) dt, (12)

GDE θ ∈ (0, 1),

λ_n = √ 2 π + O ( 1 n^2 ) . (13)

pRI TEH VE ZNA^ENIQH θ I λn SPRAWEDLIWA ASIMPTOTI^ESKAQ FORMULA

(sin πθ)^{1/2}P_n(cos πθ) = λ_n cos (( n + 1 2 ) πθ − π 4 ) + O ( 1 n sin πθ ) . (14)

mETOD lIUWILLQ-sTEKLOWA (SM. [11], x8.61) DAET SLEDU@]EE UTO^NENIE “TOJ FORMULY

(sin πθ)^{1/2}P_n(cos πθ) = λ_n cos (( n + 1 2 ) πθ − π 4 ) + λ_n 8 ( n +^1_2

) sin (( n + 1 2 ) πθ − π 4 ) ctg πθ + O ( 1 n^2 sin^2 πθ ) . (15)

dLQ WSEH x ∈ [−1, 1] IMEET MESTO NERAWENSTWO

|P_n(x)| ≤ P_n(1) = n + 1 2 . (16)

bUDEM OBOZNA^ATX ^EREZ C ABSOL@TNYE POSTOQNNYE, WOOB]E GOWORQ RAZ- LI^NYE.

lEMMA 5 pUSTX θ ∈ (0, 1), n ∈ Z, n ≠ 0, TOGDA

X_n(cos πθ) = 1 √ sin πθ [A_1(θ)ξ_1(n)e^{2πinθ} + A_2(θ)ξ_2(n)e^{−2πinθ}] + O ( 1 |n|(sinπθ)^{3/2} ) , (17)

X_n(cos πθ) = 1 √ sin πθ [A_1(θ)ξ_1(n)e^{2πinθ} + A_2(θ)ξ_2(n)e^{−2πinθ}] + 1 n(sin πθ)^{3/2} [ A_3(θ)ξ_3(n)e^{2πinθ} + A_4(θ)ξ_4(n)e^{−2πinθ} ] + O ( 1 n^2(sin πθ)^{5/2} ) , (18)

X_n(cos πθ) = θ∫ 0 dτ √ cos πτ − cos πθ [√ nA_5(τ)ξ_5(n)e^{2πinτ} + √ nA_6(τ)ξ_6(n)e^{−2πinτ} + 1 √ n A_7(τ)ξ_7(n)e^{2πinτ} + 1 √ n A_8(τ)ξ_8(n)e^{−2πinτ} ] + O ( 1 |n|^{3/2} ) , (19)

X_n(cos πθ) = 1 √ sin πθ [ A_1(θ)ξ_1(n)e^{2πinθ} + A_2(θ)ξ_2(n)e^{−2πinθ} + O ( 1 n^2 )] + 1 √ sin πθ 1/2∫ θ dt sin^{3/2} πt t∫ 0 dτ √ cos πτ − cos πt [ 1 √ n A_9(t)ξ_9(n)e^{2πin(τ +t−θ)} + 1 √ n A_{10}(t)ξ_{10}(n)e^{−2πin(τ +t−θ)} + n^{−3/2}A_{11}(t)ξ_{11}(n)e^{2πin(τ +t−θ)} + n^{−3/2}A_{12}(t)ξ_{12}(n)e^{−2πin(τ +t−θ)} + O ( 1 |n|^{5/2} ) ] ,(20)

GDE x^a = |z|^ae^{ia arg z} , 0 ≤ arg z < 2π, ξ_ℓ { FUNKCII, ANALITI^ESKIE NA R \ {0}

I TAKIE, ^TO ξ(n) = ξ(λn) DLQ WSEH λ > 0, |A_ℓ(θ)| ≤ C.

sOOTNO[ENIQ (17), (18), (19) SLEDU@T SOOTWETSTWENNO IZ (14), (15), (11). ~TOBY DOKAZATX (20), SLEDUET SOPOSTAWITX (12) S (11).

lEMMA 6 pUSTX γ ∈ C^∞(R), supp γ ⊂ [−Δ, Δ], [−δ, δ] ∩ supp γ = ∅, TOGDA ∑ ℓ∈Z^{γ(2} −j ℓ)e^{2πiℓθ} = O ( 1 | sin πθ| ) , (21) ∑ ℓ∈Z^{γ(2} −j ℓ)e^{2πiℓθ} = O ( 1 2^j | sin πθ|^2 ) , (22) 1∫ 0

| | | | ∑ ℓ∈Z^{γ(2} −j ℓ)e^{2πiℓθ} | | | | dθ = O(1). (23)

dOKAZATELXSTWO. dLQ DOKAZATELXSTWA (21) PRIMENIM K LEWOJ ^ASTI PRE-

OBRAZOWANIE aBELQ I WOSPOLXZUEMSQ QWNYM PREDSTAWLENIEM QDRA dIRIHLE. dLQ DOKAZATELXSTWA (22) DWAVDY PRIMENIM K LEWOJ ^ASTI PREOBRAZOWANIE aBELQ I WOSPOLXZUEMSQ QWNYM PREDSTAWLENIEM QDRA fEJERA I SWOJSTWAMI γ. lEWAQ ^ASTX (23) QWLQETSQ KONSTANTOJ lEBEGA LINEJNOGO METODA SUMMIROWA- NIQ S MNOVITELQMI SUMMIRUEMOSTI, OPREDELQEMYMI FUNKCIEJ γ. hORO[O IZWESTNO, ^TO W PREDPOLAGAEMYH USLOWIQH KONSTANTY lEBEGA RAWNOMERNO OGRANI^ENY. 3

lEMMA 7 w USLOWIQH LEMMY 6 1∫ 0

| | | | ∑ ℓ∈Z^{γ(2} −j ℓ)e^{2πiℓθ} | | | | √ | sin πθ| dθ = O(2^{−j/2}), (24) 1∫ 0

| | | | ∑ ℓ∈Z^{γ(2} −j ℓ)e^{2πiℓθ} | | | | dθ √ | sin πθ| = O(2^{j/2}). (25)

dOKAZATELXSTWO. dLQ DOKAZATELXSTWA (24) RAZOBXEM INTEGRAL PO SHEME: 1∫ 0 = 1/2∫ −1/2 = ∫ |θ|≤2�^j + j−1∑ s=1 ∫ 2�j+s�1_{≤|θ|≤2}�j+s = j−1∑ s=0 I_s. iZ (23) SLEDUET I0 = O(2^{−j/2}). pRI s > 0, PRIMENQQ K PODINTEGRALXNOMU WYRAVENI@ (22), IMEEM j−1∑ s=1 I_s ≤ C2^{−j} j−1∑ s=1 2^j

�s_2 = O(2^{−j/2}). aNALOGI^NO, ISPOLXZUQ (21) WMESTO (22) I O^EWIDNOE SOOTNO[ENIE ∑ ℓ∈Z^{γ(2−j ℓ) e2πiℓθ = O(2j)} WMESTO^{(23),} POLU^AEM^{(25).} 3 dALEE BUDEM S^ITATX, ^TO ZAFIKSIROWANO NEKOTOROE ^ISLO ϕ ∈ (0, 1/2].

wWEDEM OBOZNA^ENIQ: eτ = {t ∈ R : | sin πt| ≤ | sin πτ|} , g1(t) = χe_{2ϕ} (t) cos πt, GDE χe – HARAKTERISTI^ESKAQ FUNKCIQ MNOVESTWA e, g2(t) = cos πt − g1(t).

lEMMA 8 pUSTX FUNKCIQ γ UDOWLETWORQET USLOWIQM LEMMY 6, τ ∈ R, σ^±_{α,ν}(θ) = ∑ ℓ∈Z^{γ(2} −j ℓ)(2^{−j} ℓ)^αξ_ν(2^{−j}ℓ)e^{2πiℓ(τ ±θ)},

GDE α ∈ R, ξ_ν { FUNKCII IZ LEMMY 5. tOGDA 1∫ 0

| | | | | ∑ ℓ∈Z^{γ(2} −j ℓ)e^{2πiℓτ} X_ℓ(cos πθ) | | | | | dg_1(θ) ≤

C √ ϕ 1/2∫ −1/2 (| σ^+_{0,1}(θ) | + | σ^−_{0,2}(θ) |) dθ + O(1) , (26)

1∫ 0

| | | | | ∑ ℓ∈Z^{γ(2} −j ℓ)e^{2πiℓτ} X_ℓ(cos πθ) | | | | | dg_2(θ) ≤

C 1/2∫ −1/2 (| σ^+_{0,1}(θ) | | + | |σ^−_{0,2}(θ) | |) |g^{′2}(θ)| dθ √ | sin πθ| +

C2^{−j} 1/2∫ −1/2 (| σ^−_{1,3}(θ) | + | σ^−_{1,4}(θ) |) |g^′_2(θ)| dθ √ | sin πθ|^3 + O(2^{−j/2}). (27)

dOKAZATELXSTWO. sOOTNO[ENIE (26) NESLOVNO WYWESTI IZ (17), ESLI PRI

OCENKE OSTATO^NOGO ^LENA PRINQTX WO WNIMANIE STRUKTURU NOSITELQ FUNK-

CII γ(2^{−j} ℓ) I U^ESTX PERIODI^NOSTX FUNKCIJ σ^±_{−η,κ}(θ). dLQ DOKAZATELXST-

WA (27) RAZOBXEM INTEGRAL W LEWOJ ^ASTI PO SHEME: ∫ [0,1]\e_{2ϕ} = ∫ (e_2�_j \e_{2ϕ})∩[0,1] + ∫ [0,1]\e_2�_j

= I_1 + I_2.

eSLI ϕ ≥ 2^{−j−1}, TO I1 = 0. eSLI ϕ ≤ 2^{−j−1}, TO TE VE RASSUVDENIQ, KOTORYE

PRIMENQLISX DLQ DOKAZATELXSTWA (26), DA@T

I_1 ≤ C 1/2∫ −1/2 (| σ^+_{0,1}(θ) | | + | |σ^−_{0,2}(θ) | |) |g^{′2}(θ)| dθ √ | sin πθ| + O(2^{−j/2}) , aNALOGI^NO, ^TOBY OCENITX I2, PRIMENIM (18). sNOWA U^ITYWAQ STRUKTURU

NOSITELQ γ PRI OCENKE OSTATKA, POLU^AEM (27). 3 lEMMA 9_{1∫} −1

| | | | 1 N N∑ n=0 2n∑ k=0 P_k(x)P_k(t) | | | | dt = O(1).

dOKAZATELXSTWO. pOSKOLXKU FUNKCII lEBEGA SUMM fEJERA-lEVANDRA RAW-

NOMERNO OGRANI^ENY (SM., NAPRIMER, [12]), A FUNKCII lEBEGA SUMM fURXE-

lEVANDRA RASTUT NE BYSTREE, ^EM^√n (SM., NAPRIMER, [13]), DOSTATO^NO

DOKAZATX SOOTNO[ENIE I = 1 N 1∫ −1

| | | | N∑ n=0 P_{2n}(x)P_{2n}(t) | | | | dt = O(1). (28)

pOLOVIM t = cos πθ, x = cos πϕ, ϕ, θ ∈ [0, 1]. pRIMENQQ (14) K P2n(cos πθ) I

ISPOLXZUQ (16) PRI OCENKE OSTATO^NOGO ^LENA, IMEEM I = √ 2 N √ π 1∫ 0

| | | | N∑ n=0 P_{2n}(cos πϕ) cos [( 2n + 1 2 ) πθ − π 4 ]| | | d cos πθ √ sin πθ + O(1).

iNTEGRAL W PRAWOJ ^ASTI RAZOBXEM PO SHEME 1∫ 0 d cos πθ = 1∫ 0 dg_1(θ) + 1∫ 0 dg_2(θ) = I_1 + I_2.

pOSKOLXKU P2n – ^ETNAQ FUNKCIQ, DOSTATO^NO OGRANI^ITXSQ RASSMOTRENIEM

SLU^AQ ϕ ∈ [0, 1/2]. dLQ OCENKI I2 PRI ϕ ≠ 0 PRIMENIM K P2n(cos πϕ) FORMULU

dIRIHLE-mELERA (11). pOSLE PERESTANOWKI INTEGRALOW POLU^IM

I_2 ≤ 1 2 ϕ∫ 0 dτ √ cos πτ − cos πϕ · 1∫ 0 {| | | | N∑ n=0 e^{2πin(θ+τ )} √ n + 1 4 | | | | + | | | | N∑ n=0 e^{2πin(θ−τ )} √ n + 1 4 | | | | + | | | | N∑ n=0 e^{−2πin(θ+τ )} √ n + 1 4 | | | | + | | | | N∑ n=0 e^{−2πin(θ−τ )} √ n + 1 4 | | | | } dg_2(θ) √ sin πθ . (29)

pROIZWODQ PREOBRAZOWANIE aBELQ W KAVDOJ IZ SUMM I ISPOLXZUQ HORO[O IZWESTNYE SWOJSTWA QDER dIRIHLE, USTANAWLIWAEM, ^TO “TI SUMMY IME@T PORQDOK O(^√N/| sin π(θ ± τ)|). tAKIM OBRAZOM, WNUTRENNIJ INTEGRAL W (29) NE PREWOSHODIT SUMMY ^ETYREH INTEGRALOW WIDA C √ N 1∫ 0 dg_2(θ) | sin π(θ ± τ)| √ sin πθ . (30)

pOSKOLXKU τ ≤ ϕ TO^1_{sin |π(θ±τ )|} ≤^C_{sin πθ} PRI θ ≥ 2ϕ. sLEDOWATELXNO, 1∫ 0 dg_2(θ) | sin π(θ ± τ)| √ sin πθ ≤ C 1∫ 0 dg_2(θ) √ sin πθ = O(1).

sOPOSTAWLQQ “TO SOOTNO[ENIE S (30) I (29), POLU^AEM

I_2 = O( √ N). (31)

dLQ ϕ = 0 INTEGRAL I2 MOVNO OCENITX TO^NO TAK VE, ISPOLXZUQ WMESTO FORMULY dIRIHLE-mELERA RAWENSTWO (16). tEPERX OCENIM I1 W SLU^AE, KOGDA

ϕ ≤ 1/N. dLQ ϕ ≠ 0 SNOWA WOSPOLXZUEMSQ FORMULOJ dIRIHLE-mELLERA:

I_1 ≤ C ϕ∫ 0 dτ √ cos πτ − cos πϕ 1∫ 0 N∑ n=0 √ n + 1 4 g^′_1(θ) √ sin πθ dθ. u^ITYWAQ, ^TO^{g01(θ)}√_{sin πθ} ≤ C^√ϕ ≤ N^{−1/2}, POLU^AEM

I_1 = O(N). (32)

aNALOGI^NO (32) SLEDUET IZ (16) PRI ϕ = 0. nAKONEC RASSMOTRIM SLU^AJ

ϕ ≥ 1/N. sOPOSTAWLQQ SOOTNO[ENIQ (11) I (12), IMEEM

(sin πϕ)^{1/2}P_{2n}(cos πϕ) = √ 2 π cos [( 2n + 1 2 ) πϕ − π 4 ] − √ 2π √ 2n +^1_2 1/2∫ ϕ sin π ( 2n +^1_2 ) (t − ϕ) 4 sin^{3/2} πt dt t∫ 0 cos π ( 2n +^1_2 ) τ √ cos πτ − cos πθ dτ + O ( 1 n^2 ) .

oTS@DA, PRINIMAQ WO WNIMANIE, ^TO^{g01(θ)}√_{sin πθ} ≤ C^√ϕ I ϕ^{−1} ≤ N, POLU^AEM

I_1 ≤ C 1/2∫ ϕ dt t^{3/2} N∑ n=0 1 √ n + O(1) = O (√ N ϕ + 1 ) = O(N). —TA OCENKA WMESTE S (31) I (32) S DAET (28) . 3 lEMMA 10 pUSTX μ { OGRANI^ENNAQ MONOTONNO UBYWA@]AQ SUMMIRUEMAQ

NA [0, ∞) FUNKCIQ. tOGDA DLQ WSEH x, y ∈ R ∑ k∈Z^{μ(|x + k|)μ(|y + k|) ≤ Aμ} ( |x − y| 4 ) , GDE A { POSTOQNNAQ, ZAWISQ]AQ TOLXKO OT μ.

—TA NESLOVNAQ LEMMA IZWESTNA, DOKAZATELXSTWO NESKOLXKO BOLEE OB]EGO UTWERVDENIQ PRIWODITSQ, NAPRIMER, W [14].

pUSTX ψ ∈ L(R), α ∈ R, ν = 1, . . . , 8. pOLOVIM s^±_{n,α,ν}(τ) = s^±_{n,α,ν}(τ, ψ) = ∑ ℓ∈Z^e 2πi(n2�^j ±τ )ℓ(2−j ℓ)αξ ν(2^{−j} ℓ) ~ψ(2^{−j} ℓ), GDE^~ψ –PREOBRAZOWANIE fURXE FUNKCII ψ, ξν – FUNKCII IZ LEMMY 5. lEMMA 11 pUSTX^~ψ ∈ C^∞, supp^~ψ ⊂ [−Δ, Δ], [−δ, δ] ∩ supp^~ψ = ∅, α, β ∈ R, |τ| ≤ 1/4, |γ| ≤ 1/2, TOGDA I = 1/2∫ −1/2

2^j−1∑

n=0 |s^±_{n,α,ν}(τ)||s^±_{n,β,μ}(θ ± τ)|| sin πθ|^γ dθ = O ( 2^{(1−γ)j} ) , GDE ZNAKI "+" ILI "-" W WYRAVENIQH s^±_{n,β,μ} I θ ± τ SOGLASOWANY TAKIM OBRAZOM, ^TO τ WHODIT WO WSE “KSPONENTY PODINTEGRALXNOGO WYRAVENIQ S ODNIM I TEM VE ZNAKOM.

dOKAZATELXSTWO. nE UMALQQ OB]NOSTI, MOVNO OGRANI^ITXSQ RASSMOTRE-

NIEM ZNAKOW ”+” W KA^ESTWE KAVDOGO IZ TREH ” ± ” I TOLXKO PERWOJ POLOWI- NY SLAGAEMYH W PODINTEGRALXNOJ SUMME. fUNKCII ψα,ν, ψβ,μ, OPREDELQEMYE

RAWENSTWAMI^~ψα,ν(u) =^~ψ(u)ξν(u)(u)^α,^~ψβ,μ(u) =^~ψ(u)ξμ(u)(u)^β, O^EWIDNO, OB- LADAET TEMI VE SWOJSTWAMI, ^TO I ψ , PO“TOMU |ψ_{α,ν}(u)|, |ψ_{β,μ}(u)| = O ( 1 1 + u^2 ) , (33)

I PO FORMULE SUMMIROWANIQ pUASSONA

2^j�^1−1∑

n=0 |s^+_{n,α,ν}(τ)||s^+_{n,β,μ}(θ + τ)| =

2^{2j}

2^j�^1−1∑

n=0 | | | | ∑ ℓ∈Z^{ψα,ν(2} j τ + 2^j ℓ + n) | | | | | | | | ∑ k∈Z^{ψβ,μ(2} j(θ + τ) + 2^j k + n) | | | | . (34) pOSKOLXKU W SILU (33) ∑ ℓ≠0 |ψ_{α,ν}(2^j τ +2^jℓ+n)| = O(2^{−2j}),

2^j�^1−1∑

n=0 ∑ k∈Z^{|ψβ,μ(2} j (θ+τ)+2^jk+n)| = O(1), PRAWAQ ^ASTX (34) NE PREWOSHODIT

2^{2j}

2^j�^1−1∑

n=0 ∑ k∈Z^{|ψα,ν(2} j τ + n)||ψ_{β,μ}(2^j (θ + τ) + 2^j k + n)| + O(1).

oTS@DA, IZ LEMMY 10 I (34) SLEDUET

2^j�^1−1∑

n=0 |s^+_{n,α,ν}(τ)||s^+_{n,β,μ}(θ + τ)|| sin πθ|^γ =

O ( 1 + ∑ k∈Z 2^{2j} |θ|^γ 1 + (2^j(θ + k))^2 ) = O ( 1 + 2^{2j} |θ|^γ 1 + (2^j(θ))^2 ) . (35)

rAZBIWAQ INTEGRAL I PO SHEME 1/2∫ −1/2 = ∫ |θ|≤2�^j + j−1∑ s=0 ∫ 2�j+s�1_{≤|θ|≤2}�j+s , I PRIMENQQ (35) K PODINTEGRALXNOMU WYRAVENI@ W KAVDOM SLAGAEMOM, POLU^AEM I = O ( 2^{j(1−γ)} + 2^{j(1−γ)} j−1∑ s=0 2^{−s(1−γ)} ) = O ( 2^{j(1−γ)} ) . 3

sLEDSTWIE 12 w USLOWIQH LEMMY 11 WYPOLNQETSQ SOOTNO[ENIE 1/2∫ −1/2

2^j−1∑

n=0 |s^±_{n,α,ν}(τ)||s^±_{n,β,μ}(θ)| dθ = O ( 2^j ) . uTWERVDENIE SLEDSTWIQ QWLQETSQ ^ASTNYM SLU^AEM LEMMY 11, ESLI PRO- IZWESTI ZAMENU PEREMENNOJ θ = θ^′ ±τ I PRINQTX WO WNIMANIE PERIODI^NOSTX PODINTEGRALXNOJ FUNKCII.

lEMMA 13 pUSTX ψ, H_j UDOWLETWORQ@T USLOWIQM LEMMY 11, α ∈ R. tOG- DA 1∫ 0

2^j−1∑

n=0 |s^±_{n,α,ν}(τ)| | |S^n_j H_j (cos πθ) | | dg_1(θ) ≤

C √ ϕ 2^{−j/2} 1/2∫ −1/2

2^j−1∑

n=0 |s^±_{n,α,ν}(τ)| (|s^+_{n,0,1}(θ)| + |s^−_{n,0,2}(θ)|) dθ + O ( 2^{j/2} ) . (36) 1∫ 0

2^j−1∑

n=0 |s^±_{n,α,ν}(τ)| | |S^n_j H_j (cos πθ) | | dg_2(θ) ≤

C2^{−j/2} 1/2∫ −1/2

2^j−1∑

n=0 |s^±_{n,α,ν}(τ)| (|s^+_{n,0,1}(θ)| + |s^−_{n,0,2}(θ)|) |g^′_2(θ)| dθ √ | sin πθ| +

C2^{−3j/2} 1/2∫ −1/2

2^j−1∑

n=0 |s^±_{n,α,ν}(τ)| (|s^+_{n,−1,3}(θ)| + |s^−_{n,−1,4}(θ)|) |g^′_2(θ)| dθ √ | sin πθ|^3 + O (1) . (37)

dOKAZATELXSTWO. nA OSNOWANII (17),(18), PRINIMAQ WO WNIMANIE, ^TO

~ψ(2−j ℓ) OTLI^NO OT NULQ LI[X PRI 2jδ ≤ |ℓ| ≤ 2j Δ, IMEEM |S^n_j H_j (cos πθ)| ≤ C ( 2^{−j} sin πθ )_{1/2} (|s^+_{n,0,1}(θ)| + |s^−_{n,0,2}(θ)|) + O ( 2^{−j/2} sin^{3/2} πθ ) , (38)

|S^n_j H_j (cos πθ)| ≤ C ( 2^{−j} sin πθ )_{1/2} (|s^+_{n,0,1}(θ)| + |s^−_{n,0,2}(θ)|) +

C ( 2^{−j} sin πθ )_{3/2} (|s^+_{n,−1,3}(θ)| + |s^−_{n,−1,4}(θ)|) + O ( 2^{−3j/2} sin^{5/2} πθ ) . (39)

pUSTX ψα,ν – FUNKCIQ, OPREDELENNAQ W LEMME 11. iZ FORMULY SUMMIROWANIQ pUASSONA I (33) SLEDUET 2^j−1∑

n=0 |s^±_{n,α,ν}(τ)| = 2^j 2^j−1∑

n=0 | | | | | ∑ ℓ∈Z^{ψα,ν(±2} j τ + 2^j ℓ + n) | | | | | = O ( 2^j ) . (40)

sOOTNO[ENIQ (38) I (40) WLEKUT (36), ESLI PRINQTX WO WNIMANIE PERIO- DI^NOSTX FUNKCIJ s^±_{n,η,κ}(θ). dLQ DOKAZATELXSTWA (37) RAZOBXEM INTEGRAL W LEWOJ ^ASTI PO SHEME_∫ [0,1]\e_{2ϕ} = ∫ (e_2�_j \e_{2ϕ})∩[0,1] + ∫ [0,1]\e_2�_j

= I_1 + I_2.

eSLI |ϕ| ≥ 2^{−j−1}, TO I1 = 0. eSLI |ϕ| ≤ 2^{−j−1}, TO TE VE RASSUVDENIQ, KOTORYE PRIMENQLISX DLQ DOKAZATELXSTWA (36), DA@T I_1 ≤ C2^{−j/2} 1/2∫ −1/2

2^j−1∑

n=0 |s^±_{n,α,ν}(τ)| (|s^+_{n,0,1}(θ)| + |s^−_{n,0,2}(θ)|) |g^′_2(θ)| dθ √ | sin πθ| + O(1).

aNALOGI^NO, ^TOBY OCENITX I2, PRIMENIM (39) I (40). oSTALOSX ZAMETITX, ^TO 2^{−j/2} ∫ [0,1]\e_2�_j

dg_2(θ)

sin^{5/2} πθ

= O(1). 3

lEMMA 14 pUSTX FUNKCII ψ, H_j UDOWLETWORQ@T USLOWIQM LEMMY 13,

n = 0, . . . , 2^j − 1, TOGDA 1∫ 0 |S^n_j H_j (cos πθ)| d cos πθ = O ( 2^{−j/2} ) .

dOKAZATELXSTWO. nA OSNOWANII (38) IMEEM 1∫ 0 |S^n_j H_j (cos πθ)| d cos πθ ≤ C2^{−j/2} 1/2∫ −1/2 (|s^+_{n,0,1}(θ)| + |s^−_{n,0,2}(θ)|) dθ + O ( 2^{−j/2} ) .

pUSTX ψ0,ν, ν = 1, 2 – FUNKCII, OPREDELENNYE W LEMME 11. pO FORMULE SUMMIROWANIQ pUASSONA 1/2∫ −1/2 |s^±_{n,0,ν}(θ)| dθ ≤ 2^j ∑ ℓ∈Z 1/2∫ −1/2 |ψ_{0,ν}(±2^j θ + 2^j ℓ + n)| dθ = ∞∫ −∞ |ψ_{0,ν}(±θ)| dθ. oSTALOSX ZAMETITX, ^TO INTEGRAL W PRAWOJ ^ASTI “TOGO RAWENSTWA KONE^EN W SILU (33). 3

5. dOKAZATELXSTWO TEOREMY 1.

dOKAVEM, ^TO SISTEMA ORTOGONALXNYH MNOGO^LENOW Tn, POSTROENNAQ W RAZDELE 3, QWLQETSQ BAZISOM –AUDERA W PROSTRANSTWE C[−1, 1]. kAVDOJ FUNKCII f ∈ C[−1, 1] SOPOSTAWIM EE RQD fURXE PO SISTEME Tn, ^EREZ σN (f) OBOZNA^IM ^ASTI^NU@ SUMMU “TOGO RQDA PORQDKA N. eSLI N = 2^j +m2^{j−s} +r,

m = 0, . . . , 2^s − 1, r = 0, . . . , 2^{j−s} − 1, TO

σ_N (f) = N∑ n=1 ⟨f, T_n⟩T_n = 2^j∑

n=1 ⟨f, T_n⟩T_n + m−1∑ k=0

2^j�^s−1∑

n=0 ⟨f, S^n_{j−s}H^k_j ⟩S^n_{j−s}H^k_j + r∑ n=0 ⟨f, S^n_{j−s}H^m_j ⟩S^n_{j−s}H^m_j . pERWAQ SUMMA W PRAWOJ ^ASTI QWLQETSQ ORTOGONALXNOJ PROEKCIEJ FUNKCII f NA PROSTRANSTWO Vj . pERERAZLOVENNAQ PO ORTONORMIROWANNOMU BAZISU S^n_j Gj,

n = 0, . . . , 2^j − 1, ONA PRIMET WID

2^j −1∑

n=0 ⟨f, S^n_j G_j⟩S^n_j G_j . pUSTX |ν| ≤ 2^{j−1}, IZ POSTROENIQ FUNKCIJ Gj , H^k_j SLEDUET, ^TO^^H^k_j (ν) = 0,

^G_j (ν) = 1, ^G_j(ν + n) = 0, PO“TOMU

σ_N (X_ν) =

2^j −1∑

n=0 ⟨X_ν, S^n_j G_j ⟩S^n_j G_j =

2^{−j} ∑ ℓ∈Z^{^Gj(ℓ)⟨Xν, Xℓ⟩} ∑ k∈Z^{^Gj (k)Xk} 2^j −1∑

n=0 e^{2πi2} �j_{n(ℓ−k)} . iZ “TOGO RAWENSTWA, ORTONORMIROWANNOSTI SISTEMY {Xk}k∈ZI UNITARNOSTI

MATRICY {e^{2πi2�jnk}}^{2j−1}_{k,n=0} SLEDUET σN (Xν) = Xν. tAKIM OBRAZOM, OPERATOR σN

NE IZMENQET ALGEBRAI^ESKIE MNOGO^LENY STEPENI NE WY[E 2^j, ^TO WLE^ET ‖f − σ_N (f)‖ ≤ ‖σ_N ‖_{C→C}E_2j (f), GDE Em(f) – WELI^INA NAILU^[EGO PRIBLIVENIQ FUNKCII f ALGEBRAI^ESKI-

MI MNOGO^LENAMI PORQDKA m. dLQ DOKAZATELXSTWA TEOREMY OSTALOSX PROWE-

RITX OGRANI^ENNOSTX POSLEDOWATELXNOSTI ‖σN ‖C→C. dLQ “TOGO DOSTATO^NO

UBEDITXSQ W RAWNOMERNOJ (PO x ∈ [−1, 1]) OGRANI^ENNOSTI INTEGRALOW J(x) = 1∫ −1

| | | | | | 2^j−1∑

n=0 S^n_j G_j (x)S^n_j G_j (t) | | | | | | dt,

J^m(x) = 1∫ −1

2^j�^s−1∑

n=0 | |S^n_{j−s}H^m_j (x)S^n_{j−s}H^m_j (t) | | dt. zAFIKSIRUEM m I ZAJMEMSQ OCENKOJ J^m. pEREOBOZNA^IM FUNKCII H^m_j ,

ψ^m ^EREZ H_j , ψ (WY[E “TI OBOZNA^ENIQ IMELI DRUGOJ SMYSL, NO ONI UVE

BOLX[E NE BUDUT ISPOLXZOWATXSQ). oTMETIM, ^TO FUNKCIQ^~ψ UDOWLETWORQET

USLOWIQM LEMMY 11. qSNO, ^TO J^m(x) ≤ 1∫ −1

2^j−1∑

n=0 |S^n_j H_j (x)S^n_j H_j (t)| dt = I. oGRANI^IMSQ RASSMOTRENIEM SLU^AQ x ∈ [0, 1], DLQ x ∈ [−1, 0] DOKAZA-

TELXSTWO ANALOGI^NO. pOLOVIM x = cos πϕ, ϕ ∈ [0, 1/2]. pUSTX SNA^ALA

ϕ ∈ [1/4, 1/2]. pRIMENQQ K S^n_j H_j (cos πϕ) NERAWENSTWA (38) I (40), IMEEM

I ≤ C2^{j/2} max_n 1∫ −1 |S^n_j H_j (t)| dt.

oTS@DA I IZ LEMMY 14 SLEDUET I = O(1). tEPERX RASSMOTRIM SLU^AJ ϕ ∈

(0, 1/4]. pROIZWEDEM W INTEGRALE I ZAMENU PEREMENNOJ t = cos πθ, θ ∈ [0, 1] I

RAZOBXEM EGO PO SHEME I = 1∫ 0 dg_1(θ) + 1∫ 0 dg_2(θ) = I_1 + I_2.

pRI ϕ ≥ 2^{−j} DLQ DOKAZATELXSTWA OGRANI^ENNOSTI I1 OCENIM S^n_j Hj (cos ϕ), ISPOLXZUQ (20) I U^ITYWAQ STRUKTURU NOSITELQ FUNKCII^~ψ : |S^n_j H_j (cos ϕ)| ≤ C 2^{−j/2} √ ϕ [ |s^+_{n,0,1}(ϕ)| + |s^−_{n,0,2}(ϕ)|

2^{−j/2} 1/2∫ ϕ dt t^{3/2} t∫ 0 dτ √ cos πτ − cos πt ( |s^+_{n,−1/2,9}(τ + t − ϕ)|+

|s^−_{n,−1/2,10}(τ + t − ϕ)| ) + O(2^{−j/2}) ] . (41)

w KAVDOM SLAGAEMOM WNEINTEGRALXNOJ I PODINTEGRALXNOJ SUMM PRISUT- STWUET WYRAVENIE WIDA s^±_{n,α,ν}(u). sOOTWETSTWU@]EE SLAGAEMOE W I1 OCENITSQ INTEGRALOM_{1∫} 0

2^j−1∑

n=0 |s^±_{n,α,ν}(u)||S^n_j H_j (cos πθ)| dg_1(θ) = I^{α,ν}_1 . pRIMENQQ K “TOMU INTEGRALU NERAWENSTWO (36), A ZATEM K KAVDOMU SLA- GAEMOMU PRAWOJ ^ASTI (36) SLEDSTWIE K LEMME 11, USTANAWLIWAEM, ^TO I^{α,ν}_1 ≤ C 2^{j/2} √ ϕ. oTS@DA, U^ITYWAQ PRI OCENKE OSTATO^NOGO ^LENA LEM- MU 14, POLU^AEM I1 = O^(1 + (2^j ϕ)^{−1/2)} = O(1). dLQ DOKAZATELXSTWA OGRA- NI^ENNOSTI I2 PRI ϕ ≠ 0 OCENIM S^n_j Hj (cos ϕ), ISPOLXZUQ (19):

|S^n_j H_j (cos ϕ) ≤ C ϕ∫ 0 dt √ cos πt − cos πϕ ( |s^+_{n,1/2,5}(t)| + |s^−_{n,1/2,6}(t)|+ |s^+_{n,−1/2,7}(t)| + |s^−_{n,−1/2,8}(t)| + O ( 2^{−j/2} )) . (42)

w KAVDOM SLAGAEMOM PODINTEGRALXNOJ SUMMY PRISUTSTWUET WYRAVENIE WI- DA s^±_{n,α,ν}(u). sOOTWETSTWU@]EE SLAGAEMOE W I2 OCENIWAETSQ INTEGRALOM 1∫ 0

2^j−1∑

n=0 |s^±_{n,α,ν}(u)||S^n_j H_j (cos πθ)| dg_2(θ) = I^{α,ν}_2 . pRIMENIM K “TOMU INTEGRALU NERAWENSTWO (37) I PROIZWEDEM W KAVDOM SLAGAEMOM PRAWOJ ^ASTI (37) ZAMENU PEREMENNOJ θ^′ = θ ± t . u^ITYWAQ, ^TO PRI t ≤ ϕ |g^′_2(θ)|| sinπθ|^{−1±1/2} ≤ C| sin πθ^′|^{±1/2}, (43) NA OSNOWANII LEMMY 11 PRI γ = ±1/2, POLU^AEM I^{α,ν}_2 = O(1). oTS@DA, S U^ETOM LEMMY 14 PRI OCENKE OSTATO^NOGO ^LENA, USTANAWLIWAEM OGRANI- ^ENNOSTX I2. tEPERX OCENIM I1 PRI ϕ ∈ (0, 2^{−j} ). tE VE RASSUVDENIQ, ^TO I DLQ SLU^AQ ϕ ≥ 2^{−j} DA@T 1∫ 0

2^j−1∑

n=0 |s^±_{n,α,ν}(u)||S^n_j H_j (cos πθ)| dg_1(θ) = O ( 2^{j/2} √ ϕ ) . sOPOSTAWLQQ “TO S (42), U^ITYWAQ, ^TO^√ϕ = O^(2^{−j/2)}, I PRINIMAQ WO WNIMANIE LEMMU 14, OPQTX POLU^AEM I1 = O(1). pRI ϕ = 0 INTEGRAL I1 OTSUTSTWUET, A I2 MOVNO OCENITX PO TOJ VE SHEME, ISPOLXZUQ WMESTO (19) SLEDU@]EE RAWENSTWO

X_ℓ(1) = √ 2iℓ + 1 √ 2iℓ + O ( 1 |ℓ|^{3/2} ) , (44)

GDE^√z =^√|z|e^{i arg z}2 , −π ≤ arg z ≤ π. tAKIM OBRAZOM, DOKAZANA OGRANI^EN- NOSTX J^m.

dLQ OCENKI J PREOBRAZUEM PODINTEGRALXNOE WYRAVENIE.

2^j −1∑

n=0 S^n_j G_j (t)S^n_j G_j (x) =

2^{−j} ∑ ℓ∈Z^{~φ(2} −jℓ)X_ℓ(t) ∑ k∈Z^{~φ(2} −j k)X_k(x) 2^j−1∑

n=0 e^{2πi2} �j_{n(k−ℓ)} = ∑ m∈Z ∑ ℓ∈Z^{~φ(2} −j ℓ)X_ℓ(t)~φ(2^{−j}ℓ + m)X_{ℓ+2}j_m(x) = ∑ m∈Z^{ωm(t, x).} pOSKOLXKU supp ~φ ⊂ [−1/2−ε, 1/2+ε], TO ωm(t, x) = 0 DLQ WSEH m ≠ 0, 1, −1. pOKAVEM, ^TO_{1∫} −1 |ω_m(t, x)| dt = O(1) (45) DLQ m = 0, 1, −1. pEREPI[EM ω0(t, x) W WE]ESTWENNOM WIDE:

ω_0(t, x) = 1 + ∞∑ n=1 ~φ^2(2^{−j} n) (P_{2n−1}(x)P_{2n−1}(t) + P_{2n}(x)P_{2n}(t)) .

pOSLE DWUKRATNOGO PRIMENENIQ PREOBRAZOWANIQ aBELQ K “TOJ SUMME NA OS- NOWANII LEMMY 9 POLU^AEM (45) DLQ m = 0.

pUSTX θ, ϕ IME@T TOT VE SMYSL, ^TO I WY[E, OPQTX OGRANI^IMSQ RAS- SMOTRENIEM SLU^AQ ϕ ∈ [0, 1/2]. pOLOVIM γ±(u) = ~φ(u)~φ(u ± 1), TOGDA 1∫ 0 |ω_{±1}(t, x)| dt = 1∫ 0

| | | | ∑ ℓ∈Z^{γ±(2} −j ℓ)X_ℓ(cos πθ)X_{ℓ±2}j (cos πϕ) | | | | d cos πθ. rAZOBXEM “TOT INTEGRAL PO SHEME d∫ cos πθ = 1∫ 0 dg_1(θ) + 1∫ 0 dg_2(θ) = i_1 + i_1.

pRI ϕ ≠ 0 PRIMENIM (19) K X_{ℓ±2}j (cos πϕ). iSPOLXZUQ NERAWENSTWO (16) I U^ITYWAQ STRUKTURU NOSITELQ FUNKCII γ± PRI OCENKE OSTATKA, IMEEM

i_2 ≤ C 2^{j/2} ϕ∫ 0 dτ √ cos πτ − cos πϕ · 1∫ 0 {| | | ∑ ℓ∈Z^{γ±(2} −j ℓ)ξ_5(2^{−j}ℓ ± 1)(2^{−j} ℓ)^{1/2}e^{2πiℓτ} X_ℓ(cos πθ) | | | | +

| | | | | ∑ ℓ∈Z^{γ±(2} −jℓ)ξ_6(2^{−j} ℓ ± 1)(2^{−j} ℓ)^{1/2}e^{−2πiℓτ} X_ℓ(cos πθ) | | | | | + | | | | ∑ ℓ∈Z^{γ±(2} −jℓ)ξ_7(2^{−j} ℓ ± 1)(2^{−j} ℓ)^{−1/2}e^{2πiℓτ} X_ℓ(cos πθ) | | | | + | | | | | ∑ ℓ∈Z^{γ±(2} −jℓ)ξ_8(2^{−j} ℓ ± 1)(2^{−j}ℓ)^{−1/2}e^{−2πiℓτ} X_ℓ(cos πθ) | | | | | } dg_2(θ) + O(1).

nETRUDNO UBEDITXSQ W TOM, ^TO FUNKCIQ γ(u) = γ±(u)ξν(u ± 1)(u)^α UDOW-

LETWORQET USLOWIQM LEMMY 6. k WNUTRENNEMU INTEGRALU PRIMENIM (27)

I PROIZWEDEM W KAVDOM SLAGAEMOM PRAWOJ ^ASTI (27) ZAMENU PEREMENNOJ

θ^′ = τ ± θ. u^ITYWAQ, ^TO PRI τ ≤ ϕ WYPOLNENO (43), NA OSNOWANII LEM-

MY 7 POLU^AEM i2 = O(1). pRI ϕ = 0 “TO SOOTNO[ENIE DOKAZYWAETSQ TAK

VE S ISPOLXZOWANIEM RAWENSTWA (44) WMESTO (19). aNALOGI^NO WOSPOLXZUEM-

SQ (19) DLQ OCENKI i1 PRI ϕ ∈ (0, 2^{−j} ). pRIMENIW ZATEM (26) I (23), POLU^IM

i_1 = O(1). nAKONEC, ^TOBY DOKAZATX OGRANI^ENNOSTX i_1 PRI ϕ ∈ (2^{−j} , 1/2),

PRIMENIM K X_{ℓ±2}j (cos πϕ) SOOTNO[ENIE (20). iSPOLXZUQ NERAWENSTWO (16) I

U^ITYWAQ STRUKTURU NOSITELQ FUNKCII γ± PRI OCENKE OSTATO^NYH ^LENOW,

IMEEM

i_1 ≤ C 1 √ ϕ 1∫ 0 {| | | | ∑ ℓ∈Z^{γ±(2} −j ℓ)ξ_1(2^{−j} ℓ ± 1)e^{2πiℓϕ}X_ℓ(cos πθ) | | | | + | | | | | ∑ ℓ∈Z^{γ±(2} −j ℓ)ξ_2(2^{−j} ℓ ± 1)e^{−2πiℓϕ}X_ℓ(cos πθ) | | | | | } dg_1(θ) + O ( 2^{−j/2} √ ϕ ) +

C 2^{−j/2} √ ϕ 1/2∫ ϕ dt t^{3/2} t∫ 0 dτ √ cos πτ − cos πt · 1∫ 0 {| | | | ∑ ℓ∈Z^{γ±(2} −j ℓ)ξ_9(2^{−j} ℓ ± 1)(2^{−j} ℓ)^{−1/2}e^{2πiℓ(τ +t−ϕ)}X_ℓ(cos πθ) | | | | + | | | | ∑ ℓ∈Z^{γ±(2} −j ℓ)ξ_{10}(2^{−j} ℓ ± 1)(2^{−j} ℓ)^{−1/2}e^{−2πiℓ(τ +t−ϕ)}X_ℓ(cos πθ) | | | | +

| | | | | ∑ ℓ∈Z^{γ±(2} −j ℓ)ξ_{11}(2^{−j} ℓ ± 1)(2^{−j} ℓ)^{−3/2}e^{2πiℓ(τ +t−ϕ)}X_ℓ(cos πθ) | | | | | + | | | | ∑ ℓ∈Z^{γ±(2} −j ℓ)ξ_{12}(2^{−j} ℓ ± 1)(2^{−j}ℓ)^{−3/2}e^{−2πiℓ(τ +t−ϕ)}X_ℓ(cos πθ) | | | | } dg_1(θ) + O ( 2^{−j} ϕ ) . oSTALOSX PRIMENITX K WNUTRENNIM INTEGRALAM (26) I (23). 3

lITERATURA

[1] uLXQNOW p.l. o NEKOTORYH RE[ENNYH I NERE[ENNYH PROBLEMAH TEO- RII ORTOGONALXNYH RQDOW // tRUDY IV wSESO@ZNOGO MATEMATI^ESKOGO S˙EZDA. t.2. l.: iZD-WO an sssr. 1964. s. 694-704.

[2] uLXQNOW p.l. o NEKOTORYH REZULXTATAH I ZADA^AH IZ TEORII BAZISOW // zAP. NAU^N. SEMIN. lomi. 1989. t.170. s. 274-284.

[3] Faber G. Über die interpolatorische Darstelung stetiger Functionen // Jahresber Deutsch. Math.-Verein. 1914. V.23. P. 192-210.

[4] pRIWALOW aL. a. o ROSTE STEPENEJ POLINOMIALXNYH BAZISOW. // mATEM.

ZAMETKI. 1990. t.48. w.4. s. 69-78.

[5] pRIWALOW aL. a. o ROSTE STEPENEJ POLINOMIALXNYH BAZISOW I PRIBLI- VENII TRIGONOMETRI^ESKIH PROEKTOROW // mATEM. ZAMETKI. 1987. t.42. w.2. s. 207-214.

[6] Offin D., Oskolkov K. A note on orthonormal polynomial bases and

wavelets // Constr. Appr. 1993. V.9. N 1. P.319-325.

[7] Lorentz R.A., Sahakian A.A. Orthogonal trigonometric Shauder bases of optimal degree for C(0, 2π) // J. Fourier Anal. Appl. 1994. V. 1. N 1. P. 103-112.

[8] Kilgore T., Prestin J., Selig K. Orthogonal algebraic polynomial Shauder bases of optimal degree // J. Fourier Anal. Appl. 1996. V.2. N 6. P. 597-610.

[9] Skopina M. Multiresolution analysis of periodic functions // EJA. 1997.

V3. N2. P.203-224.

[10] Daubechies I. Ten Lectures on wavelets. CBMS-NSR Series in Appl. Math.

SIAM. 1992.

[11] sEGE g. oRTOGONALXNYE MNOGO^LENY. m.: fIZMATGIZ. 1962. [12] Chanillo Sagun, Muckenhoupt Benjamin. Weak type estimates for Cesero sums of Jaconi Polynomial series // Mem. Amer. Math. Soc. 1993. V.102. N 487. P.1-90.

[13] aGAHANOW s.a., nATANSON g.i. fUNKCIQ lEBEGA SUMM fURXE-qKOBI //

wESTNIK lENINGR. UN-TA. mATEMATIKA, MEHANIKA, ASTRONOMIQ, 1968.

N 1. s. 11-23.

[14] Skopina M. Local convergence of Fourier series with respect to periodized wavelets // J. Approx. Theory 94. 1998. V.94. N 2. P. 191-202.