ŁŘĂŠŊŐŇĂŚŸŠĂĄŊŻĽ ĂŊĂŃĹĞ Ĺ ĆŚŔŃĚŚŁ-ŘĂĞŃŐĘĚŊĹ§ ŔŘŐŚŠŘĂŊŚŠĆ ŔĚŘĹŐĎĹŮĚŚŁĹŢ ŘĂŚŔŘĚĎĚŃĚŊĹĽ^1

Ă.Ŕ.Ŕěâãåőć

Ďăŋë őŕàěďěńěŋĺï łàăâŋőňăáèâăąŋőčő ăŋăńĺğă (ŁŇĂ) ĺ ćáŕńěáł-ďěłőňŕőğĺæĺĺ èĺàőłőčő łàãčă łćăğĺąăŋăåőćëå ŕàőáâàăŋáâć ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ. Ĺááńěďőćăŋë íńěňěŋâăàŋëě áćőľáâćă ŁŇĂ.

Ňë àăááňăâàĺćăěň őąéĺľ ŕőďåőď ł őŕàěďěńěŋĺî Łàăâŋőňăáèâăąŋőčő ăŋăńĺğă {V^j }^∞_{j=0} èĺàőłőčő łàãčă łćăğĺąăŋăåőćëå ŕàőáâàăŋáâć ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ (őąőąéěŋŋëå äãŋłæĺľ).

Őąőğŋăçĺň çěàěğ D ŕàőáâàăŋáâćő 2π-ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ. Ŕőńŋőě ŕőáâàőěŋĺě âěőàĺĺ ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ ŕàĺćőďĺâáï, ŋăŕàĺňěà, ć [5]. Ŋăŕőňŋĺň ŋěłőâőàëě őáŋőćŋëě áćőľáâćă àăáŕàěďěńěŋĺľ. Řăáŕàěďěńěŋĺï ňőčãâ àăááňăâàĺćăâìáï ńĺąő łăł őčàăŋĺçěŋŋëě ńĺŋěľŋëě äãŋłæĺőŋăńë, ďěľáâćãîéĺě ŋă ŕàőáâàăŋáâćě ąěáłőŋěçŋőďĺääěàěŋæĺàãěňëå äãŋłæĺľ C^∞ , ńĺąő łăł äőàňăńìŋëě âàĺčőŋőňěâàĺçěáłĺě àïďë f(x) = +∞∑ n=−∞ c_ne^{inx}, á ŕőáńěďőćăâěńìŋőáâïňĺ łőíääĺæĺěŋâőć Ťãàìě ^f (n)^{def}= c_n, ĺňěîéĺňĺ ŋě ąőńěě çěň áâěŕěŋŋőľ àőáâ. Śćěàâłă àăáŕàěďěńěŋĺľ f ĺ g őŕàěďěńïěâáï ŕő äőàňãńě f ∗ g (x)^{def}= ∑_{+∞} n=−∞ ^f (n)^g(n) exp(inx). Ůěàěğ f_r ňë őąőğŋăçĺň áćěàâłã f á ïďàőň Ŕãăááőŋă P_r,

f_r(x) = f ∗ P_r (x) = +∞∑ n=−∞ c_nr^{|n|}e^{inx}.

Ŕãáâì X ⊂ D | łćăğĺąăŋăåőćő ŕàőáâàăŋáâćő. Ůěàěğ M(X, L^∞ ) ňë őąőğŋăçĺň ŕàőáâàăŋáâćő őčàăŋĺçěŋŋëå őŕěàăâőàőć áćěàâłĺ (âőçŋěě, ïďěà âăłĺå őŕěàăâőàőć), ďěľáâćãîéĺå ĺğ X ć L^∞.

1Řăąőâă ćëŕőńŋěŋă ŕàĺ ŕőďďěàęłě ŘŤŤĹ čàăŋâ 97 - 01 - 00443 Ďőłńăďë ŘĂŊ 356(1997), N 2, 303 { 306

Typeset by A_MS-TEX 1

Őŕàěďěńěŋĺě 1. Ůěàěğ H ňë őąőğŋăçĺň łńăáá łćăğĺąăŋăåőćëå ŕàőáâàăŋáâć X á

łćăğĺŋőàňőľ ‖ • | X ‖, ãďőćńěâćőàïîéĺå áńěďãîéĺň ãáńőćĺïň:

a) C^∞ ⊂ X ⊂ D ;

b) ‖ f | X ‖ = sup_{r<1} ‖ f_r | X ‖ ďńï ńîąőčő f ∈ X;

c) X ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő ğăňěŋ ŕěàěňěŋŋëå x → ±x + τ ĺ x → 2x, ă âăłęě őâŋőáĺâěńìŋő ğăňěŋë x → x/2 ďńï π-ŕěàĺőďĺçěáłĺå äãŋłæĺľ;

d) X ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő ŕőâőçěçŋőčő ãňŋőęěŋĺï ŋă äãŋłæĺĺ exp(inx), n ∈ Z; e) f ∈ X ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă —f ∈ X.

Ğăňěâĺň, çâő ąőńìèĺŋáâćő łńăááĺçěáłĺå ŕàőáâàăŋáâć àăáŕàěďěńěŋĺľ (âăłĺå, łăł ŕàőáâàăŋáâćă Ńěąěčă ĺ Ţăàďĺ, ŕàőáâàăŋáâćă Ąěáőćă|Ńĺğőàłĺŋă|Šàĺąěńï, ŕàőáâàăŋáâćă Őàńĺçă, ŕàőáâàăŋáâćő łőŋěçŋëå ąőàěńěćáłĺå ňěà ĺ ňŋőčĺě ďàãčĺě) ŕàĺŋăďńěęăâ H.

Ŋăá ĺŋâěàěáãîâ ńĺèì ŕàőąńěňë áåőďĺňőáâĺ, ă ŋě ěě áłőàőáâĺ. Ŕőíâőňã ňë ňőęěň ŕőńăčăâì, çâő ŋőàňë ćáěå ŕàőáâàăŋáâć X ∈ H ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő áďćĺčőć ăàčãňěŋâă ĺ łőňŕńěłáŋőčő áőŕàïęěŋĺï. Ć ŕàőâĺćŋőň áńãçăě, áőčńăáŋő áćőľáâćăň c) ĺ e) ňë ňőęěň ćëŕőńŋĺâì ŕőďåőďïéãî ŕěàěŋőàňĺàőćłã.

Ć [9] ňë ććěńĺ łńăáá ŕàőáâàăŋáâć àăáŕàěďěńěŋĺľ H, łőâőàëľ ćěáìňă ąńĺğőł ł łńăááã H. Ŕő łàăľŋěľ ňěàě íâĺ łńăááë ĺňěîâ ňŋőčő őąéĺå áćőľáâć.

Ŕãáâì X ∈ H, âőčďă çěàěğ^∘X (ĺńĺ X^∘) őąőğŋăçĺň ŕőŕőńŋěŋĺě ŕàőáâàăŋáâćă C^∞ ŕő łćăğĺŋőàňě ŕàőáâàăŋáâćă X;

�_{X def} = { f ∈ D^| sup_{r<1} ‖ fr | X ‖ < ∞ } ; [X]^{def}= { Y ∈ H^{| ∘}X ⊂ Y ⊂ �_X^}_.

Őŕěàăæĺï [•] àăğąĺćăěâ H ŋă łńăááë íłćĺćăńěŋâŋőáâĺ. Łăł őąëçŋő, çěàěğ X^∗ őąőğŋăçĺň ŕàőáâàăŋáâćő ŋěŕàěàëćŋëå ńĺŋěľŋëå äãŋłæĺőŋăńőć ŋă X.

Ďăńěě ⟨f, g⟩ | ğŋăçěŋĺě ńĺŋěľŋőčő äãŋłæĺőŋăńă g ∈ X^∗ ŋă àăáŕàěďěńěŋĺĺ f ∈ X. Ţőàőèő ĺğćěáâŋő, çâő ć áńãçăě X = C^∞ ňë ňőęěň ŕőńăčăâì

⟨f, g⟩^{def}= f(•) ∗ —g(−•)(0) = +∞∑ n=−∞ ^f (n)—^g(n), (1)

čďě àïď ăąáőńîâŋő áåőďĺâáï. Šă ęě äőàňãńă ŕàĺňěŋĺňă ďńï ŕàőĺğćőńìŋőčő ŕàőáâàăŋáâćă X =^∘X. Ŕàĺ íâőň àïď ć (1) ŋě áåőďĺâáï ăąáőńîâŋő, ŋő áãňňĺàãěâáï ňěâőďőň Ăąěńï | Ŕãăááőŋă.

Śćőľáâćő 1. Ŕãáâì X ∈ H, Y ∈ [X]. Šőčďă M(Y, L^∞) = (^∘X)^∗ ∈ H.

Ğăňěçăŋĺě. Ňőęŋő âăłęě ďőłăğăâì, çâő ďńï X ∈ H ňŋőęěáâćő łőňŕăłâŋëå őŕěàăâőàőć áćěàâłĺ, ďěľáâćãîéĺå ĺğ X ć L^∞, áőćŕăďăěâ á (^∘X)^{∗∘}.

Śćőľáâćő 2. Ŕãáâì X ∈ H | ąăŋăåőćő ŕàőáâàăŋáâćő. Šőčďă

M(M(X, L^∞ ), L^∞) = M(M( �_{X ,} L^∞), L^∞) = X^{∘∗∘∗} = �_{X.}

Ğăňěçăŋĺě. Ďńï łćăğĺąăŋăåőćă (ŋő ŋě ąăŋăåőćă) ŕàőáâàăŋáâćă X Śćőľáâćő 2 ãâàăçĺćăěâ áĺńã. İâő áńěďãěâ ĺğ âőčő, çâő X^{∘∗∘∗} | ąăŋăåőćő.

Őŕàěďěńěŋĺě 2. Ňë ąãďěň čőćőàĺâì, çâő {V^j }^∞_{j=0} | ŕőáńěďőćăâěńìŋőáâì ńĺŋěľŋëå

ŕőďŕàőáâàăŋáâć ŕàőáâàăŋáâćă^∘X ∈ H | őąàăğãěâ Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ (ŁŇĂ) ŕàőáâàăŋáâćă X ∈ H, ěáńĺ őŋă ãďőćńěâćőàïěâ ãáńőćĺïň: 1) a) V^0 ⊂ V^1 ⊂ . . . ⊂ V^j ⊂ . . . ⊂ X;

b) dim V^j = 2^j , j = 0, 1, 2, . . . ; 2) ⋃ j≥0 V^j ŕńőâŋő ć^∘X;

3) a) V^0 áőáâőĺâ ĺğ ŕőáâőïŋŋëå;

b) ěáńĺ f(x) ∈ V^j , âő f(2x) ∈ V^{j+1}, j = 0, 1, 2, . . . ; c) ěáńĺ f(x) ∈ V^{j+1}, âő f(x/2) + f(x/2 + π) ∈ V^j , j = 0, 1, 2, . . . ; d) łăęďăï äãŋłæĺï ŕàőáâàăŋáâćă f ∈ V^{j+1} ŕàěďáâăćĺňă ć ćĺďě f(x) = f_1(x) + f_2(x + 2π · 2^{−j−1}) + f_3(2x), čďě f_1, f_2, f_3 ∈ V^j , j = 1, 2, . . .

Ğăňěçăŋĺě 1. Ňë őŕàěďěńĺńĺ ŁŇĂ ŋě âőńìłő ďńï L^2, ŋő ĺ ďńï ŕàőĺğćőńìŋőčő X ∈ H. İâő őŕàěďěńěŋĺě őâńĺçăěâáï őâ ďàãčĺå ĺğćěáâŋëå őŕàěďěńěŋĺľ (áň., ŋăŕà., [8]) ďăęě ďńï X = L^2. Ňë ĺğŋăçăńìŋő ŋě âàěąãěň ŋĺ âőčő, çâőąë ŕàőáâàăŋáâćă V^j ąëńĺ ńĺŋěľŋőľ őąőńőçłőľ áďćĺčőć őďŋőľ äãŋłæĺĺ, ŋĺ ďăęě ĺŋćăàĺăŋâŋőáâĺ ŕàőáâàăŋáâć V^j őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă 2π2^{−j} . Šěň ŋě ňěŋěě, őŕàěďěńěŋŋëě ŋăňĺ ŁŇĂ őąńăďăîâ ãłăğăŋŋëňĺ áćőľáâćăňĺ. Čńăćŋőľ ęě őâńĺçĺâěńìŋőľ çěàâőľ ŋăèěčő őŕàěďěńěŋĺï ïćńïěâáï âőâ äăłâ, çâő őŋő čăàăŋâĺàãěâ őďŋőğŋăçŋőáâì ćőááâăŋőćńěŋĺï ŁŇĂ ŕő ńîąőňã ĺğ ŕàőáâàăŋáâć V^j (j > 0). İâĺň áćőľáâćőň ŋě őąńăďăîâ ŕőńĺŋőňĺăńìŋëě ŁŇĂ, àăááňőâàěŋŋëě Ů.Ůãĺ, Ţ.Ňăáłăàőň [2] ĺ Ĺ.Ňěľěàőň [7]. Ŕőíâőňã, á ŋăèěľ âőçłĺ ğàěŋĺï, őŋĺ ŋě ïćńïîâáï ŁŇĂ. Ćáě ďàãčĺě, ĺğćěáâŋëě ŋăň ŕàĺňěàë ŕěàĺőďĺçěáłĺå ŁŇĂ, ãďőćńěâćőàïîâ Őŕàěďěńěŋĺî 2.

Ěáâěáâćěŋŋő, Őŕàěďěńěŋĺě 2 ňőęěâ ąëâì ŕàĺňěŋěŋő ŋě âőńìłő ł ŕàőáâàăŋáâćăň ĺğ

H, ŋő ĺ łő ňŋőčĺň âőŕőńőčĺçěáłĺň ńĺŋěľŋëň ŕàőáâàăŋáâćăň, ŋăŕàĺňěà ł C^∞ ĺńĺ D .

Ŕőłă ŋě őčőćőàěŋő ŕàőâĺćŋőě, ňë ŕőńăčăěň N = 2^n, L = 2^l, J = 2^j ĺ âăł ďăńěě. Ŕãáâì φ^l ∈ X, ĺ ŋĺęŋĺľ ĺŋďěłá l őŕàěďěńïěâ ŕàĺŋăďńěęŋőáâì φ^l ł V^l, âőčďă çěàěğ ⃗φ^l ňë őąőğŋăçĺň ćěłâőà-äãŋłæĺî ⃗φ^l(x) = ( φ^l(x), φ^l(x − 2π/L), . . . , φ^l(x − 2π(L − 1)/L) )_T . Ěáńĺ ěě łőňŕőŋěŋâë ńĺŋěľŋő ŋěğăćĺáĺňë, ňë ąãďěň ŋăğëćăâì ĺå ąăğĺáőň áďćĺčőć. Ć ďăńìŋěľèěň íâă ďőčőćőàěŋŋőáâì àăáŕàőáâàăŋïěâáï âőńìłő ŋă äãŋłæĺĺ, őąőğŋăçăěňëě čàěçěáłĺňĺ ąãłćăňĺ.

Šěőàěňă 1. Ŕãáâì {V^j }^∞_{j=0} | ŕàőĺğćőńìŋëľ ŁŇĂ ŕàőáâàăŋáâćă X ∈ H. Šőčďă

áãéěáâćãěâ âăłőľ ŋăąőà äãŋłæĺľ {φ^j}^∞_{j=0}, çâő łőňŕőŋěŋâë ćěłâőàőć ⃗φ^l őąàăğãîâ ąăğĺáë ŕàőáâàăŋáâć V^l. Łàőňě âőčő, ďńï ńîąëå j_1, j_2, 0 ≤ j_1 < j_2, ĺňěěň

φ^{j1} (J_2x/J_1) = J2/J1−1 ∑ k=0 φ^{j2} (x + 2πkJ_1/J_2).

Śńěďáâćĺě. Ğăäĺłáĺàãěň j0 > 0. Ěáńĺ ŕàĺ ãáńőćĺïå Šěőàěňë 1 φ^j ãďőćńěâćőàïěâ

ňăáèâăąĺàãîéěňã ãàăćŋěŋĺî

φ^j(x) = 2J0−1∑

n=0 a_nφ^{j+1}(x − 2πn/2J) ŕàĺ j = j_0, âő φ^j ãďőćńěâćőàïîâ íâőňã ãàăćŋěŋĺî ŕàĺ ćáěå j ≤ j_0.

Ŕőáńěďćăâěńìŋőáâì łőíääĺæĺěŋâőć ňăáèâăąĺàãîéěčő ãàăćŋěŋĺï ŋăğëćăěâáï ňăáłőľ.

Ďőłăğăâěńìáâćő Šěőàěňë 1 őŕĺàăěâáï ŋă ŋěáłőńìłő ćáŕőňőčăâěńìŋëå àěğãńìâăâőć.

Ńěňňă 1. Ŕãáâì ŕőáńěďőćăâěńìŋőáâì ŕàőáâàăŋáâć {V^j }^∞_{j=0} őąàăğãěâ ŁŇĂ ŕàőáâàăŋ-

áâćă X. Šőčďă ďńï łăęďőčő j ≥ 0 ŋăľďěâáï ąăğĺá v^j_n(x), n = 0, 1, . . . , J − 1, ãďőćńěâćőàïîéĺľ ŕàĺ m ∈ Zãáńőćĺïň: 1) v^j_0 ≡ 1, j ≥ 0;

2) ďńï ńîąőčő k ≠ n, 0 ≤ k, n < J, m ∈ Z, ĺňěěň ^v^j_n(k + Jm) = 0; 3) áŕàăćěďńĺćë àěłãààěŋâŋëě áőőâŋőèěŋĺï

a) ^v^{j+1}_n (n+2Jm) = ^v^j_n(n+2Jm) ŕàĺ ŋěçěâŋëå n (ğďěáì ĺ ć ďăńìŋěľèěň ňë ŕőńăčăěň v^j_l ≡ v^j_{l+J} );

b) ^v^{j+1}_n (n + 2Jm) = ^v^j_{n/2}(n/2 + Jm) ŕàĺ çěâŋëå n.

Ğăňěçăŋĺě. Őçěćĺďŋő, äőàňãńë ŕãŋłâőć 3a) ĺ 3b) ďăîâ őďĺŋ ĺ âőâ ęě àěğãńìâăâ ďńï ćáěå n łàőňě áńãçăï n = J.

Ąăğĺáë v^j_n, áãéěáâćőćăŋĺě łőâőàëå áńěďãěâ ĺğ Ńěňňë 1, ć áńãçăě ŕěàĺőďĺçěáłĺå áŕńăľŋőć ĺğãçăńĺáì ňŋőčĺňĺ ăćâőàăňĺ (áň. [6], [10],[11]).

Śäőàňãńĺàãěň ŋěłőâőàëě áńěďáâćĺï Ńěňňë 1.

Śńěďáâćĺě 1. Ŕàőáâàăŋáâćă {V^j }^∞_{j=0} ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă 2π/J. Śńěďáâćĺě 2. Ńîąăï ĺğ äãŋłæĺľ v^j_n, j > 0, 0 < n < J ŕàěďáâăćĺňă ć ćĺďě

v^j_n(x) = ∑ m∈Z c^j_{n+Jm} exp(i(n + Jm)x), á ŋěŋãńěćëňĺ łőíääĺæĺěŋâăňĺ.

Ććěďěň őąőğŋăçěŋĺě ⃗v^j ďńï ćěłâőàă (v^j_0, . . . , v^j_{J−1})^T .

Ńěňňă 2. Łőňŕőŋěŋâë ćěłâőàă ⃗φ^j őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă V^j ć âőň ĺ âőńìłő

âőň áńãçăě, łőčďă äãŋłæĺï φ^j ïćńïěâáï ńĺŋěľŋőľ łőňąĺŋăæĺěľ íńěňěŋâőć ćěłâőàă ⃗v^j á ŋěŋãńěćëňĺ łőíääĺæĺěŋâăňĺ.

Ŋăŕőňŋĺň, çâő áőčńăáŋő âěőàěňě Ćĺŋěàă ńĺŋěľŋăï őąőńőçłă áďćĺčőć äãŋłæĺĺ

f ∈ L(R) ŕńőâŋă ć L(R) âőčďă ĺ âőńìłő âőčďă, łőčďă ^f (ω) ≠ 0 ďńï ćáěå ω ∈ R. Ć

ŋăèěň áńãçăě ŕàőáâàăŋáâćő V^j ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő 2π/J-áďćĺčă, ă íńěňěŋâë ąăğĺáă ⃗v^j ïćńïîâáï áőąáâćěŋŋëňĺ äãŋłæĺïňĺ íâőčő áďćĺčă. Ŕőíâőňã łőíääĺæĺěŋŋâë àăğńőęěŋĺï äãŋłæĺĺ ŕő ąăğĺáã ⃗v^j ňőęŋő àăááňăâàĺćăâì łăł ěě áŕěłâà. Šăłĺň őąàăğőň, Ńěňňă 2 ïćńïěâáï ăŋăńőčőň âěőàěňë Ćĺŋěàă. Ŕőíâőňã ňë ąãďěň ŋăğëćăâì ćěłâőà-äãŋłæĺî ⃗v^j ąăğĺáőň Ćĺŋěàă ŕàőáâàăŋáâćă V^j . Őçěćĺďŋő, çâő ć łăęďőň ĺğ ŕàőáâàăŋáâć V^j áãéěáâćãěâ ěďĺŋáâćěŋŋëľ á âőçŋőáâìî ďő ŕěàěŋőàňĺàőćłĺ ĺ ŕěàěáâăŋőćłĺ íńěňěŋâőć ąăğĺá Ćĺŋěàă. Ňë ąãďěň ŕőńìğőćăâìáï ěáâěáâćěŋŋőľ ŋãňěàăæĺěľ ěčő íńěňěŋâőć, łőčďă ŋőňěà őŕàěďěńïěâáï čăàňőŋĺłăňĺ, ćåőďïéĺňĺ ć áŕěłâà ďăŋŋőľ äãŋłæĺĺ. Ąăğĺáë Ćĺŋěàă ĺ ąăğĺáë áďćĺčőć áćïğăŋë ňěęďã áőąőľ (á âőçŋőáâìî ďő ãňŋőęěŋĺï äãŋłæĺľ v^j_n ŋă ŋěŋãńěćëě ňŋőęĺâěńĺ) ŕàïňëň (F_J [•]) ĺ őąàăâŋëň (F^{−1}_J [•]) ĎŔŤ ŕőàïďłă J:

⃗v^j (x) = F^{−1}_J [⃗φ^j(x)], ⃗φ^j (x) = F_J [⃗v^j (x)].

Śőčńăáŋő Ńěňňě 1 łăęďëľ ŁŇĂ ŕàőáâàăŋáâćă X ŕőàőęďăěâáï őďŋőľ äãŋłæĺěľ v^1. Ďńï őŕĺáăŋĺï ćáěå ćőğňőęŋëå ŁŇĂ ŕàőáâàăŋáâćă X ďőáâăâőçŋő ŋăľâĺ ćáě ďőŕãáâĺňëě äãŋłæĺĺ v^1.

Šěőàěňă 2. Ťãŋłæĺï v^1 ∈^∘X ∈ H ŕőàőęďăěâ ŁŇĂ ŕàőáâàăŋáâćă X âőčďă ĺ âőńìłő

âőčďă, łőčďă

v^1(x) = +∞∑ n=−∞ a_n exp(i(2n + 1)x),

čďě ćáě a_n őâńĺçŋë őâ ŋãńï.

Šàăďĺæĺőŋŋëľ ŕőďåőď ł ćáŕńěáł-ŕàőáâàăŋáâćăň W^j áőáâőĺâ ć ĺå őŕàěďěńěŋĺĺ łăł őàâőčőŋăńìŋőčő ďőŕőńŋěŋĺï ŕàőáâàăŋáâćă V^j ďő V^{j+1}. İâőâ ňěâőď ćáŕńěáłŕàěďáâăćńěŋĺï äãŋłæĺľ f ∈ L^2 őáŋőćăŋ ŋă ĺå ăŕŕàőłáĺňăæĺĺ őàâőčőŋăńìŋëňĺ ŕàőěłæĺïňĺ ŋă ŕàőáâàăŋáâćă V^j ⊂ L^2. Őďŋăłő łőŋæěŕæĺï "őàâőčőŋăńìŋőľ ŕàőěłæĺĺ" âěàïěâ áćőě ğŋăçěŋĺě ďńï ŕàőĺğćőńìŋëå ŕàőáâàăŋáâć X ∈ H.

Ŕãáâì {V^j }^∞_{j=0} | ŁŇĂ ŕàőáâàăŋáâćă X ∈ H. Łőňŕőŋěŋâë ćěłâőà-äãŋłæĺľ {⃗v^j }^∞_{j=0}

őąàăğãîâ ąăğĺáë Ćĺŋěàă ŕàőáâàăŋáâć V^j . Ěáńĺ {P^j }^∞_{j=0} | ŁŇĂ ŕàőáâàăŋáâćă (^∘X)^∗ á ąăğĺáăňĺ Ćĺŋěàă {⃗p^j }^∞_{j=0}, ĺ âăłőľ, çâő ⟨v^j_n, p^j_n⟩ ≠ 0, n = 0, 1, . . . , J − 1, j = 0, 1, 2, . . . , âőčďă ňë ąãďěň čőćőàĺâì, çâő ŁŇĂ {P^j }^∞_{j=0} őŕàěďěńïěâ ćáŕńěáł-ŕàőěłæĺî ŋă ŁŇĂ {V^j }^∞_{j=0}. Ŕàőěłâĺàőćăŋĺě X → V^j őŕàěďěńïěâáï äőàňãńőľ

f → J−1∑ n=0 ⟨f, p^j_n⟩ ⟨v^j_n, p^j_n⟩ v^j_n.

Ćáŕńěáł-ŕàőáâàăŋáâćăňĺ ŋăğëćăîâáï ŕàőáâàăŋáâćă W^j = {f ∈ V^{j+1} | ⟨f, p^j_n⟩ = 0, n = 0, 1, . . . , J − 1}. Ńěčłő ćĺďěâì, çâő ć ŕàőáâàăŋáâćăå W^j áãéěáâćãěâ ąăğĺá Ćĺŋěàă, łőâőàëľ ňőęěâ ąëâì ćëçĺáńěŋ ŕő äőàňãńăň w^j_n = ⟨v^{j+1}_{n+J} , p^j_n⟩v^{j+1}_n − ⟨v^{j+1}_n , p^j_n⟩v^{j+1}_{n+J} , n = 1, 2, . . . , J − 1, w^j_J = v^{j+1}_J .

Šăłĺň őąàăğőň, ŕàőáâàăŋáâćă W^j ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă 2π/J. Łàőňě âőčő, ĺňěěâ ćěáâő ŕàěďáâăćńěŋĺě V^j = V^0 ⊕ W^0 ⊕ · · · ⊕ W^{j−1}, j = 1, 2, . . . , čďě ⊕ őąőğŋăçăěâ ŕàïňãî áãňňã ńĺŋěľŋëå ŕàőáâàăŋáâć.

Őçěćĺďŋő, áőčńăáŋő Śćőľáâćã 2 ŕàőáâàăŋáâć ĺğ H ďńï ąăŋăåőćëå ŕàőáâàăŋáâć X ĺňěěâ ňěáâő ďćőľáâćěŋŋăï áĺâãăæĺï. ŁŇĂ {V^j }^∞_{j=0} ãáâăŋăćńĺćăěâ ćáŕńěáł-ŕàőěłæĺî ŕàőáâàăŋáâćă (^∘X)^∗ ŋă ŕàőáâàăŋáâćă {P^j }^∞_{j=0} ĺ őŕàěďěńïěâ ćáŕńěáł-ŕàőáâàăŋáâćă {Q^j }^∞_{j=0}. İâő ãâćěàęďěŋĺě őáâăěâáï âăłęě ć áĺńě ĺ ďńï łćăğĺąăŋăåőćă ŕàőáâàăŋáâćă X. Ć áăňőň ďěńě, ěáńĺ {V^j } őąàăğãěâ ŁŇĂ łćăğĺąăŋăåőćă ŕàőáâàăŋáâćă X ⊂ Y^{def}= X^{∘∗∘∗}, âő ćáě ŋěçěâŋëě čăàňőŋĺłĺ äãŋłæĺĺ v^1 őâńĺçŋë őâ ŋãńï. Ğŋăçĺâ, áőčńăáŋő Šěőàěňě 2 {V^j } őąàăğãîâ ŁŇĂ ąăŋăåőćă ŕàőáâàăŋáâćă Y . Őďŋăłő ŁŇĂ łćăğĺąăŋăåőćă ŕàőáâàăŋáâćă X ŋě őŕàěďěńïîâ ćáě ćőğňőęŋëě ćáŕńěáł-ŕàőěłæĺĺ ŋă ŁŇĂ {P^j } ŕàőáâàăŋáâćă (^∘X)^∗.

Šěőàěňă 3. Ŕãáâì {V^j }^∞_{j=0} | ŕàőĺğćőńìŋëľ ŁŇĂ ŕàőáâàăŋáâćă X ∈ H, ŁŇĂ

{P^j }^∞_{j=0} ŕàőáâàăŋáâćă (^∘X)^∗ őŕàěďěńïěâ ćáŕńěáł-ŕàőěłæĺî, {W^j }^∞_{j=0} | áőőâćěâáâćãîéĺě ćáŕńěáł-ŕàőáâàăŋáâćă. Šőčďă ŋăľďěâáï âăłőľ ŋăąőà äãŋłæĺľ {ψ^j }^∞_{j=0}, çâő łőňŕőŋěŋâë ćěłâőàőć ⃗ψ^l őąàăğãîâ ąăğĺáë ŕàőáâàăŋáâć W^l. Łàőňě âőčő, ďńï ńîąëå j_1, j_2, 0 ≤ j_1 < j_2 ĺňěěň

ψ^{j1} (J_2x/J_1) = J2/J1−1 ∑ k=0 ψ^{j2} (x + 2πkJ_1/J_2).

Śńěďáâćĺě. Ğăäĺłáĺàãěň j0 > 0. Ěáńĺ ŕàĺ ãáńőćĺïå Šěőàěňë 3 ψ^j ãďőćńěâćőàïěâ

ňăáèâăąĺàãîéěňã ãàăćŋěŋĺî

ψ^j (x) = 2J0−1∑

n=0 b_nφ^{j+1}(x − 2πn/2J), ŕàĺ j = j_0, âő ψ^j ãďőćńěâćőàïîâ ěňã ďńï ćáěå j ≤ j_0.

Şłăęěň őďĺŋ ĺğ áŕőáőąőć ŋăåőęďěŋĺï äãŋłæĺľ ψ^j . Ŕãáâì ⃗ξ^n | ąăğĺá áďćĺčőć ŕàőáâàăŋáâćă P^n ďćőľáâćěŋŋőčő ŁŇĂ. Ććěďěň őąőğŋăçěŋĺï γ_m = ⟨φ^{n+1}(• − 2πm/2N), ξ^n(•)⟩, m = 0, 1, . . . , 2N − 1.

Šěőàěňă 4. Ŕãáâì

ψ^n(• + 2π/2N) = 2N−1∑

m=0 (−1)^nγ_mφ^{n+1}(• + 2πm/2N). (2)

Šőčďă áĺáâěňă äãŋłæĺľ {ψ^n(• − 2πm/N)}^{N−1}_{m=0} őąàăğãěâ ąăğĺá ŕàőáâàăŋáâćă W^n.

Śőőâŋőèěŋĺě (2) ŋăŕőňĺŋăěâ åőàőèő ĺğćěáâŋãî äőàňãńã ŕàěďáâăćńěŋĺï äãŋłæĺĺ ψ^n çěàěğ łőňŕőŋěŋâë ćěłâőàă ⃗φ^{n+1} á őàâőčőŋăńìŋëňĺ łőňŕőŋěŋâăňĺ (áň., [3],[4]). Ťăłâĺçěáłĺ (2) ãâőçŋïěâ áňëáń łőíääĺæĺěŋâőć. Ć ŋěłőâőàőň áňëáńě äőàňãńã (2) ňőęŋő áçĺâăâì ĺğćěáâŋőľ. Ćő ćáïłőň áńãçăě, ěě ăŋăńőč ďńï ŁŇĂ ŕàőáâàăŋáâćă L^2(R) ňőęěâ ąëâì ńěčłő ŕőńãçěŋ ĺğ äőàňãńë (5.4) àăąőâë [1].

Ŕàĺŋæĺŕĺăńìŋëň ćőŕàőáőň, áćïğăŋŋëň áő ćáŕńěáł-ŕàőěłæĺïňĺ, ïćńïěâáï ćőŕàőá ő ćőğňőęŋőáâĺ ăŕŕàőłáĺňăæĺĺ ŕàőĺğćőńìŋőľ äãŋłæĺĺ á ŋăŕěàěď ğăďăŋŋőľ âőçŋőáâìî. Ňë ďăěň ŋă ŋěčő őâćěâ ć ŕàőáâěľèěň áńãçăě X = ℓ^p, 1 ≤ p ≤ ∞, čďě

‖ f | ℓ^p ‖^{def}= (_{+∞} ∑ n=−∞ | ^f |^p )_{1/p} . Łăł őąëçŋő, ŕőńăčăěň q = p/(p − 1) ŕàĺ p > 1; q = ∞ ŕàĺ p = 1.

Šěőàěňă 5. Ŕãáâì {Pj }^∞_{j=0} ãáâăŋăćńĺćăěâ ćáŕńěáł-ŕàőěłæĺî ŋă ŁŇĂ {V^j }^∞_{j=0} ŕàő-

áâàăŋáâćă ℓ^p, 1 ≤ p < ∞. Ńîąőě àăáŕàěďěńěŋĺě ĺğ ℓ^p ňőęěâ ąëâì ŕàĺąńĺęěŋő á ŕàőĺğćőńìŋőľ âőçŋőáâìî áćőĺňĺ ŕàőěłæĺïňĺ ŋă V^j âőčďă ĺ âőńìłő âőčőďă, łőčďă ňŋőęěáâćő çĺáěń { {´_{nj}}^{J−1}_{n=0} }_∞ j=0 def= { {‖ p^j_n | ℓ^q ‖ · ‖ v^j_n | ℓ^p ‖/⟨v^j_n, p^j_n⟩}^{J−1}_{n=0} }_∞ j=0 őčàăŋĺçěŋő.

Ğăňěçăŋĺě. Ŕőáłőńìłã (ℓ^∞)^{∘ def}= c_0 ≠ (ℓ^∞)^∘, âő Šěőàěňă 5 őáâăěâáï ć áĺńě ńĺèì ďńï

c0, ă ŋě ďńï ℓ^∞.

Śŕĺáőł ńĺâěàăâãàë

1. de Boor C., DeVore R.A., Ron A., // Constr. Approx. 1993 V. 9. P. 123 { 166. 2. Chui C.K., Mhaskar H.N., // Constr. Approx. 1993. V. 9. P. 167 { 190. 3. Daubechies I., Ten lectures on wavelets, SIAM, Philadelphia, 1992. 4. Daubechies I., // Comm. Pure Appl. Math. 1988. V.41. P. 909 { 996. 5. İďćăàďá Ř., Řïďë Ťãàìě ć áőćàěňěŋŋőň ĺğńőęěŋĺĺ, Ň.: Ňĺà, 1985. 6. Kamada M., Toraici K., Mori Riochi, // J. Approx. Th. 1988. V. 55. P. 27 { 34. 7. Meyer Y., Wavelets and operators, Cambrige University Press, 1992. 8. Perrier V. and Basdevant C., // La Recherche Aerospatiale 1989. # 3. P. 53 { 67. 9. Ŕěâãåőć Ă.Ŕ., //Ďőłń. ŘĂŊ 1994. V. 327. P. 187{190.

10. Zheludev V.A., Proc. of the Conference "Math. Analysis and Signal processing", Cairo, Jan. 2{9. 1994. 11. Ęěńãďěć Ć.Ă., //ĎĂŊ. 1990. V. 313. P. 1309 { 1315.

Ś.-Ŕěâěàąãàčáłőě őâďěńěŋĺě Ňăâěňăâĺçěáłőčő ĺŋáâĺâãâă ĺň.Ć.Ă.Śâěłńőćă ŘĂŊ E-mail address: petukhov@pdmi.ras.ru