ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ Ĺ ĹŢ ŔŘĹŃŐĘĚŊĹ§^1

Ă.Ŕ.Ŕěâãåőć

Řăááňőâàěŋë őąéĺě ŕàĺŋæĺŕë ŕőáâàőěŋĺï ąĺőàâőčőŋăńìŋëå ąăğĺáőć ćáŕńěáłőć, ăááőæĺĺàőćăŋŋëå á àěłãàáĺćŋëňĺ äĺńìâàăňĺ. Ŕàěďáâăćńěŋë ąëáâàëě ăńčőàĺâňë àăğńőęěŋĺï äãŋłæĺľ ŕő ďăŋŋëň ąăğĺáăň, ć âőň çĺáńě, ăńčőàĺâňë, őŕĺàăîéĺěáï ŋă äăłâőàĺğăæĺĺ ŕőńĺäăğŋëå ňăâàĺæ. Ŕàĺćěďěŋë àěğãńìâăâë çĺáńěŋŋőčő ňőďěńĺàőćăŋĺï ăńčőàĺâňőć áęăâĺï ĺğőąàăęěŋĺľ, őáŋőćăŋŋëě ŋă àăğńőęěŋĺĺ ĺğőąàăęěŋĺľ ŕő ŕàěďńăčăěňőňã ąăğĺáã, łőâőàëě ŕőğćőńïîâ áďěńăâì ćëćőď ő ćëáőłőľ íääěłâĺćŋőáâĺ ŕàěďńăčăěňëå ăńčőàĺâňőć, łăł á âőçłĺ ğàěŋĺï ćëçĺáńĺâěńìŋëå ğăâàăâ, âăł ĺ á âőçłĺ ğàěŋĺï ćěńĺçĺŋë łőíääĺæĺěŋâőć áęăâĺï.

§1. Ććěďěŋĺě.

Ğă ŕőáńěďŋĺě 10 ńěâ ąăğĺáë ćáŕńěáłőć áâăńĺ ňőéŋëň ĺŋáâàãňěŋâőň łăł ďńï ňŋőčĺå âěőàěâĺçěáłĺå ğăďăç ăŋăńĺğă âăł ĺ ďńï ŕàĺłńăďŋëå ŕàőąńěň, áćïğăŋŋëå á őąàăąőâłőľ áĺčŋăńőć. Ŋăĺąőńìèěě àăğćĺâĺě ŕőńãçĺńă âă çăáâì âěőàĺĺ ąăğĺáőć ćáŕńěáłőć, łőâőàăï áćïğăŋă á ąăğĺáăňĺ, çìĺ äãŋłæĺĺ ĺňěîâ łőňŕăłâŋëě ŋőáĺâěńĺ. Ăńčőàĺâňë àăğńőęěŋĺï äãŋłæĺľ ŕő âăłĺň ąăğĺáăň àěăńĺğãîâáï ć ćĺďě ŋăąőàă ďĺáłàěâŋëå áćěàâőł á çĺáńőćëňĺ ŕőáńěďőćăâěńìŋőáâïňĺ, ĺňěîéĺňĺ ńĺèì łőŋěçŋőě çĺáńő ŋěŋãńěćëå łőíääĺæĺěŋâőć. Ć àăďĺőâěåŋĺłě ďěľáâćãîéĺě ŋă ąěáłőŋěçŋëå ŕőáńěďőćăâěńìŋőáâïå ŕěàěáâăŋőćőçŋëě áő áďćĺčőň ńĺŋěľŋëě őŕěàăâőàë (â.ě. őŕěàăâőàë áćěàâłĺ) ŋăğëćăîâ (æĺäàőćëňĺ) äĺńìâàăňĺ. Ŕőáńěďőćăâěńìŋőáâì çĺáěń, äőàňĺàãîéăï ïďàő áćěàâłĺ ŋăğëćăîâ ĺňŕãńìáŋőľ åăàăłâěàĺáâĺłőľ äĺńìâàă. Šăłĺň őąàăğőň, àăğńőęěŋĺě ŕő ąăğĺáăň ćáŕńěáłőć á łőňŕăłâŋëňĺ ŋőáĺâěńïňĺ àěăńĺğãěâáï ŕàĺ ŕőňőéĺ äĺńìâàőć, ĺňěîéĺå łőŋěçŋãî ĺňŕãńìáŋãî åăàăłâěàĺáâĺłã (ŁĹŢ-äĺńìâàőć). Ŕàěőąàăğőćăŋĺě Ťãàìě ĺňŕãńìáŋőľ åăàăłâěàĺáâĺłĺ äĺńìâàă ŋăğëćăîâ ěčő çăáâőâŋőľ åăàăłâěàĺáâĺłőľ. Śńěďőćăâěńìŋő, çăáâőâŋăï åăàăłâěàĺáâĺłă äĺńìâàă á łőŋěçŋőľ ĺňŕãńìáŋőľ åăàăłâěàĺáâĺłőľ ïćńïěâáï âàĺčőŋőňěâàĺçěáłĺň ŕőńĺŋőňőň. Ćő ňŋőčĺå àăğďěńăå ňăâěňăâĺłĺ, ŋăŕàĺňěà ć âěőàĺĺ ăŕŕàőłáĺňăæĺĺ, àăæĺőŋăńìŋëě äãŋłæĺĺ őłăğëćăîâáï ąőńěě čĺąłĺň ĺ íääěłâĺćŋëň ĺŋáâàãňěŋâőň, çěň ŕőńĺŋőňë. Ňë àăááňőâàĺň ğďěáì ąăğĺáë ćáŕńěáłőć, àăğńőęěŋĺě ŕő łőâőàëň àěăńĺğőćăŋő ŋă äĺńìâàăå á àăæĺőŋăńìŋőľ çăáâőâŋőľ åăàăłâěàĺáâĺłőľ. Řăğãňěěâáï, ŕőïćńěŋĺě ŋőćëå ćĺďőć ąăğĺáőć ćáŕńěáłőć ďăěâ ŋőćëě ćőğňőęŋőáâĺ ŕàĺňěŋĺâěńìŋő ł ŕàĺłńăďŋëň ğăďăçăň őąàăąőâłĺ áĺčŋăńőć ĺ ĺğőąàăęěŋĺľ.

1Řăąőâă ćëŕőńŋěŋă ŕàĺ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (čàăŋâ # 97-01-00443).

Typeset by A_MS-TEX 1

2 Ă.Ŕ.ŔĚŠŞŢŐĆ

Ŋěáňőâàï ŋă âőâ äăłâ, çâő íâőâ ćĺď äĺńìâàőć ĺňěěâ ąěáłőŋěçŋãî ĺňŕãńìáŋãî åăàăłâěàĺáâĺłã (ĄĹŢ-äĺńìâàë), áãéěáâćãěâ ĺå íääěłâĺćŋăï çĺáńěŋŋăï àěăńĺğăæĺï ć ćĺďě łőňŕőğĺæĺĺ åőàőèő ĺğćěáâŋëå ć àăďĺőâěåŋĺłě, âăł ŋăğëćăěňëå, àěłãàáĺćŋëå äĺńìâàőć. Ŕàĺçěň ćëçĺáńĺâěńìŋëě ğăâàăâë ŋă àěăńĺğăæĺî äĺńìâàőć á àăæĺőŋăńìŋőľ çăáâőâŋőľ åăàăłâěàĺáâĺłőľ őłăğëćăîâáï ŕàőŕőàæĺőŋăńìŋëňĺ áãňňě áâěŕěŋěľ çĺáńĺâěńï ĺ ğŋăňěŋăâěńï, çâő áàăćŋĺňő á ğăâàăâăňĺ ŋă àěăńĺğăæĺî àăğńőęěŋĺľ ŕő ąăğĺáăň á łőňŕăłâŋëňĺ ŋőáĺâěńïňĺ, łőâőàëě ŕàőŕőàæĺőŋăńìŋë áâěŕěŋïň áőőâćěâáâćãîéĺå ŕőńĺŋőňőć.

Ćŕěàćëě ŕőďőąŋëě ąăğĺáë ąëńĺ ŕőďćěàčŋãâë áĺáâěňăâĺçěáłőňã ĺááńěďőćăŋĺî ć àăąőâě Ł.Ţěàńĺ ĺ Ň.Ćěââěàńĺ [1], čďě ąëń àăááňőâàěŋ áńãçăľ, łőčďă áőőâćěâáâćãîéĺě ąăğĺáë őàâőčőŋăńìŋë ĺ őąàăğãîâ łàăâŋőňăáèâăąŋëľ ăŋăńĺğ (ŁŇĂ) ŕàőáâàăŋáâćă L^2(R). Łăł ĺğćěáâŋő (áň. [4]), ğă ĺáłńîçěŋĺěň åăăàőćáłĺå ąăğĺáőć, ŋě áãéěáâćãěâ őàâőčőŋăńìŋëå ąăğĺáőć ćáŕńěáłőć á łőňŕăłâŋëňĺ ŋőáĺâěńïňĺ, äãŋłæĺĺ łőâőàëå á âőçŋőáâìî ďő áďćĺčă ăàčãňěŋâă ïćńïîâáï çěâŋëňĺ ĺńĺ ŋěçěâŋëňĺ. Őďŋăłő ďńï ąăğĺáőć, ŕőàőęďěŋŋëå àěłãàáĺćŋëňĺ ĄĹŢ-äĺńìâàăňĺ, íâő ŋě âăł. Ć [1] ąëńĺ ŋăľďěŋë çěâŋëě ĺ ŋěçěâŋëě ąăğĺáë, ăááőæĺĺàőćăŋŋëě á àěłãàáĺćŋëňĺ äĺńìâàăňĺ. Őàâőčőŋăńìŋőáâì ąăğĺáőć ŕőğćőńïěâ ŕőńãçăâì àěğãńìâăâë, čăàăŋâĺàãîéĺě áåőďĺňőáâì ĺ ãáâőľçĺćőáâì ăńčőàĺâňőć àăğńőęěŋĺï, ğŋăçĺâěńìŋő ňěŋìèĺňĺ ãáĺńĺïňĺ, çěň ć áńãçăïå, łőčďă őàâőčőŋăńìŋőáâì őâáãâáâćãěâ. Őďŋăłő ďńï âőčő, çâőąë ĺáŕőńìğőćăâì őàâőčőŋăńìŋőáâì ŋãęŋő, ŕő ňěŋìèěľ ňěàě, ĺňěâì ć ĺááńěďãěňőň ŕàőáâàăŋáâćě áłăńïàŋőě ŕàőĺğćěďěŋĺě. Ŋő ďăęě ěáńĺ áłăńïàŋőě ŕàőĺğćěďěŋĺě őŕàěďěńěŋő, ďńï íääěłâĺćŋőčő ĺáŕőńìğőćăŋĺï őàâőčőŋăńìŋëå ąăğĺáőć ć ŕàĺłńăďŋëå ğăďăçăå âàěąãěâáï, çâőąë ěćłńĺďőćő àăááâőïŋĺě ąëńő ěáâěáâćěŋŋëň ďńï ďăŋŋőľ ğăďăçĺ. Ł áőęăńěŋĺî, íâő ŋě ćáěčďă âăł. Ć çăáâŋőáâĺ, ć őąàăąőâłě ĺğőąàăęěŋĺľ ŋăĺąőńěě íääěłâĺćŋëňĺ őłăğăńĺáì ŋě őàâőčőŋăńìŋëě ąăğĺáë ćáŕńěáłőć, ă ąĺőàâőčőŋăńìŋëě ŕăàë ąăğĺáőć. Ŋăŕàĺňěà, ďńï áęăâĺï ĺğőąàăęěŋĺľ ŋăĺąőńěě çăáâő ĺáŕőńìğãîâáï âăł ŋăğëćăěňëě 9/7- ćáŕńěáłĺ á łőňŕăłâŋëňĺ ŋőáĺâěńïňĺ, ŕőńãçěŋŋëě ć àăąőâě [2]. Ůâő łăáăěâáï ąăğĺáőć, ŕőáâàőěŋŋëå ć [1], áőçěâăîéĺå őàâőčőŋăńìŋőáâì ĺ áĺňňěâàĺî, âő ććĺďã ęěáâłőáâĺ âàěąőćăŋĺľ ĺå ăďăŕâăæĺï ł łőŋłàěâŋőľ ğăďăçě ćěáìňă ŕàőąńěňăâĺçŋă. Řěğãńìâăâë çĺáńěŋŋőčő ňőďěńĺàőćăŋĺï ăńčőàĺâňőć áęăâĺï ĺğőąàăęěŋĺľ á ĺáŕőńìğőćăŋĺěň âăłĺå ąăğĺáőć ŕőłăğăńĺ, çâő ĺå íääěłâĺćŋőáâì ďőáâăâőçŋő ňăńă ŕő łàăľŋěľ ňěàě ďńï ňăńëå ŕőàïďłőć àěłãàáĺćŋëå äĺńìâàőć. Ŋăŕàőâĺć, ĺŋáâàãňěŋâ ąĺőàâőčőŋăńìŋëå ŕăà ąăğĺáőć, ŕőàőęďěŋŋëå àěłãàáĺćŋëňĺ äĺńìâàăňĺ, ŕő čĺąłőáâĺ ğăňěâŋő ŕàěćőáåőďĺâ ĺŋáâàãňěŋâ ąĺőàâőčőŋăńìŋëå ŕăà ąăğĺáőć á łőňŕăłâŋëňĺ ŋőáĺâěńïňĺ.

Ő ćőğňőęŋőáâĺ ŕőáâàőěŋĺï ąĺőàâőčőŋăńìŋëå ŕăà äĺńìâàőć á àăæĺőŋăńìŋőľ çăáâőâŋőľ åăàăłâěàĺáâĺłőľ čőćőàĺâáï, ŋăŕàĺňěà, ć łŋĺčě Č.Śâàěŋčă ĺ Š.Ŋčãěŋă [7]. Šăň ęě ĺňěěâáï ŋěáłőńìłő ŕàĺňěàőć âăłĺå ąăğĺáőć, ŕőńãçăîéĺåáï łăł ŕőąőçŋëľ ŕàőďãłâ ŕàĺ ŕőáâàőěŋĺĺ "åőàőèĺå" ąăğĺáőć á łőňŕăłâŋëňĺ ŋőáĺâěńïňĺ. Ňë ąãďěň ğďěáì áâàőĺâì ĺňěŋŋő ąĺőàâőčőŋăńìŋãî âěőàĺî ąăğĺáőć, ăááőæĺĺàőćăŋŋëå á àěłãàáĺćŋëňĺ äĺńìâàăňĺ. Łăł ňë ãćĺďĺň, ĺáŕőńìğőćăŋĺě âăłőčő ŕőďåőďă ćěďěâ ć ŋěłőâőàëå ğăďăçăå ł áãéěáâćěŋŋőľ íłőŋőňĺĺ ćëçĺáńĺâěńìŋëå ğăâàăâ.

Ĺğŋăçăńìŋő âěőàĺï ąăğĺáőć ćáŕńěáłőć àăğćĺćăńăáì ŋěğăćĺáĺňő őâ ćőğŋĺłèěľ ŋěáłőńìłő àăŋěě ć àăďĺőâěåŋĺłě âěőàĺĺ áãąŕőńőáŋőčő łőďĺàőćăŋĺï. Őďŋăłő áłőàő áâăńă ïáŋă ĺå ŕőçâĺ ŕőńŋăï ĺďěŋâĺçŋőáâì. Ćő ćáïłőň áńãçăě, íâő ňőęŋő ãâćěàęďăâì

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 3

ć ąőńìèĺŋáâćě ŕàăłâĺçěáłĺ ćăęŋëå áńãçăěć. Ć §2 ňë őáâăŋőćĺňáï ŋă ĺå áćïğĺ. Ł áőęăńěŋĺî, ć őąéěň áńãçăě ćőŕàőá ő âőň, łőčďă ŕăàă äĺńìâàőć, őŕàěďěńïîéăï ăńčőàĺâň áãąŕőńőáŋőčő łőďĺàőćăŋĺï, ŕőàőęďăěâ ŕăàã ąĺőàâőčőŋăńìŋëå ąăğĺáőć, őáâăěâáï ďő áĺå ŕőà őâłàëâëň. Ł ŋăáâőïéěňã ćàěňěŋĺ ďńï ąĺőàâőčőŋăńìŋőčő áńãçăï ŋăĺąőńěě ŕőńŋő íâőâ ćőŕàőá ąëń ĺááńěďőćăŋ ć àăąőâăå [2], [5], ŋő âőńìłő ďńï áńãçăï, łőčďă ăááőæĺĺàőćăŋŋëě á áãąŕőńőáŋëň łőďĺàőćăŋĺěň ąăğĺáë ŕàĺŋăďńěęăâ L^2(R) ĺ ĺňěîâ łőňŕăłâŋëľ ŋőáĺâěńì. Ŕőíâőňã ć §3 ňë ćàěňěŋŋő őáâăćĺň ćőŕàőá ő áőőâćěâáâćĺĺ á ąăğĺáăňĺ ćáŕńěáłőć ĺ, őáâăćăïáì ŋă ŕńăâäőàňě áãąŕőńőáŋőčő łőďĺàőćăŋĺï, ğăľňěňáï ŕőáâàőěŋĺěň ąĺőàâőčőŋăńìŋëå ŕăà äĺńìâàőć á àăæĺőŋăńìŋőľ çăáâőâŋőľ åăàăłâěàĺáâĺłőľ.

Ć §4 ąãďěâ ďńï ĄĹŢ-äĺńìâàőć ŕőáâàőěŋ ăńčőàĺâň àěăńĺğăæĺĺ áãąŕőńőáŋőčő łőďĺàőćăŋĺï ĺ ćőááâăŋőćńěŋĺï áĺčŋăńőć, őáŋőćăŋŋëľ ŋă, âăł ŋăğëćăěňőľ, ńĺäâĺŋč-áåěňě (áň. [3], [6]), ŕőğćőńĺćèěľ ŕőńãçĺâì ăáĺňŕâőâĺçěáłĺ ďćãłàăâŋëľ ćëĺčàëè ć ćëçĺáńĺâěńìŋëå ğăâàăâăå ŕő áàăćŋěŋĺî á ŕàïňőľ àěăńĺğăæĺěľ ăńčőàĺâňőć áćěàâőł ŕàĺ àěăńĺğăæĺĺ áãąŕőńőáŋőčő łőďĺàőćăŋĺï ŋă ŁĹŢ-äĺńìâàăå.

Ć §5 ŕàőĺğćěďěŋ ŕőďáçěâ ćëçĺáńĺâěńìŋőľ áńőęŋőáâĺ ŕàěďńăčăěňëå ăńčőàĺâňőć ĺ ŕàĺćěďěŋő áàăćŋěŋĺě á ćëçĺáńĺâěńìŋëňĺ ğăâàăâăňĺ ŕàĺ ŕàïňőľ àěăńĺğăæĺĺ ăńčőàĺâňőć àăğńőęěŋĺï ŕő ćáŕńěáłăň.

Ć §6 ňë ŕàĺćěďěň àěğãńìâăâë çĺáńěŋŋőčő ňőďěńĺàőćăŋĺï ăńčőàĺâňőć áęăâĺï ĺğőąàăęěŋĺľ, ŕőğćőńïîéĺě áàăćŋĺâì íääěłâĺćŋőáâì ŋőćëå ăńčőàĺâňőć ŕő áàăćŋěŋĺî á ĺğćěáâŋëňĺ łăł ŕő łőíääĺæĺěŋâã áęăâĺï, âăł ĺ ŕő ćëçĺáńĺâěńìŋëň ğăâàăâăň. Łàőňě âőčő, ąãďãâ ŕàĺćěďěŋë áőőąàăęěŋĺï, ŕőłăğëćăîéĺě, çâő ĺáŕőńìğőćăŋŋëě ć àăáçěâăå äĺńìâàë ăááőæĺĺàãîâáï á ŋěłőâőàëňĺ ŕăàăňĺ ąĺőàâőčőŋăńìŋëå ąăğĺáőć ćáŕńěáłőć ŕàőáâàăŋáâćă L^2(R).

§2. Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ łćăğĺąăŋăåőćëå ŕàőáâàăŋáâć àăáŕàěďěńěŋĺľ.

Śŋăçăńă ňë ŕěàěŋěáěň őŕàěďěńěŋĺě Łàăâŋőňăáèâăąŋőčő ăŋăńĺğă ŋă łćăğĺąăŋăåőćë ŕàőáâàăŋáâćă, őâńĺçŋëě őâ L^2(R). Ŋăŕőňŋĺň, çâő łćăğĺąăŋăåőćë ŕàőáâàăŋáâćă ŕőàőęďăîâáï łćăğĺŋőàňőľ, â.ě. äãŋłæĺőŋăńőň, çìě őâńĺçĺě őâ ŋőàňë ğăłńîçăěâáï ć âőň, çâő ŋěàăćěŋáâćő âàěãčőńìŋĺłă ďńï ŋěě áŕàăćěďńĺćő ńĺèì ć ćĺďě ‖f + g‖ ≤ C(‖f‖ + ‖g‖), čďě C > 1. Šăłőě őáńăąńěŋĺě áćőľáâć ŋőàňë ŕőğćőńïěâ ćłńîçĺâì ć őąéěě àăááňőâàěŋĺě ňŋőčő ŕőńěğŋëå ŕàőáâàăŋáâć âĺŕă ŕàőáâàăŋáâć Ţăàďĺ. Ŕőńŋőě àăááňőâàěŋĺě âěőàĺĺ Łàăâŋőňăáèâăąŋőčő ăŋăńĺğă ŕàőáâàăŋáâć ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ ňőęŋő ŋăľâĺ ć ŋăèěľ áâăâìě [8] (áň. âăłęě [9], [11]), áńãçăľ ŕěàĺőďĺçěáłĺå ćáŕńěáłőć ŋă ďĺáłàěâŋőľ áěâłě àăááňőâàěŋ ć [10]. Ŕàĺćőďĺňëě ŋĺęě őŕàěďěńěŋĺï ćáŕńěáłőć ć łćăğĺąăŋăåőćëå ŕàőáâàăŋáâćăå ŋěŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ ŋĺ ć łőěľ ňěàě ŋě ïćńïîâáï ğăćěèěŋŋőľ âěőàĺěľ. İâő ńĺèì ŋăąàőáőł ćőğňőęŋőľ áåěňë ŕőáâàőěŋĺï âěőàĺĺ ćáŕńěáłőć, łőâőàëľ ğďěáì ŋăň ŋěőąåőďĺň âőńìłő ďńï âőčő, çâőąë ŕőłăğăâì ňěáâő âěå çăáâŋëå ąăğĺáőć, ŕőáâàőěŋĺěň łőâőàëå ňë ąãďěň ğďěáì ğăŋĺňăâìáï.

Őąőğŋăçĺň çěàěğ S^′ ĺ S áőőâćěâáâćěŋŋő ŕàőáâàăŋáâćő àăáŕàěďěńěŋĺľ ãňěàěŋŋőčő àőáâă ĺ ŕàőáâàăŋáâćő őáŋőćŋëå äãŋłæĺľ

Őŕàěďěńěŋĺě 1. Ŋăąőà ğăňłŋãâëå ńĺŋěľŋëå ŕőďŕàőáâàăŋáâć {V^j }j∈Z łćăğĺąăŋă-

4 Ă.Ŕ.ŔĚŠŞŢŐĆ

åőćă ŕàőáâàăŋáâćă X, S ⊂ X ⊂ S^′ ŋăğëćăěâáï łàăâŋőňăáèâăąŋëň ăŋăńĺğőň ŁŇĂ ŕàőáâàăŋáâćă X, ěáńĺ őŋ ãďőćńěâćőàïěâ áńěďãîéĺň ãáńőćĺïň:

a) · · · ⊂ V^{−2} ⊂ V^{−1} ⊂ V^0 ⊂ V^1 ⊂ . . . ; b) ∪V^j = X;

c) f(x) ∈ V^j ⇔ f(2x) ∈ V^{j+1};

d) ŋăľďěâáï âăłőě àăáŕàěďěńěŋĺě φ ∈ V^0, ŋăğëćăěňőě ňăáèâăąĺàãîéěľ äãŋłæĺěľ, çâő ńĺŋěľŋăï őąőńőçłă áĺáâěňë àăáŕàěďěńěŋĺľ φ(• − k), k ∈ Zŕńőâŋă ć V^0.

Śőčńăáŋő ŕãŋłâã b) Őŕàěďěńěŋĺï 1 äãŋłæĺï φ(x) ňőęěâ ąëâì ŕàĺąńĺęěŋă ńĺŋěľŋëňĺ łőňąĺŋăæĺïňĺ äãŋłæĺĺ {φ(2x − k)}. Ŋăá ąãďěâ ĺŋâěàěáőćăâì ńĺèì áńãçăľ, łőčďă ŁŇĂ őąàăğãěâáï ćěéěáâćěŋŋëňĺ ŕàőáâàăŋáâćăňĺ ĺ ĺňěěâ ňěáâő ňăáèâăąĺàãîéěě ãàăćŋěŋĺě φ(x) = √ 2 ∑ n∈Z h_nφ(2x − n), (2.1)

čďě h_n | łőíääĺæĺěŋâë Ťãàìě àăæĺőŋăńìŋőľ äãŋłæĺĺ √ 2m_0(ω) = P(e^{iω}) Q(e^{iω}) = ∑ n∈Z h_ne^{−inω}. (2.2) §áŋő, çâő ŕàĺ íâőň h_n | ćěéěáâćěŋŋăï ŕőáńěďőćăâěńìŋőáâì. Ć (2.2) äãŋłæĺĺ P(z) ĺ Q(z) ïćńïîâáï Ńőàăŋőćáłĺňĺ ŕőńĺŋőňăňĺ. Ğăňěâĺň, çâő ňë ĺáŕőńìğãěň ğďěáì âàăďĺæĺőŋŋëľ ňŋőęĺâěńì √ 2, ŕőáłőńìłã, ěáńĺ äãŋłæĺĺ {φ(x − n)} őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ŕàőáâàăŋáâćă V^0 ∈ L^2(R), âő äãŋłæĺĺ { √ 2φ(2x − n)} őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá ć V^1. Śőőâŋőèěŋĺě (2.1) ŕőáńě ŕàĺňěŋěŋĺï ł ŋěňã ŕàěőąàăğőćăŋĺï Ťãàìě ňőęěâ ąëâì ŕěàěŕĺáăŋő ć ćĺďě

^φ(ω) = m_0 (ω 2 ) ^φ ( ω 2 ) . (2.3)

Ěáńĺ ŕàěďŕőńőęĺâì, çâő ^φ | ŋěŕàěàëćŋăï äãŋłæĺï ĺ ^φ(0) ≠ 0, âő ïáŋő, çâő m_0(0) = 1. Šăłĺň őąàăğőň, ćőáŕőńìğőćăćèĺáì (2.3), ŕàěďŕőńăčăï, çâő ^φ(0) = (2π)^{−1/2}, ňőęŋő ďőłăğăâì, çâő

^φ(ω) = (2π)^{−1/2} ∞∏ k=1 m_0 ( ω 2^k ) , čďě ŕàőĺğćěďěŋĺě ć ŕàăćőľ çăáâĺ áåőďĺâáï àăćŋőňěàŋő ŋă łőňŕăłâŋëå ňŋőęěáâćăå.

Ŕãáâì {V^j } ŁŇĂ łćăğĺąăŋăåőćă ŕàőáâàăŋáâćă X. Őąőğŋăçĺň çěàěğ Z^∘ ŕőŕőńŋěŋĺě ŕàőáâàăŋáâćă S őâŋőáĺâěńìŋő łćăğĺŋőàňë ŕàőáâàăŋáâćă Z. Ąãďěň ć ďăńìŋěľèěň áçĺâăâì X = X^∘. Ďńï âőčő çâőąë ććěáâĺ ŕőŋïâĺě ćáŕńěáł-àăğńőęěŋĺï ŕàőáâàăŋáâćă X ŋăň ŕőŋăďőąĺâáï ŁŇĂ { ~V^j } ďćőľáâćěŋŋőčő ŕàőáâàăŋáâćă Y = X^{∗∘}. Ŕàĺ íâőň ŕàőáâàăŋáâćă W^j = {f ∈ V^{j+1}|⟨f, g⟩ = 0, ďńï ńîąëå g ∈ ~V^j }

ąãďěň ŋăğëćăâì ŕàőáâàăŋáâćăňĺ ćáŕńěáłőć. Ăŋăńőčĺçŋëň őąàăğőň őŕàěďěńïîâáï ďćőľáâěŋŋëě ŕàőáâàăŋáâćă ćáŕńěáłőć

~W^j = {g ∈ ~V^{j+1}|⟨f, g⟩ = 0, ďńï ńîąëå f ∈ V^j }.

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 5

Ňë ŋě ąãďěň ğďěáì őąáãęďăâì ďőŕőńŋĺâěńìŋëě ãáńőćĺï ďńï ŕàăćĺńìŋőčő őŕàěďěńěŋĺï ŕàőáâàăŋáâć ćáŕńěáłőć, őďŋăłő őâňěâĺň, çâő ŁŇĂ { ~V^j } áőŕàïęěŋŋőčő ŕàőáâàăŋáâćă ďőńęŋő ąëâì ćëąàăŋŋő âăł, çâőąë V^j ∩ W^j = 0, âőčďă

V^{j+1} = W^j ⊕ V^j = (_k ⨁ i=0 W^{j−i} ) ⨁ V^{j−k} = (_{+∞} ⨁ i=0 W^{j−i} ) ⨁ ( ⋂ i∈Z V^i ) , čďě ğŋăçőł ⊕ őğŋăçăěâ ŕàïňãî áãňňã ŕàőáâàăŋáâć. Ďőąăćłă ŕěàěáěçěŋĺï ŕàőáâàăŋáâć V^i ć ŕőáńěďŋěľ äőàňãńě ŋě ňőčńă ŕőïćĺâìáï ć áńãçăě ŁŇĂ ŕàőáâàăŋáâć L^2(R), ŕőáłőńìłã ďńï L^2(R) âăłőě ŕěàěáěçěŋĺě ćáěčďă ŕãáâő. Śőćáěň ŕő ďàãčőňã őąáâőĺâ ďěńő ć őąéěň áńãçăě. Ŋěâàãďŋő ŕàĺďãňăâì ŕàĺňěàë ŁŇĂ, ĺňěîéĺě ć ŕěàěáěçěŋĺĺ ŕőńĺŋőňë äĺłáĺàőćăŋŋőľ áâěŕěŋĺ, δ-äãŋłæĺî Ďĺàăłă ĺńĺ ěě őąőąéěŋŋëě ŕàőĺğćőďŋëě.

Ŕàőłőňňěŋâĺàãěň ŕàőćěďěŋŋőě ŕőáâàőěŋĺě. Ś őďŋőľ áâőàőŋë, ïáŋő, çâő łńăááĺçěáłőě őŕàěďěńěŋĺě ŁŇĂ ŕàőáâàăŋáâćă L^2(R) ŋãęďăěâáï ć őąőąéěŋĺĺ ŋă ďàãčĺě äãŋłæĺőŋăńìŋëě ŕàőáâàăŋáâćă, ć łőâőàëå ŋě őŕàěďěńěŋő áłăńïàŋőě ŕàőĺğćěďěŋĺě. Őďŋăłő, ŋă ŕěàćëľ ćğčńïď, ňőęěâ ŕőłăğăâìáï, çâő Őŕàěďěńěŋĺě 1 őåćăâëćăěâ áńĺèłőň őąèĺàŋëľ łńăáá ŕàőáâàăŋáâć ĺ ďńï ŕàĺńőęěŋĺľ ňőęŋő őčàăŋĺçĺâìáï łńăááĺçěáłĺňĺ äãŋłæĺőŋăńìŋëňĺ ŕàőáâàăŋáâćăňĺ, ŋě ŕěàěåőďï ł őąőąéěŋŋëň äãŋłæĺïň. Ś íâĺň ňőęŋő ąëńő ąë áőčńăáĺâìáï, ěáńĺ ąë ŕàőáâàăŋáâćă V^j ĺáŕőńìğőćăńĺáì ńĺèì łăł ăŕŕàőłáĺňăæĺĺ ŕàőáâàăŋáâćă X. Őďŋăłő ć őŕàěďěńěŋĺĺ ŕàőáâàăŋáâć ćáŕńěáłőć ãçăáâćãîâ ďćă ŁŇĂ ćğăĺňŋő-áőŕàïęěŋŋëå ŕàőáâàăŋáâć, ŕàĺçěň őďĺŋ ĺğ ŋĺå áńãęĺâ ďńï ŕàĺąńĺęěŋĺï, ă ćâőàőľ | ďńï őŕàěďěńěŋĺï ŕàőěłæĺĺ. Ă ŕőáłőńìłã, çěň «ãęě ĺáåőďŋőě ŕàőáâàăŋáâćő, âěň èĺàě ŕàőáâàăŋáâćő áőŕàïęěŋŋőě, âő ďńï őŕàěďěńěŋĺï ŕàőěłæĺĺ ŋă ŕàőáâàăŋáâćő ďőáâăâőçŋő čńăďłĺå äãŋłæĺľ ňőęěâ őłăğăâìáï ŋěďőáâăâőçŋëň ŋăńĺçĺï äãŋłæĺőŋăńőć, őŕàěďěńïěňëå őąëçŋëňĺ äãŋłæĺïňĺ. Ŋăŕàĺňěà, ŕàĺ őŕàěďěńěŋĺĺ ĺŋâěàŕőńïæĺőŋŋëå ćáŕńěáłőć, ŕàĺňěàë łőâőàëå ąãďãâ ŕàĺćěďěŋë ŋĺęě, ŕàőěłâőàë ğăďăîâáï áďćĺčăňĺ ďěńìâă-äãŋłæĺĺ Ďĺàăłă | áăňëň ŕàőáâëň ŕàĺňěàőň őąőąéěŋŋőľ äãŋłæĺĺ. İâőâ ŕàĺňěà ïćńïěâáï ćŕőńŋě ěáâěáâćěŋŋëň áńěďáâćĺěň âőčő, çâő ŕàőáâàăŋáâćőň, áőŕàïęěŋŋëň ł ŕàőáâàăŋáâćã ŋěŕàěàëćŋëå äãŋłæĺľ, ïćńïěâáï ŕàőáâàăŋáâćő łőŋěçŋëå ąőàěńěćáłĺå ňěà. Ğăňěâĺň, çâő ŕàőáâàăŋáâćő łőŋěçŋëå ąőàěńěćáłĺå ňěà ŋě ïćńïěâáï áěŕăàăąěńìŋëň. Ŕőíâőňã, ěáńĺ X = C (R) | ŕàőáâàăŋáâćő ŋěŕàěàëćŋëå äãŋłæĺľ, áâàěňïéĺåáï ł ŋãńî ŋă ąěáłőŋěçŋőáâĺ, âő ŕàőáâàăŋáâćő łőŋěçŋëå ąőàěńěćáłĺå ňěà C^∗ (R) ŋě áőćŕăďăěâ á C^{∗∘} (R). Őďŋăłő ěáńĺ ć łăçěáâćě X ćğïâì çãâì ąőńěě ãğłőě ŕàőáâàăŋáâćő (ŋăŕàĺňěà, őŕàěďěńïěňőě łăłĺň-ŋĺąãďì ňőďãńěň ŋěŕàěàëćŋőáâĺ), âő ŕàőáâàăŋáâćő ąőàěńěćáłĺå ňěà ćőľďěâ ć áěŕăàăąěńìŋőě ŕőďŕàőáâàăŋáâćő ŕàőáâàăŋáâćă X^∗.

Ŋăŕőňŋĺň, çâő ďćě áĺáâěňë äãŋłæĺľ {f_n} ⊂ X ĺ {g_n} ⊂ X^∗ ŋăğëćăîâáï ąĺőàâőčőŋăńìŋëňĺ, ěáńĺ áŕàăćěďńĺćë áőőâŋőèěŋĺï ⟨f_k, g_m⟩ = { 1 , k = m, 0, k ≠ m. Ŕàěďŕőńőęĺň, çâő ć ŕàőáâàăŋáâćě ~V^0 ĺňěěâáï ąĺőàâőčőŋăńìŋëľ (ąăğĺáã {φ(x − n)}) ąăğĺá { ~φ(x − n)}, ŕőàőęďěŋŋëľ àăæĺőŋăńìŋőľ äãŋłæĺěľ

~m_0(ω) = 1√ 2 ~P(eiω ) ~Q(eiω ) = 1√ 2 ∑ n∈Z ~h_ne^{−inω}.

6 Ă.Ŕ.ŔĚŠŞŢŐĆ

Ććĺďã ãáńőćĺï ąĺőàâőčőŋăńìŋőáâĺ ŋěâàãďŋő ŕőńãçĺâì, çâő m_0 ĺ ~m_0 ďőńęŋë ãďőćńěâćőàïâì ãáńőćĺî m_0(ω) ~m_0(ω) + m_0(ω + π) ~m_0(ω + π) = 1.

Ğăňěâĺň, çâő ŕőáłőńìłã áåőďĺňőáâì ąěáłőŋěçŋëå ŕàőĺğćěďěŋĺľ, őŕàěďěńïîéĺå äãŋłæĺĺ ^φ ĺ ^~φ, ćńěçěâ àăćěŋáâćă m(0) = ~m(0) = 1, ŕőńãçĺň, çâő ĺğ ãáńőćĺě ąĺőàâőčőŋăńìŋőáâĺ ĺňěěň m(π) ~m(π) = 0. İâő őğŋăçăěâ, çâő åőâï ąë őďĺŋ ĺğ áőňŋőęĺâěńěľ m(π) ĺ ~m(π) àăćěŋ ŋãńî.

Ĺğ őŕàěďěńěŋĺï W^j ŕőńãçĺň, çâő ŕàěőąàăğőćăŋĺě Ťãàìě äãŋłæĺĺ ψ, ŕőàőęďăîéěľ ąăğĺá {ψ(x − n)} ŕàőáâàăŋáâćă W^0, ňőęěâ ąëâì ćëçĺáńěŋő ŕő äőàňãńě

^ψ(ω) = m_1( ω 2 ) ^φ( ω 2 ), čďě m_1 ãďőćńěâćőàïěâ ãàăćŋěŋĺî

m_1(ω) ~m_0(ω) + m_1(ω + π) ~m_0(ω + π) = 0.

Őâáîďă m_1(ω) = α(ω)e^{−iω} ~m_0(ω + π),

čďě α | ŋěłőâőàőě π-ŕěàĺőďĺçěáłőě àăáŕàěďěńěŋĺě. Ć ďăńìŋěľèěň, áłőàěě áńěďãï âàăďĺæĺïň ć őąőğŋăçěŋĺïå, ă ŋě áãâĺ ďěńă, ňë ąãďěň ďńï őŕàěďěńěŋŋőáâĺ áçĺâăâì α(ω) ≡ 1. Ăŋăńőčĺçŋëň őąàăğőň ććěďěň ć àăááňőâàěŋĺě äãŋłæĺî

~m_1(ω) = e^{−iω}m_0(ω + π),

łőâőàăï ŕőàőęďăěâ ąăğĺá ć ďćőľáâćěŋŋőň ŕàőáâàăŋáâćě ćáŕńěáłőć ~W^0. Šăłĺň őąàăğőň, ĺňěěâ ňěáâő ňăâàĺçŋőě áőőâŋőèěŋĺě ( m_0(ω) m_0(ω + π) m_1(ω) m_1(ω + π) ) · ( ~m_0(ω) ~m_0(ω + π) ~m_1(ω) ~m_1(ω + π) )_∗ = I, (2.4)

čďě I = ( 1 0 0 1 ) . Šăłĺň őąàăğőň, ãàăćŋěŋĺě (2.4) ďăěâ ŋěőąåőďĺňőě ãáńőćĺě ďńï âőčő, çâőąë äãŋłæĺĺ m_0 ĺ ~m_0 ŕőàőęďăńĺ ŋěŕàěàëćŋëě ňăáèâăąĺàãîéĺě äãŋłæĺĺ φ, ~φ, łőâőàëě őŕàěďěńïîâ ŕăàã ďćőľáâćěŋŋëå ŁŇĂ. Ůâő łăáăěâáï ďőáâăâőçŋëå ãáńőćĺľ, âő ć ŋăáâőïéěě ćàěňï íâă ŕàőąńěňă ďăńěłă őâ ŕőńŋőčő àăğàěèěŋĺï, åőâï ć ąőńìèĺŋáâćě ŕàăłâĺçěáłĺ ćăęŋëå áńãçăěć ŋě áőáâăćńïěâ âàãďă ŕőłăğăâì, çâő łőŋłàěâŋőě àěèěŋĺě ãàăćŋěŋĺï (2.4), ďěľáâćĺâěńìŋő, čěŋěàĺàãěâ ąĺőàâőčőŋăńìŋãî ŕăàã ąăğĺáőć ŋěłőâőàëå ďćőľáâćěŋŋëå ŁŇĂ.

Ć áńãçăě ďőňŋőęěŋĺï äãŋłæĺĺ m_1(ω) ŋă π-ŕěàĺőďĺçěáłãî äãŋłæĺî α(ω) àăćěŋáâćő (2.4) ŋăàãèĺâáï. Ďńï ěčő ćőááâăŋőćńěŋĺï ŋěőąåőďĺňő äãŋłæĺî ~m_1(ω) ďőňŋőęĺâì ŋă 1/α(ω), ŕőńãçĺć ŕàĺ íâőň ( m_0(ω) m_0(ω + π) m_1(ω)α(ω) m_1(ω + π)α(ω) ) · ( ~m_0(ω) ~m_0(ω + π) ~m_1(ω)/α(ω) ~m_1(ω + π)/α(ω) )_∗ = I. (2.4^′)

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 7

Řăğãňěěâáï, ćëąőà α(ω) ŋĺłăł ŋě ćńĺïěâ ŋĺ ŋă ŕăàã ďćőľáâćěŋŋëå ŁŇĂ, łőâőàëě őŕàěďěńïîâáï äãŋłæĺïňĺ m_0, ~m_0, ŋĺ ŋă ćëąőà ąăğĺáőć ć áőőâćěâáâćãîéĺå ŕàőáâàăŋáâćăå V^j ĺ ~V^j , ŋĺ ŋă ćëąőà ŕàőáâàăŋáâć ćáŕńěáłőć W^j ĺ ~W^j . Őďŋăłő ćăàìĺàőćăŋĺě äãŋłæĺĺ α ďăěâ ďőŕőńŋĺâěńìŋãî áâěŕěŋì áćőąőďë ŕàĺ ćëąőàě ąăğĺáőć ćáŕńěáłőć ć ŋăĺąőńìèěľ áâěŕěŋĺ áőőâćěâáâćãîéĺå łőŋłàěâŋőľ ŕàĺłńăďŋőľ ğăďăçě. Ć ďăńìŋěľèěň ňë ãćĺďĺň, çâő ąăğĺá, ŋăĺąőńěě ŕőďåőďïéĺľ ďńï áęăâĺï ĺğőąàăęěŋĺľ, ĺáŕőńìğãěâ íâã áâěŕěŋì áćőąőďë. Ŕàĺçĺŋă ŋěćőáâàěąőćăŋŋőáâĺ íâőčő ŕàĺěňă ć âěłãéěľ ńĺâěàăâãàě ŋőáĺâ őąêěłâĺćŋëľ åăàăłâěà. Ďěńő ć âőň, çâő àăááňăâàĺćăï ąĺőàâőčőŋăńìŋëě ąăğĺáë ćáŕńěáłőć, ăááőæĺĺàőćăŋŋëě á ŁĹŢ-äĺńìâàăňĺ ňë ćëŋãęďěŋë ĺáłăâì ŕőńĺŋőňĺăńìŋëě àěèěŋĺï ãàăćŋěŋĺï (2.4). Ěáńĺ m_0 ĺ ~m_0 | ŕőńĺŋőňë, âő âàăďĺæĺőŋŋëľ ćëąőà äãŋłæĺľ m_1 ĺ ~m_1 âăłęě ïćńïěâáï ŕőńĺŋőňĺăńìŋëň. Ěáńĺ ęě ňë ďőňŋőęĺň äãŋłæĺî m_1 ŋă π-ŕěàĺőďĺçěáłĺľ ŕőńĺŋőň α, âő ňë őąïğăŋë àăğďěńĺâì ~m_1 ŋă α. Ŕàěďŕőńőęĺň, çâő ŋăľďěâáï âăłőľ π-ŕěàĺőďĺçěáłĺľ ŕőńĺŋőň α, çâő ćâőàăï ňăâàĺæă ć (2.4^′) ïćńïěâáï ŕőńĺŋőňĺăńìŋőľ. Ć ćëàőęďěŋŋőň áńãçăě, łőčďă α | őďŋőçńěŋ, â.ě. á âőçŋőáâìî ďő ãňŋőęěŋĺï ŋă ŕőáâőïŋŋãî ĺňěěň α(ω) = e^{i2kω}, k ∈ Z, âăłőľ ćëąőà ŕàĺćőďĺâ ł áďćĺčã íńěňěŋâőć ąăğĺáőć ć W^{−1} ĺ ~W^{−1} ŋă 2, â.ě. äăłâĺçěáłĺ ńĺèì ł ŕěàěŋãňěàăæĺĺ íńěňěŋâőć ąăğĺáă. Ěáńĺ ęě α | ŋěćëàőęďěŋŋëľ ŕőńĺŋőň, âő ďńï âőčő, çâőąë äãŋłæĺï ~m_1/α ąëńă ŕőńĺŋőňőň, âàěąãěâáï áőćŕăďěŋĺě ŋãńěľ ~m_1 á ŋãńïňĺ ŕőńĺŋőňă α, ŋő âőčďă ććĺďã π-ŕěàĺőďĺçŋőáâĺ ŕőńĺŋőňă α ŕőńĺŋőň ~m_1(ω + π) âăłęě ĺňěěâ ŋãńĺ ć âěå âőçłăå, čďě α(ω) = 0. Šăłĺň őąàăğőň, ŋăľďěâáï âőçłă ω_0, ć łőâőàőľ ćěłâőà ( ~m_1(ω_0), ~m_1(ω_0 + π)) áâăŋőćĺâáï ŋãńěćëň, ă áőőâćěâáâćãîéăï ňăâàĺæă ć (2.4), áâăŋőćĺâáï ćëàőęďěŋŋőľ, çâő ŕàĺćőďĺâ ł ŋăàãèěŋĺî àăćěŋáâćă (2.4) ŋě âőńìłő ć áăňőľ íâőľ âőçłě, ŋő, ććĺďã ŋěŕàěàëćŋőáâĺ łőňŕőŋěŋâ, ĺ ć ŋěłőâőàőľ ěě őłàěáâŋőáâĺ. Ć áńãçăě ęě, łőčďă ďőŕãáłăîâáï àăæĺőŋăńìŋëě àěèěŋĺï ãàăćŋěŋĺï (2.4), ŋãńïň őŕàěďěńĺâěńï őďŋőľ ĺğ ňăâàĺæ ć (2.4^′) ňőęŋő ŕőáâăćĺâì ć áőőâćěâáâćĺě ŕőńîáë ďàãčőčő őŕàěďěńĺâěńï. Šăłĺň őąàăğőň, âàăďĺæĺőŋŋëľ ćëąőà äãŋłæĺľ m_1 ĺ ~m_1 åőâï ĺ ćŕőńŋě őŕàăćďăŋ, ŋő ïćńïěâáï ěďĺŋáâćěŋŋő ćőğňőęŋëň âőńìłő ďńï ŕőńĺŋőňĺăńìŋëå àěèěŋĺľ.

Ďćőľáâćěŋŋëě ŁŇĂ {V^j } ĺ { ~V^j } ć őŕàěďěńěŋŋőň áňëáńě àăćŋőŕàăćŋë ĺ ňőčãâ àăááňăâàĺćăâìáï łăł ć łăçěáâćě ćńőęěŋŋőľ ŕőáńěďőćăâěńìŋőáâĺ ŕàőáâàăŋáâć ć ŕàőáâàăŋáâćě áĺčŋăńőć, âăł ĺ ďńï őŕàěďěńěŋĺï őŕěàăâőàőć ŕàőěłâĺàőćăŋĺï, łőâőàëě ć áćőî őçěàěďì ŕőğćőńïîâ őŕàěďěńĺâì ŕàőáâàăŋáâćă ćáŕńěáłőć. Ňë ć ďăńìŋěľèěň ãáńőćĺňáï áçĺâăâì, çâő áĺčŋăńë ŕàőěłâĺàãîâáï ŋă ŕàőáâàăŋáâćă ~V^j ŕàĺ ŕőňőéĺ ŕàőáâàăŋáâć V^j . Šăłăï ďőčőćőàěŋŋőáâì ŕàĺŋïâă ć ŕőďăćńïîéěň ąőńìèĺŋáâćě ŕãąńĺłăæĺľ.

Ććěďěň ć àăááňőâàěŋĺě äãŋłæĺĺ h(z) = ∑ n∈Z h_ne^{−inω} = √ 2m_0(ω), ~h(z) = ∑ n∈Z ~h_ne^{−inω} = √2 ~m_0(ω), (2.5)

čďě z = e^{iω}, ĺ g(z) = z^{−1}~h(−z^{−1}), ~g(z) = z^{−1}h(−z^{−1}). (2.6)

Ťãŋłæĺĺ h ĺ ~h ąãďěň ŋăğëćăâì ąĺőàâőčőŋăńìŋőľ ŕăàőľ äĺńìâàőć. Šěŕěàì àăćěŋáâćő (2.4) ć áńãçăě ćěéěáâćěŋŋëå {h_n} ĺ {~h_n} ňőęěâ ąëâì ŕěàěŕĺáăŋő ć ćĺďě

M(z) ~M^t (z^{−1}) = 2I, (2.7)

8 Ă.Ŕ.ŔĚŠŞŢŐĆ

čďě áĺňćőń t őğŋăçăěâ âàăŋáŕőŋĺàőćăŋĺě ňăâàĺæë, ă M(z) = ( h(z) h(−z) g(z) g(−z) ) , ~M (z) = ( ~ h(z) ~h(−z) ~g(z) ~g(−z) ) | âăł ŋăğëćăěňëě, ňőďãńïæĺőŋŋëě ňăâàĺæë, çìĺ łőňŕőŋěŋâë ć ŋăèěň áńãçăě ïćńïîâáï àăæĺőŋăńìŋëňĺ äãŋłæĺïňĺ. Ĺğ (2.6) ĺ (2.7) ŋěâàãďŋő ŕőńãçĺâì, çâő det |M(z)| = det | ~M (z)| = −2z^{−1}.

Ŕőïáŋĺň áňëáń ĺ ŋăğŋăçěŋĺě ňőďãńïæĺőŋŋëå ňăâàĺæ M ĺ ~M . Ŕãáâì ~v^0(x) = ∑ n c^0_n ~φ(x−n) ∈ ~V^0 ĺ âàěąãěâáï ŋăľâĺ ŕàőěłæĺĺ ~v^{−1}(x) = ∑ n c^{−1}_n ~φ(x/2−n) ĺ ~w^{−1}(x) = ∑ n d^{−1}_n ~ψ(x/2 − n) àăáŕàěďěńěŋĺï ~v^0 ŋă ŕàőáâàăŋáâćă ~V^{−1} ĺ ~W^{−1}. Ćőáŕőńìğőćăćèĺáì ňăáèâăąĺàãîéĺň ãàăćŋěŋĺěň (2.1), ŕőńãçĺň c^{−1}_m = ⟨~v^0(x), φ(x/2 − m)⟩ = √ 2⟨ ∑ n∈Z c^0_n ~φ(x − n), ∑ k∈Z h_kφ(x − k − 2m)⟩ = √ 2 ∑ n∈Z c^0_nh_{n−2m}, Ŕőáńěďŋěě àăćěŋáâćő ć âěàňĺŋăå z-ŕàěőąàăğőćăŋĺľ ŕőáńěďőćăâěńìŋőáâěľ ňőęŋő ğăŕĺáăâì ć ćĺďě á^{−1}(z^{−2}) =^1√_2 (h(z)c^0(z^{−1}) + h(−z)c^0(−z^{−1})), čďě c^0(z) = ∑ n c^0_nz^{−n}, c^{−1}(z) = ∑ n c^{−1}_n z^{−n}. Ğăňěâĺň, çâő áåőďĺňőáâì àïďőć ğďěáì ĺ ć ďăńìŋěľèěň őąěáŕěçĺćăěâáï íłáŕőŋěŋæĺăńìŋëň ãąëćăŋĺěň ŕőáńěďőćăâěńìŋőáâěľ {h_n} ĺ {~h_n}. Ăŋăńőčĺçŋëň őąàăğőň ŕőńãçăěâáï àăćěŋáâćő d^{−1}_m = √ 2 ∑ n∈Z c^0_ng_{n−2m}, ă ğŋăçĺâ, d^{−1}(z^{−2}) = 1√ 2 (g(z)c^0(z^{−1}) + g(−z)c^0(−z^{−1})).

Šăłĺň őąàăğőň, ŕőáńě ŕěàěåőďă ł z-ŕàěőąàăğőćăŋĺïň ňăâàĺæă M áâăŋőćĺâáï ňăâàĺæěľ ŕěàěåőďă őâ ŕàőáâàăŋáâćă ~V^0 ł ŕàïňőľ áãňňě ŕàőáâàăŋáâć ~V^{−1} ĺ ~W^{−1}, őŕàěďěńïěňőčő ŕő äőàňãńě ( c^{−1}(z^{−2}) d^{−1}(z^{−2}) ) = 1√ 2 ( h(z) h(−z) g(z) g(−z) ) ( c^0(z^{−1}) c^0(−z^{−1}) ) . (2.8)

Ďńï ćőááâăŋőćńěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï äãŋłæĺĺ ć ąăğĺáě ŕàőáâàăŋáâćă ~V^0 ŕő ěě ŕàőěłæĺïň ŋă ŕàőáâàăŋáâćă ~V^{−1} ĺ ~W^{−1} ĺňěěâ ňěáâő äőàňãńă ( c^0(z^{−1}) á^0(−z^{−1}) ) = 1√ 2 ( ~ h(z^{−1}) ~g(z^{−1}) ~h(−z−1) ~g(−z−1) ) ( c^{−1}(z^{−2}) d^{−1}(z^{−2}) ) . Řăğãňěěâáï, ŕőáńěďŋĺě äőàňãńë ãďőąŋë ďńï ăŋăńĺâĺçěáłőčő ŕàěďáâăćńěŋĺï őŕěàăæĺĺ àăğńőęěŋĺï ŕő ćáŕńěáłăň ĺ ćőááâăŋőćńěŋĺï ŕő ŕàőěłæĺïň, ŋő áőďěàęăâ ňŋőčő ŕőćâőàïîéĺåáï őŕěàăæĺľ ĺ ŕőâőňã ŋě ňőčãâ ąëâì àěłőňěŋďőćăŋë ďńï ŋěŕőáàěďáâćěŋŋőčő ćëçĺáńěŋĺï łőíääĺæĺěŋâőć.

Ć łăłőň-âő áňëáńě ăńìâěàŋăâĺćŋëň ňěâőďőň ŕàěďáâăćńěŋĺï őŕěàăæĺĺ àăğńőęěŋĺï ŕàőáâàăŋáâćă ~V^0 ć ŕàïňãî áãňňã ŕàőáâàăŋáâć ~V^{−1} ĺ ~W^{−1} ïćńïěâáï ěčő àěăńĺğăæĺï ŕàĺ ŕőňőéĺ, âăł ŋăğëćăěňőľ, ŕőńĺäăğŋőľ ňăâàĺæë. Ďńï ŕàőĺğćőńìŋőčő äőàňăńìŋőčő àïďă Ńőàăŋă f(z) = ∑ n f_nz^{−n} ććěďěň őąőğŋăçěŋĺï f_e(z) = ∑ n f_{2n}z^{−n} ĺ f_o(z) = ∑ n f_{2n+1}z^{−n}. Šőčďă áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě f(z) = f_e(z^2) + z^{−1}f_o(z^2).

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 9

Ěáńĺ âěŕěàì ćőáŕőńìğőćăâìáï íâĺň ŕàěďáâăćńěŋĺěň, ğăňěŋĺć ĺň ćáě łőňŕőŋěŋâë äőàňãńë (2.8), âő ŕőáńě ŋěáńőęŋëå ŕàěőąàăğőćăŋĺľ ŕàăćőľ çăáâĺ ŕőńãçĺň ( c^{−1}(z^{−1}) d^{−1}(z^{−1}) ) = ( h_e(z) h_o(z) g_e(z) g_o(z) ) ( c^0_e(z^{−1}) c^0_o(z^{−1}) ) . (2.9)

Ĺňěŋŋő íâă äőàňãńă ïćńïěâáï őâŕàăćŋőľ âőçłőľ ďńï ŕőáâàőěŋĺï ąëáâàëå ăńčőàĺâňőć àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï áĺčŋăńőć, őąêěďĺŋěŋŋëå őąéĺň ŋăğćăŋĺěň ńĺäâĺŋč-áåěňă. Ňăâàĺæã ć ćëàăęěŋĺĺ (2.9) ŋăğëćăîâ ŕőńĺäăğŋőľ. Ěě ňë ąãďěň őąőğŋăçăâì çěàěğ P (z), ă ŕőńĺäăğŋãî ňăâàĺæã ďćőľáâćěŋŋőčő ŁŇĂ | çěàěğ ~P (z). Ŋěâàãďŋő ŕàőćěàĺâì, çâő P (z) ~P^t(z^{−1}) = I. (2.10)

Łàőňě âőčő, ŕőáłőńìłã ďńï ŕőńĺäăğŋëå ňăâàĺæ P ĺ ~P áŕàăćěďńĺćë ŕàěďáâăćńěŋĺï

P (z^2) = 1 2 M(z) ( 1 z 1 −z ) , ~P (z^2) = 1 2 ~M(z) ( 1 z 1 −z ) , ĺğ àăćěŋáâć det M = det ~M = −2z^{−1} ĺňěěň det P = det ~P = 1.

§3. Ŕàĺňěàë.

Şàăćŋěŋĺě (2.7) ĺňěěâ ňŋőčő àăæĺőŋăńìŋëå àěèěŋĺľ. Ţőâï ĺğ ďăńìŋěľèĺå àăááãęďěŋĺľ ńěčłő ćĺďěâì, łăł ňőęŋő ŕőńãçĺâì ćáě ćőğňőęŋëě àěèěŋĺï âăłőčő âĺŕă, ŋăá ąãďãâ ğďěáì ĺŋâěàěáőćăâì ńĺèì ŋěłőâőàëě ĺğ ŋĺå, łőâőàëě ĺňěîâ ňĺŋĺňăńìŋëľ ŕőàïďőł çĺáńĺâěńï ĺ ğŋăňěŋăâěńï ĺ áőőâćěâáâćãîâ ąăğĺáăň ćáŕńěáłőć, çìĺ ňăáèâăąĺàãîéĺě äãŋłæĺĺ ïćńïîâáï áĺňňěâàĺçŋëňĺ őâŋőáĺâěńìŋő æěńëå ĺńĺ ŕőńãæěńëå âőçěł. Ŕàĺ íâőň ňë ŕőłăęěň, çâő ŕőáńě ŕőďåőďïéěčő áďćĺčă ăàčãňěŋâă áőőâćěâáâćãîéĺě ąăğĺáë ćáŕńěáłőć ïćńïîâáï ć ŕěàćőň áńãçăě ŋěçěâŋëňĺ, ă ćő ćâőàőň áńãçăě | çěâŋëňĺ äãŋłæĺïňĺ. Ŕőíâőňã ďńï łàăâłőáâĺ ąãďěň čőćőàĺâì, çâő ĺňěěâ ňěáâő áőőâćěâáâćěŋŋő ŋěçěâŋëľ ĺńĺ çěâŋëľ áńãçăľ.

Řăááňőâàĺň áŋăçăńă çěâŋëľ áńãçăľ. Ğăňěâĺň, çâő ďőňŋőęěŋĺě äãŋłæĺĺ h(z) ŋă z^k őğŋăçăěâ ŕěàěåőď őâ ňăáèâăąĺàãîéěľ äãŋłæĺĺ φ(z) ł ňăáèâăąĺàãîéěľ äãŋłæĺĺ φ(z + k), â.ě. ŕěàěåőď ł őďŋőľ ĺğ äãŋłæĺľ ąăğĺáŋőľ áĺáâěňë áďćĺčőć. Ŋěâàãďŋő ćĺďěâì, çâő ďőňŋőęĺć h, ěáńĺ ŋãęŋő, ŋă ŕőďåőďïéãî æěńãî áâěŕěŋì ŕěàěňěŋŋőľ z, ňë ŕőńãçĺň, çâő ć (2.5) h_n = h_{−n} ďńï ćáěå n = 1, 2, . . . . Ťãŋłæĺï h(z) ćňěáâě á łăęďëň ŕőńîáőň z = z_0 őąńăďăěâ ĺ ŕőńîáőň z = z^{−1}_0 . Šăłĺň őąàăğőň, àăæĺőŋăńìŋăï äãŋłæĺï h ŕàěďáâăćĺňă ć ćĺďě őâŋőèěŋĺï ďćãå ŕőńĺŋőňőć S(z) = ∑_l n=−l snz −n ĺ Q(z) = ∑_m n=−m qnz −n á áĺňňěâàĺçŋëňĺ ŕőáńěďőćăâěńìŋőáâïňĺ łőíääĺæĺěŋâőć s_{−n} = s_n ĺ q_{−n} = q_n, ă ğŋăçĺâ, ĺŋćăàĺăŋâŋëå őâŋőáĺâěńìŋő ğăňěŋë ŕěàěňěŋŋőľ z → z^{−1}.

Ć ŋěçěâŋőň áńãçăě, ďőňŋőęĺć h, ěáńĺ ŋãęŋő, ŋă ŕőďåőďïéãî æěńãî áâěŕěŋì ŕěàěňěŋŋőľ z, ŕőńãçĺň h_n = h_{1−n} ďńï ćáěå n = 1, 2, . . . . §áŋő, çâő äãŋłæĺï f(z) = (1 + z)h(z) ĺňěěâ áĺňňěâàĺçŋãî ŕőáńěďőćăâěńìŋőáâì ńőàăŋőćáłĺå łőíääĺæĺěŋâőć. Ŕőáńěďőćăâěńìŋőáâì ńőàăŋőćáłĺå łőíääĺæĺěŋâőć äãŋłæĺĺ f(z)/((1 + z)(1 + z^{−1})) áĺňňěâàĺçŋă, ă áăňă íâă äãŋłæĺï ïćńïěâáï àăæĺőŋăńìŋőľ ĺ ŕàěďáâăćĺňă ć ćĺďě

10 Ă.Ŕ.ŔĚŠŞŢŐĆ

S(z)/Q(z), čďě S ĺ Q | ńőàăŋőćáłĺě ŕőńĺŋőňë á áĺňňěâàĺçŋëňĺ ŕőáńěďőćăâěńìŋőáâïňĺ łőíääĺæĺěŋâőć, ĺŋćăàĺăŋâŋëě őâŋőáĺâěńìŋő ğăňěŋë z → z^{−1}. Šăłĺň őąàăğőň, h(z) = (1 + z^{−1})S(z) Q(z) . Ŕőłăęěň, çâő äĺńìâàë h ĺ ~h ňőčãâ ĺňěâì àăğŋőĺňěŋŋãî çěâŋőáâì, â.ě., łőčďă őďŋă äãŋłæĺï áőőâćěâáâćãěâ çěâŋőňã áńãçăî, ă ďàãčăï | ŋěçěâŋőňã, ńĺèì ďńï ŕăàë äĺńìâàőć h(z) = (1 + z^{−1})/ √ 2 ĺ ~h(z) = √ 2. Ŋěáňőâàï ŋă âő, çâő ďăŋŋăï ŕăàă äĺńìâàőć ŕàĺćőďĺâ ł ďćãň ŁŇĂ, ŕőàőęďěŋŋëň áőőâćěâáâćěŋŋő ąăğĺáőň Ţăăàă ĺ ąăğĺáőň, áőáâőïéĺň ĺğ áďćĺčőć δ-äãŋłæĺĺ, ććĺďã àăğàëćŋőáâĺ åăăàőćáłĺå äãŋłæĺľ íâĺ ąăğĺáë ŋě őąàăğãîâ ąĺőàâőčőŋăńìŋőľ ŕăàë.

Ĺğ (2.7) ďńï ŕàőĺğćőńìŋőľ ŕăàë h ĺ ~h ŕőńãçĺň, çâő

h(z)~h(z^{−1}) + h(−z)~h(−z^{−1}) = 2

ĺńĺ, ŕőďáâăćńïï ŕàěďáâăćńěŋĺě h(z) ĺ ~h(z) ć ćĺďě àăæĺőŋăńìŋëå äãŋłæĺľ ĺ áőłàăéăï ŕàĺ ŋěőąåőďĺňőáâĺ őąéĺě ňŋőęĺâěńĺ çĺáńĺâěńï ĺ ğŋăňěŋăâěńï, ŕőńãçĺň ćëàăęěŋĺě ćĺďă A(z) B(z) + A(−z) B(−z) = 2, (3.1)

čďě A, B | ńőàăŋőćáłĺě ŕőńĺŋőňë őâ z. Śńăčăěňëě ć (3.1) ďőńęŋë ĺňěâì őąéĺě á ãçěâőň łàăâŋőáâĺ ŕőńîáë. Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő ŕőńĺŋőňë B(z) ĺ B(−z) ĺňěîâ őďŋĺ ĺ âě ęě ŋãńĺ. Šăłĺň őąàăğőň, ŕőńãçĺň, çâő ć ŕőńĺŋőňě B, ŕő łàăľŋěľ ňěàě ŕőáńě ďőňŋőęěŋĺï ć áńãçăě ŋěőąåőďĺňőáâĺ ŋă ŕőďåőďïéĺľ ňŋőęĺâěńì z^k, ŕàĺáãâáâćãîâ ńĺèì çěâŋëě áâěŕěŋĺ, â.ě. B(z) = B(z^2), čďě B(z) | ŋěłőâőàëľ ńőàăŋőćáłĺľ ŕőńĺŋőň. Ŕàĺ íâőň ãàăćŋěŋĺě (3.1) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě

A(z) + A(−z) = 2B(z^2). (3.2)

Ŕőáńěďŋěě ãàăćŋěŋĺě ïćńïěâáï ŕàőáâëň ĺáâőçŋĺłőň ćáěå ćőğňőęŋëå ŁŇĂ. Ć áăňőň ďěńě, ĺğ ãàăćŋěŋĺï (3.2) ćĺďŋő, çâő ńőàăŋőćáłĺľ ŕőńĺŋőň A ňőęěâ ąëâì ćëąàăŋ ć őŕàěďěńěŋŋőľ áâěŕěŋĺ ŕàőĺğćőńìŋő. Ć łăçěáâćě A_e(z) = B(z) ňőęŋő ćğïâì ŕàőĺğćőńìŋëľ ńőàăŋőćáłĺľ ŕőńĺŋőň, ŋě ĺňěîéĺľ łőàŋěľ ŋă ěďĺŋĺçŋőľ őłàãęŋőáâĺ |z| = 1. Ŕàĺ íâőň, ŕőáłőńìłã A(−1) = m_0(π) ~m_0(π) = 0, ŕőńĺŋőň A_o ďőńęěŋ ãďőćńěâćőàïâì àăćěŋáâćã A_o(1) = A_e(1), â.ě. ďőńęŋë áőćŕăďăâì áãňňë łőíääĺæĺěŋâőć ŕőńĺŋőňőć A_o ĺ A_e. Ćáě ćőğňőęŋëě ąĺőàâőčőŋăńìŋëě äĺńìâàë h ĺ ~h ŕőńãçăîâáï äăłâőàĺğăæĺěľ h(z)~h(z^{−1}) = A(z)/B(z), čďě h(1) = ~h(1) = √ 2. Řăğãňěěâáï, ŋě ćáě äăłâőàĺğăæĺĺ ŕàĺćőďïâ ł ąĺőàâőčőŋăńìŋëň ŕăàăň ąăğĺáőć ćáŕńěáłőć, őďŋăłő ćáě âăłĺě ŕăàë ąăğĺáőć ŕőàőęďăîâáï íâĺňĺ äăłâőàĺğăæĺïňĺ.

Ŕàěďŕőńőęĺň âěŕěàì, çâő őďŋă ĺğ äãŋłæĺľ h ĺ ~h ŕőàőęďăěâ çěâŋëľ ŁŇĂ, ă ďàãčăï | ŋěçěâŋëľ. Šőčďă áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě A(z) = (1 + z^{−1})A(z), čďě A(z) | ńőàăŋőćáłĺľ ŕőńĺŋőň á áĺňňěâàĺçŋőľ ŕőáńěďőćăâěńìŋőáâìî łőíääĺæĺěŋâőć. Ŕőďáâăćńïï íâő ŕàěďáâăćńěŋĺě ć (3.2), ŕőńãçĺň

(1 + z^{−1})A(z) + (1 − z^{−1})A(−z) = 2B(z^2), (3.3)

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 11

čďě ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ňőęŋő áçĺâăâì, çâő ŕőńĺŋőňë A ĺ B ŋě ĺňěîâ őąéĺå ŋãńěľ. Ŕàăćăï çăáâì àăćěŋáâćă (3.3) ĺŋćăàĺăŋâŋă őâŋőáĺâěńìŋő ğăňěŋë ŕěàěňěŋŋőľ z → z^{−1}, ŕőáłőńìłã őŋă ïćńïěâáï ŕàőĺğćěďěŋĺěň ŕőńĺŋőňőć, őąńăďăîéĺå íâĺň áćőľáâćőň. Ğŋăçĺâ, ĺ ńěćăï ěčő çăáâì ĺŋćăàĺăŋâŋă őâŋőáĺâěńìŋő âăłőľ ğăňěŋë. Śńěďőćăâěńìŋő,

(1 + z^{−1})A(z) + (1 − z^{−1})A(−z) = (1 + z)A(z^{−1}) + (1 − z)A(−z^{−1}).

Ă ŕőáłőńìłã A(z) = A(z^{−1}), âő ŕőáńěďŋěě àăćěŋáâćő ŕàěőąàăğãěâáï ł ćĺďã (z^{−1} − z)(A(z) − A(−z)) = 0, çâő őğŋăçăěâ őâáãâáâćĺě ã ňŋőčőçńěŋă A ŋěçěâŋëå áâěŕěŋěľ. Ŋő âőčďă, ćěàŋãćèĺáì ł (3.3), ãćĺďĺň, çâő A(z) = B(z^2). Ă ğŋăçĺâ, ććĺďã őâáãâáâćĺï ã íâĺå ňŋőčőçńěŋőć őąéĺå ďěńĺâěńěľ ĺňěěň A ≡ 1. Ďăŋŋőňã áńãçăî áőőâćěâáâćãěâ ąĺőàâőčőŋăńìŋăï ŕăàă äĺńìâàőć h(z) = (1 + z^{−1})/ √ 2 ĺ ~h(z) = √ 2. Šăłĺň őąàăğőň, h ĺ ~h ňőčãâ őąńăďăâì àăğŋőľ çěâŋőáâìî ńĺèì ďńï ŕàĺćěďěŋŋőčő ćëèě âàĺćĺăńìŋőčő áńãçăï, łőâőàëľ ŋě ŕőàőęďăěâ ąĺőàâőčőŋăńìŋëě ąăğĺáë ćáŕńěáłőć.

Ĺâăł, àăááňőâàĺň çěâŋëě ĺ ŋěçěâŋëě ąĺőàâőčőŋăńìŋëě ŕăàë á ňăńëňĺ ŕőàïďłăňĺ çĺáńĺâěńï ĺ ğŋăňěŋăâěńï äãŋłæĺľ h ĺ ~h. Ŋăçŋěň á ŋěçěâŋőčő áńãçăï. Śăňăï ŕàőáâăï ŕàăćăï çăáâì ć (3.2) ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě B ≡ 1. Ŋă ŕěàćëľ ćğčńïď, íâőâ áńãçăľ ňőęěâ ŕőłăğăâìáï ćëàőęďěŋŋëň, áőőâćěâáâćãîéĺň ąĺőàâőčőŋăńìŋëň ąăğĺáăň á łőňŕăłâŋëň ŋőáĺâěńěň. Šěň ŋě ňěŋěě, ňőčńő őłăğăâìáï, çâő çĺáńő, ąëćèěě łőàŋěň őďŋőľ ĺğ äãŋłæĺľ h(z) ĺ ~h(z^{−1}) őłăğăńőáì ŕőńîáőň ďàãčőľ äãŋłæĺĺ. Šőčďă áőőâćěâáâćãîéĺě ňŋőęĺâěńĺ ć ŕàőĺğćěďěŋĺĺ h(z)~h(z^{−1}) áőłàăâïâáï ĺ ŕőâőňã ŋĺłăł ŋě ąãďãâ ãçâěŋë ć (3.1). Śŕěæĺäĺłă ŁŇĂ ćëŋãęďăěâ ŋăá àăááňăâàĺćăâì ŋě ćáě àěèěŋĺï ãàăćŋěŋĺï (3.2). Čńăćŋőě ĺğ őčàăŋĺçěŋĺľ ğăłńîçăěâáï ć âőň, çâő ŕőáłőńìłã ďńï ŋěçěâŋőčő áńãçăï h(−1) = ~h(−1) = 0, âő A(z) = (1+ z)(1+ z^{−1} )A_1(z). Šăłĺň őąàăğőň, ňŋőčőçńěŋ A_1(z) ňĺŋĺňăńìŋő ćőğňőęŋőľ áâěŕěŋĺ àăćěŋ łőŋáâăŋâě, A_1(z) ≡ 1/2. Ă ãçĺâëćăï, çâő àăæĺőŋăńìŋëě äãŋłæĺĺ h(z)/(1 + z^{−1}) ĺ ~h(z)/(1 + z^{−1}) ĺňěîâ áĺňňěâàĺçŋëě ŕőáńěďőćăâěńìŋőáâĺ ńőàăŋőćáłĺå łőíääĺæĺěŋâőć, ŕőńãçĺň, çâő ąĺőàâőčőŋăńìŋăï àăæĺőŋăńìŋăï ŕăàă äĺńìâàőć ňĺŋĺňăńìŋő ćőğňőęŋőčő ŕőàïďłă ĺňěěâ ćĺď

h(z) = α 1 + z^{−1} √ 2(z^{−1} + a + z) , ~h(z) = 1√ 2α (1 + z^{−1})(z^{−1} + a + z),

čďě α = 2 + a | ňŋőęĺâěńì, łőâőàëľ őąěáŕěçĺćăěâ ŋőàňĺàőćłã h(1) = ~h(1) = √ 2. Ďńï âěőàĺĺ ćáŕńěáłőć ĺŋâěàěá ŕàěďáâăćńïěâ ńĺèì áńãçăľ |a| > 2. Ć áăňőň ďěńě, ŕőńĺŋőň 1 + az + z^2 ĺňěěâ łőàŋĺ z_{1,2} = −^a_2 ± √_{a2} 4 − 1. Ŕàĺ |a| ≤ 2 őąă łőàŋï àăćŋë ŕő ňőďãńî ěďĺŋĺæě, â.ě. z_{1,2} = e^{±iω0} . Śńěďőćăâěńìŋő, ć íâőň áńãçăě äãŋłæĺï m_0(ω) ĺňěěâ őáőąěŋŋőáâĺ ć âőçłăå ω = ±ω_0 ĺ ŋě âőńìłő ŋěáãňňĺàãěňă, ŋő ĺ ŋě ïćńïěâáï ďăęě àăáŕàěďěńěŋĺěň.

Řăááňőâàěŋŋëľ ŕàĺňěà ŕőłăğëćăěâ, łăł ňőęŋő ćăàìĺàőćăâì ĺňěîéĺěáï ŁŇĂ (ć ŋăèěň áńãçăě ŁŇĂ, ŕőàőęďěŋŋëě ąăğĺáăňĺ Ţăăàă) ŕãâěň ććěďěŋĺï ďőŕőńŋĺâěńìŋőčő

12 Ă.Ŕ.ŔĚŠŞŢŐĆ

ňŋőęĺâěńï z^{−1} + a + z ć ğŋăňěŋăâěńì őďŋőčő ĺğ äĺńìâàőć h, ~h ĺ âőčő ęě ňŋőęĺâěńï | ć çĺáńĺâěńì ďàãčőčő. Ś łăçěáâćěŋŋőľ âőçłĺ ğàěŋĺï íâőâ ŕàĺěň ćěďěâ ł "ŕěàěłăçłě čńăďłőáâĺ" ĺğ őďŋőčő ąăğĺáă ąĺőàâőčőŋăńìŋőľ ŕăàë ć ďćőľáâćěŋŋëľ ěňã ąăğĺá ŕàĺ áőåàăŋěŋĺĺ áãňňăàŋőľ čńăďłőáâĺ ąăğĺáőć. Šăłőľ ŕàĺěň ňőęěâ ąëâì ĺáŕőńìğőćăŋ ďńï ćăàìĺàőćăŋĺï ńîąőľ ąĺőàâőčőŋăńìŋőľ ŕăàë, ĺ íâő áńěďãěâ ĺňěâì ć ćĺďã, åőâï ňë ő ŋěň ďăńěě ãŕőňĺŋăâì ŋě ąãďěň.

Šěŕěàì àăááňőâàĺň ňěŋěě âàĺćĺăńìŋëľ áńãçăľ, łőčďă ŕőńĺŋőň B ŋěćëàőęďěŋ. Ć ŕàőáâěľèěň áńãçăě B(z) = z^{−1} + a + z. Ŕő ŕàĺćěďěŋŋëň ćëèě ŕàĺçĺŋăň ğďěáì âăłęě ĺňěěň |a| > 2. Ŕàĺ íâőň ŕőńãçăěň, çâő ãďőćńěâćőàïîéĺľ (3.2) ŕőńĺŋőň A_1 ňĺŋĺňăńìŋő ćőğňőęŋőľ áâěŕěŋĺ ĺňěěâ ćĺď A_1(z) = z^{−1} + (^a_2 − 1) + z. Šăłĺň őąàăğőň, áãéěáâćãěâ ďćě ąĺőàâőčőŋăńìŋëě ŕăàë, áőőâćěâáâćãîéĺě ďăŋŋőňã ćëąőàã ŕőńĺŋőňă B: h(z) = √ 2 (1 + z^{−1})(z^{−1} + (^a_2 − 1) + z) z^{−2} + a + z^2

, ~h(z) = 1 + z^{−1} √ 2 ĺ h(z) = α (1 + z^{−1}) z^{−2} + a + z^2 , ~h(z) = (1 + z^{−1})(z^{−1} + (^a_2 − 1) + z) α , čďě α = a + 2 √ 2 Řăááňőâàĺň âěŕěàì ŕàőáâěľèĺě àěèěŋĺï ć çěâŋőň áńãçăě. Ŕőáłőńìłã ć (3.1) A(−1) = 0, âő őďĺŋ ĺğ ŕőńĺŋőňőć h ĺńĺ ~h ĺňěěâ ŋãńì ć âőçłě z = −1. Ă âăł łăł ŕőáńěďőćăâěńìŋőáâì ěčő łőíääĺæĺěŋâőć áĺňňěâàĺçŋă, âő łàăâŋőáâì łőàŋï çěâŋă. Ğŋăçĺâ, ŕőńĺŋőň A(z) ćłńîçăěâ ć áěąï ňŋőęĺâěńì z^{−1} + 2 + z. Šăłĺň őąàăğőň, ć ŕàőáâěľèěň áńãçăě A(z) =^1_2 (z^{−1} + 2 + z), B(z) ≡ 1, h(z) = √ 2, ~h(z) = z^{−1} + 2 + z 2 √ 2 . Ďăŋŋăï ŕăàă ŁĹŢ-äĺńìâàőć ŕàĺćőďĺâ ł ŕăàě ąĺőàâőčőŋăńìŋëå ŁŇĂ, ŕěàćëľ ĺğ łőâőàëå ŕőàőęďăěâáï áďćĺčăňĺ δ-äãŋłæĺĺ, ă ďàãčőľ - áďćĺčăňĺ ńĺŋěľŋőčő B-áŕńăľŋă. Ŋă ŕěàćëľ ćğčńïď, ňőęěâ ŕőłăğăâìáï, çâő íâőâ ŕàĺňěà ïćńïěâáï ćëàőęďěŋŋëň ĺ ŋě ĺňěěâ ŕěàáŕěłâĺćë ŋăľâĺ ŕàĺňěŋěŋĺě ć ŕàĺńőęěŋĺïå. Ć áăňőň ďěńě, "ďěäěłâë" íâőľ ŕăàë áőáâőïâ ć âőň, çâő őďŋő ĺğ ŕàőáâàăŋáâć ďćőľáâćěŋŋőľ ŕăàë áőáâőĺâ ĺğ őąőąéěŋŋëå äãŋłæĺľ, łàőňě âőčő, äãŋłæĺĺ ąăğĺáőć łãáőçŋő-ńĺŋěľŋëå ćáŕńěáłőć ŋě ĺňěîâ ŋãńěćőčő áàěďŋěčő. Ćâőàőě áćőľáâćő á őąéěŕàĺŋïâőľ âőçłĺ ğàěŋĺï łăęěâáï őáőąěŋŋő ŋěŕàĺïâŋëň, ŕőáłőńìłã áçĺâăěâáï, çâő åőàőèĺě ďńï ăŕŕàőłáĺňăæĺĺ (ć çăáâŋőáâĺ ďńï áęăâĺï ĺŋäőàňăæĺĺ) ąăğĺáë ďőńęŋë ĺňěâì ňŋőčő ŋãńěćëå ňőňěŋâőć ĺńĺ, çâő âő ęě áăňőě, ŕőńĺŋőň h(z) ďőńęěŋ ĺňěâì ćëáőłãî łàăâŋőáâì ŋãńï ć âőçłě z = −1. Šěň ŋě ňěŋěě, őłăğëćăěâáï, çâő ć ąőńìèĺŋáâćě áńãçăěć ĺáŕőńìğőćăŋĺě íâőľ ŕăàë ąăğĺáőć ďńï áęăâĺï ĺğőąàăęěŋĺľ ŕàĺćőďĺâ ł ą«őńìèĺň łőíääĺæĺěŋâăň áęăâĺï, çěň ĺáŕőńìğőćăŋĺě ćŕőńŋě ąńăčőŕőńãçŋëå åăăàőćáłĺå ąăğĺáőć. Şçĺâëćăï ćëáőłãî ćëçĺáńĺâěńìŋãî íääěłâĺćŋőáâì íâĺå ąăğĺáőć, ňőęŋő ŕàěďŕőńőęĺâì, çâő őŋĺ ćŕőńŋě ňőčãâ ąëâì ćőáâàěąőćăŋë ć ŕàĺńőęěŋĺïå.

Řăááňőâàĺň âěŕěàì áńãçăľ, łőčďă B(z) = z^{−1} + a + z. Ďńï ćëąàăŋŋőčő àăŋěě ŕőńĺŋőňă A_1 ćőğňőęŋë çěâëàě ćăàĺăŋâă çěâŋőľ äăłâőàĺğăæĺĺ h(z)~h(z^{−1}) =

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 13

(z^{−1} + 2 + z)A_1(z): h(z) = (z^{−1} + 2 + z)(z^{−1} + (^a_2 − 1) + z) √ 2(z^{−2} + a + z^2) , ~h(z) = √ 2;

h(z) = ( a + 2)(z^{−1} + 2 + z) 2 √ 2(z^{−2} + a + z^2)

, ~h(z) = 2 √ 2 z^{−1} + (^a_2 − 1) + z a + 2 ; h(z) = z^{−1} + 2 + z 2 √ 2 , ~h(z) = 2 √ 2 z^{−1} + (^a_2 − 1) + z z^{−2} + a + z^2 ; h(z) = (z^{−1} + (^a_2 − 1) + z)(z^{−1} + 2 + z) √ 2(a + 2) , ~h(z) = √ 2(a + 2) z^{−2} + a + z^2 . Ğăňěâĺň, ćő ćáěå çěâëàěå áńãçăïå ~h(−1) ≠ 0.

§áŋő, çâő ďńï ćëŕőńŋěŋĺï áőőâŋőèěŋĺï h(−1) = ~h(−1) = 0 ć çěâŋőň áńãçăě ŕàĺåőďĺâáï ŕőâàěąőćăâì, çâőąë ŕőńĺŋőň A(z) ć (3.2) ĺňěń ć âőçłě −1 ŋãńì ŕő łàăľŋěľ ňěàě çěâćěàâőčő ŕőàïďłă. Šăłĺň őąàăğőň, áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě A(z) = (1 + z)^2(1 + z^{−1})^2A_2(z). Ŕãáâì áŋőćă B(z) = z^{−1} + a + z. Šőčďă, àěèăï ãàăćŋěŋĺě (3.2) ďńï A_2(z) ćĺďă bz^{−1} + c + bz, ŕőńãçĺň, çâő

A_2(z) = 6 − a 16 z^{−1} + a − 2 4 + 6 − a 16 z, čďě, łăł ĺ àăŋěě, |a| > 2. Šăłĺň őąàăğőň, ŕőńăčăï b =^{6−a}_{16} , c =^{a−2}_4 , ŕőńãçĺň ďćě àăğńĺçŋëě ąĺőàâőčőŋăńìŋëě ŕăàë h(z) = 2(z^{−1} + 2 + z)(bz^{−1} + c + bz) √ 2(z^{−2} + a + z^2) , ~h(z) = z^{−1} + 2 + z 2 √ 2 (3.4) ĺ h(z) = 4(z^{−1} + 2 + z)(bz^{−1} + c + bz) √ 2(a + 2) , ~h(z) = √ 2(a + 2)(z^{−1} + 2 + z) 4(z^{−2} + a + z^2)

. (3.5)

Ťőàňãńë (3.4) ĺ (3.5) ĺňěîâ ďćă ćăęŋëå çăáâŋëå áńãçăï, łőčďă ăńčőàĺâňë àăğńőęěŋĺï ŕő ćáŕńěáłăň ğŋăçĺâěńìŋő ãŕàőéăîâáï. Ŕěàćëľ ĺğ íâĺå áńãçăěć a = 6 ŕàĺćőďĺâ ŋăá ł ãŕàőéěŋŋőľ ąĺőàâőčőŋăńìŋőľ ŕăàě h(z) = z^{−1} + 2 + z 2 √ 2 . ~h(z) = 2 √ 2(z^{−1} + 2 + z) z^{−2} + 6 + z^2 , Ćâőàőľ áńãçăľ ŕàĺ ŕàěďěńìŋőň ŕěàěåőďě a → ∞ ŕàĺćőďĺâ ł ĺğćěáâŋőľ (áň. [2], [4, á. 277]) ąĺőàâőčőŋăńìŋőľ ŕăàě ąăğĺáőć á łőňŕăłâŋëň ŋőáĺâěńěň, őŕàěďěńïěňőľ äãŋłæĺïňĺ h(z) = (z^{−1} + 2 + z)(−z^{−1} + 4 − z) 4 √ 2 , ~h(z) = z^{−1} + 2 + z 2 √ 2 .

14 Ă.Ŕ.ŔĚŠŞŢŐĆ

Ŋăłőŋěæ, ěéě ďćě ćăęŋëě ŕăàë äĺńìâàőć ŕőńãçăîâáï ŕàĺ a = 10/3. Ŕàĺ ďăŋŋőň ğŋăçěŋĺĺ ŕăàăňěâàă a ŕőńãçăîâáï äĺńìâàë, ĺňěîéĺě ňăłáĺňăńìŋãî áãňňăàŋãî łàăâŋőáâì ŋãńï ć âőçłě −1, àăćŋãî 6. Ťĺńìâàë (3.4) âàăŋáäőàňĺàãěâáï ŕàĺ íâőň ć äĺńìâàë h(z) = √ 2(z^{−1} + 2 + z)^2 3z^{−2} + 10 + 3z^2 , ~h(z) = z^{−1} + 2 + z 2 √ 2 ă (3.5) | ć äĺńìâàë

h(z) = ( z^{−1} + 2 + z)^2 8 √ 2 , ~h(z) = 4 √ 2(z^{−1} + 2 + z) 3z^{−2} + 10a + 3z^2 . Ğăňěâĺň, çâő łàőňě ďćãå ŕăà (3.4) ĺ (3.5) ć ďăŋŋőň áńãçăě áãéěáâćãěâ ěéě çěâëàě àăğńĺçŋëå äăłâőàĺğăæĺĺ, ã łőâőàëå őďĺŋ ĺğ äĺńìâàőć h ĺńĺ ~h ŋě ĺňěěâ ŋãńï ć âőçłě −1. §4. Ňěâőď ńĺäâĺŋčă.

Ŋăĺąőńìèĺľ ŕàőčàěáá ć ŕàőąńěňě ãáłőàěŋĺï àăąőâë ăńčőàĺâňőć àăğńőęěŋĺï äãŋłæĺľ ŕő ąăğĺáăň ćáŕńěáłőć ĺ ĺå ćőááâăŋőćńěŋĺï ŕő łőíääĺæĺěŋâăň àăğńőęěŋĺï áćïğăŋ á âăł ŋăğëćăěňőľ ńĺäâĺŋč-áåěňőľ, ŕàĺŋïćèěľ ğăćěàèěŋŋëľ ćĺď ć àăąőâě [3]. Ąńĺğłĺě ĺďěĺ ąëńĺ àěăńĺğőćăŋë ć [6] ĺ [15]. Ĺňěŋŋő ŋă ŕőďåőď, àăááňőâàěŋŋëľ ć ŕőáńěďŋěľ àăąőâě [6] ňë ĺ ąãďěň ğďěáì őŕĺàăâìáï.

Ććěďěň ŋěőąåőďĺňëě őąőğŋăçěŋĺï. Ŕãáâì ˝(z) | ńőàăŋőćáłĺľ ŕőńĺŋőň ˝(z) = ∑_{k2} n=k1 pnz n, čďě k_1, k_2 ∈ Z, âőčďă l(˝)^{def}= k_1, u(˝)^{def}= k_2, L(˝)^{def}= p_{l(Π)}, U(˝)^{def}= p_{u(Π)}. Ćěńĺçĺŋã d(˝)^{def}= u(˝) − l(˝) ąãďěň ŋăğëćăâì ŕőàïďłőň ŕőńĺŋőňă ˝.

Śŋăçăńă ňë àăááňőâàĺň áńãçăľ, łőčďă łăęďăï ĺğ àăæĺőŋăńìŋëå äãŋłæĺľ h ĺ ~h ŋě ĺňěěâ ŋãńěľ, ïćńïîéĺåáï ŕőńîáăňĺ ďàãčőľ äãŋłæĺĺ. Ć íâőň áńãçăě, łăł ąëńő ŕőłăğăŋő ć ŕàěďëďãéěň, ŕăàăčàăäě ğŋăňěŋăâěńĺ íâĺå äãŋłæĺľ ïćńïîâáï ńőàăŋőćáłĺňĺ ŕőńĺŋőňăňĺ őâ z^2, çâő ŕőğćőńïěâ ğăŕĺáăâì łőňŕőŋěŋâë ŕőńĺäăğŋőľ ňăâàĺæë P ć ćĺďě:

h_e(z) =

E_1(z) Q_1(z)

, h_o(z) =

O_1(z) Q_1(z)

, g_e(z) =

E_2(z) Q_2(z)

, g_o(z) =

O_2(z) Q_2(z)

. (4.1)

Řăćěŋáâćő ěďĺŋĺæě őŕàěďěńĺâěńï ŕőńĺäăğŋőľ ňăâàĺæë ćńěçěâ ćëŕőńŋěŋĺě áőőâŋőèě- ŋĺï det ( E_1(z) E_2(z) O_1(z) O_2(z) ) = Q_1(z)Q_2(z). (4.2)

Őâáîďă ïáŋő, çâő áŕàăćěďńĺćë ďćă ŋěàăćěŋáâćă

L(P )^{def}= l(Q_1Q_2) − min{l(E_1O_2), l(O_1E_2)} ≥ 0;

U(P )^{def}= max{u(E_1O_2), u(O_1E_2)} − u(Q_1Q_2) ≥ 0.

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 15

Ůĺáńő D(P )^{def}= L(P ) + U(P ) ŋăğőćěň ďěäěłâőň ňăâàĺæë P .

Ňăâàĺæë ćĺďă

T^+(k, a) = ( 1 az^k 0 1 ) , T^−(m, b) = ( 1 0 bz^m 1 ) , čďě a, b ∈ R; k, m ∈ Ząãďěň ŋăğëćăâì íńěňěŋâăàŋëňĺ ńĺäâĺŋčăňĺ.

Šěőàěňă 1. Ńîąăï ŕőńĺäăğŋăï ňăâàĺæă P á àăæĺőŋăńìŋëňĺ łőňŕőŋěŋâăňĺ ćĺďă

(4.1) ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě

P (z) = P_0(z)T^{σ(1)}(k_1, a_1)T^{σ(2)}(k_2, a_2) . . . T^{σ(D(P ))}(k_{D(P )}, a_{D(P )}), (4.3)

čďě P_0(z) | ňăâàĺæă á ŋãńěćëň ďěäěłâőň, k_i ∈ Z, a_i ∈ R, σ(i) | ŕőďåőďïéĺň őąàăğőň ćëąàăŋŋëľ ğŋăł; i = 1, 2, ..., D(P ).

Ğăňěçăŋĺě 1. Ć äőàňãńĺàőćłě âěőàěňë 1 ŋě ãâćěàęďăěâáï, çâő ćáě íńěňěŋâăàŋëě ńĺäâĺŋčĺ ć (4.3) ŋěćëàőęďěŋë, ŋěłőâőàëě ĺğ ŋĺå ňőčãâ ąëâì àăćŋë ěďĺŋĺçŋőľ ňăâàĺæě.

Ğăňěçăŋĺě 2. Ťăłâőàĺğăæĺï (4.3) őŕàěďěńïěâáï ŋě ěďĺŋáâćěŋŋëň őąàăğőň.

Ďőłăğăâěńìáâćő âěőàěňë 1. Ďńï ďőłăğăâěńìáâćă âěőàěňë ŋăň ďőáâăâőçŋő ŕőłăğăâì, çâő ńîąăï ŕőńĺäăğŋăï ňăâàĺæă á ŋěŋãńěćëň ďěäěłâőň P ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě P (z) = P^′(z)T^σ (k, a), čďě D(P^1) < D(P ).

Śŋăçăńă ďőłăęěň áńěďãîéěě ćáŕőňőčăâěńìŋőě ãâćěàęďěŋĺě

Ńěňňă 1. Ěáńĺ ďńï ŕőńĺäăğŋőľ ňăâàĺæë P (z) á àăæĺőŋăńìŋëňĺ łőňŕőŋěŋâăňĺ ćĺďă

(4.1) áŕàăćěďńĺćő ŋěàăćěŋáâćő L(P ) > 0 (ĺńĺ U(P ) > 0), âő l(E_1)+l(O_2) = l(E_2)+l(O_1) (ĺńĺ u(E_1) + u(O_2) = u(E_2) + u(O_1)) ĺ őŕàěďěńĺâěńì ňăâàĺæë A = ( L(E_1)z^{l(E1)} L(E_2)z^{l(E2)} L(O_1)z^{l(O1)} L(O_2)z^{l(O2)} ) ( ĺńĺ B = ( U(E_1)z^{u(E1)} U(E_2)z^{u(E2)} U(O_1)z^{u(O1)} U(O_2)z^{u(O2)} ))

àăćěŋ ŋãńî.

Ďőłăğăâěńìáâćő Ńěňňë 1. Ć áńãçăě ŋěćëŕőńŋěŋĺï àăćěŋáâćă l(E_1)+l(O_2) = l(E_2)+ l(O_1) ňë ćőèńĺ ąë ć ŕàőâĺćőàěçĺě á àăćěŋáâćőň (4.2), ŕőáłőńìłã ňĺŋĺňăńìŋăï áâěŕěŋì ć ńěćőľ çăáâĺ àăćŋïńăáì ąë min{l(E_1O_2), l(E_2, O_1)}, çâő ŕő ãáńőćĺî ńěňňë ňěŋìèě ňĺŋĺňăńìŋőľ áâěŕěŋĺ ŕàăćőľ çăáâĺ àăćěŋáâćă (4.2).

Ŕő âőľ ęě ŕàĺçĺŋě őŕàěďěńĺâěńì ňăâàĺæë A àăćěŋ ŋãńî, ŕőáłőńìłã ć ŕàőâĺćŋőň áńãçăě ňĺŋĺňăńìŋăï áâěŕěŋì ŕőńĺŋőňă ć ńěćőľ çăáâĺ (4.2) ąëńă ąë ňěŋìèě ňĺŋĺňăńìŋőľ áâěŕěŋĺ ŕàăćőľ çăáâĺ.

Şâćěàęďěŋĺě őâŋőáĺâěńìŋő ňăâàĺæë B ďőłăğëćăěâáï ăŋăńőčĺçŋëň őąàăğőň.

Ćěàŋěňáï ł ďőłăğăâěńìáâćã Šěőàěňë 1.

Ŕãáâì ďńï őŕàěďěńěŋŋőáâĺ L(P ) > 0. Šőčďă ĺğ Ńěňňë 1 ŕőńãçĺň

l(E_1) + l(O_2) = l(E_2) + l(O_1). (4.4)

16 Ă.Ŕ.ŔĚŠŞŢŐĆ

Ďńï őŕàěďěńěŋŋőáâĺ âăłęě ąãďěň ŕàěďŕőńăčăâì, çâő

d(E_1) ≤ d(O_1). (4.5)

Řăááňőâàĺň ďćă áńãçăï: 1) U(P ) > 0; 2) U(P ) = 0.

Ć ŕěàćőň áńãçăě áőčńăáŋő Ńěňňě 1 ĺňěěň u(E_1) + u(O_2) = u(E_2) + u(O_1). Ćëçĺâăï őâáîďă (4.4), ŕőńãçĺň d(E_1) + d(O_2) = d(E_2) + d(O_1), çâő ć áőćőłãŕŋőáâĺ á (4.5) ďăěâ d(E_2) ≤ d(O_2). Šăłĺň őąàăğőň, ćëŕőńŋĺć ŕàěőąàăğőćăŋĺě E^′_1(z) = E_1(z), E^′_2(z) = E_2(z), O^′_1(z) = O_1(z) − az^kE_1(z), O^′_2(z) = O_2(z) − az^k E_2(z), čďě a = L(O_1)/L(E_1), k = l(O_1) − l(E_1), ãçĺâëćăï àăćěŋáâćő ŋãńî őŕàěďěńĺâěńï ňăâàĺæë A, ŕőńãçĺň, çâő l(O^′_1) = l(O_1) + 1, l(O^′_2) = l(O_2) + 1. Ć âő ęě ćàěňï, áŕàăćěďńĺćë ŋěàăćěŋáâćă u(O^′_1) ≤ u(O_1), u(O^′_2) ≤ u(O_2) Śńěďőćăâěńìŋő, ďěäěłâ ňăâàĺæë

P^′(z)^{def}= P (z) ( 1 −az^k 0 1 ) (4.6)

áâàőčő ňěŋìèě ďěäěłâă ňăâàĺæë P . Ůâő ĺ âàěąőćăńőáì ďőłăğăâì.

Ŕãáâì âěŕěàì U(P ) = 0. Ŕőłăęěň, çâő ŕàěőąàăğőćăŋĺě (4.6) ŕőŋĺęăěâ ďěäěłâ ňăâàĺæë P ŕő łàăľŋěľ ňěàě ŋă ěďĺŋĺæã. Ěáńĺ d(E_2) ≤ d(O_2), âő ŕàĺćěďěŋŋëě ćëèě àăááãęďěŋĺï őáâăîâáï ć áĺńě. Řăááňőâàĺň áńãçăľ d(E_2) > d(O_2). Ŕőáłőńìłã ŕőáńě ŕàěőąàăğőćăŋĺě (4.6) ĺňěěň L(P^′) ≤ L(P ) − 1, âő ŋăň őáâăěâáï ďőłăğăâì ŋěĺğňěŋŋőáâì ćěńĺçĺŋë U(P ). Ŋěâàãďŋő ćĺďěâì, çâő u(O^′_2) = u(E_2) + k ĺ u(O^′_1) ≤ u(O_1). Šăłĺň őąàăğőň, u(E_2O^′_1) ≤ u(E_2O_1) ĺ u(E_1O^′_2) = u(E_1)+u(E_2)+k ≤ u(O_1)+u(E_2) = u(E_2O_1). Śńěďőćăâěńìŋő,

U(P^′) = max{u(E_1O^′_2), u(O^′_1E_2)} − u(Q_1Q_2) ≤ max{u(E_1O_2), u(O_1E_2)} − u(Q_1Q_2) = U(P ) = 0.

Šăłĺň őąàăğőň, D(P^′) ≤ D(P ) − 1.

Ć ğăłńîçěŋĺě ďőłăğăâěńìáâćă Šěőàěňë 1 őâňěâĺň, çâő ć áńãçăě, łőčďă d(E_1) > d(O_1) áńěďãěâ ŕàĺňěŋĺâì íńěňěŋâăàŋëľ ńĺäâĺŋč, ïćńïîéĺľáï ćěàåŋěľ âàěãčőńìŋőľ ňăâàĺæěľ.

Łăł ąãďěâ ŕőłăğăŋő ć §5, àěăńĺğăæĺï ăńčőàĺâňőć őŕĺàăîéăïáï ŋă äăłâőàĺğăæĺî, čăàăŋâĺàőćăŋŋãî Šěőàěňőľ 1, ĺňěěâ ďćãłàăâŋëľ ăáĺňŕâőâĺçěáłĺľ ćëĺčàëè ć ćëçĺáńĺâěńìŋëå ğăâàăâăå ŕàĺ äĺłáĺàőćăŋŋëå áâěŕěŋïå ğŋăňěŋăâěńěľ h(z) ĺ ~h(z) ĺ áâěŕěŋĺ åőâï ąë őďŋőčő ĺğ çĺáńĺâěńěľ, áâàěňïéěľáï ł ąěáłőŋěçŋőáâĺ, ŕàĺ ãáńőćĺĺ, çâő őąě äãŋłæĺĺ h(z) ĺ ~h(z) ĺňěîâ őąéĺľ ćĺď, â.ě. áàěďĺ łőíääĺæĺěŋâőć ĺå çĺáńĺâěńěľ ňěęďã ňăłáĺňăńìŋőľ ĺ ňĺŋĺňăńìŋőľ áâěŕěŋìî ŋěâ ŋãńěľ ĺńĺ ĺå őâŋőáĺâěńìŋő ňăńő.

Őďŋăłő ŋă ŕàăłâĺłě çăéě ćáěčő ŕàĺåőďĺâáï ĺňěâì ďěńő áő ćáŕńěáłăňĺ, łőâőàëě á âőçŋőáâìî ďő áďćĺčă ăàčãňěŋâă ïćńïîâáï çěâŋëňĺ ĺńĺ ŋěçěâŋëňĺ äãŋłæĺïňĺ. Ĺňěŋŋő âăłĺě ŕàĺňěàë ąëńĺ àăááňőâàěŋë ć §2.

Ł áőęăńěŋĺî, ďńï ŕőáńěďőćăâěńìŋőáâěľ h_n ĺ ~h_n, áĺňňěâàĺçŋëå őâŋőáĺâěńìŋő ŕőńãæěńëå âőçěł, ŋăň ŋě ãďăńőáì ŋăľâĺ ńĺäâĺŋč-àěăńĺğăæĺî, ãçĺâëćăîéãî áĺňňěâàĺî. Ćăęŋőáâì íâőľ ğăďăçĺ őçěćĺďŋă, ŕőáłőńìłã âăłĺě ŕőáńěďőćăâěńìŋőáâĺ őŕàěďěńïîâ ąăğĺáë ŋěçěâŋëå ćáŕńěáłőć (ŕàőáâěľèĺň ŕàĺňěàőň âăłĺå äãŋłæĺľ ïćńïîâáï ćáŕńěáłĺ Ţăăàă).

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 17

Řăááňőâàĺň áńãçăľ çěâŋëå ćáŕńěáłőć. Ő ćőğňőęŋőáâĺ ãçěâă áĺňňěâàĺĺ ŕàĺ àěăńĺğăæĺĺ ńĺäâĺŋč-áåěňë, łőčďă h(z) ĺ ~h(z) | ńőàăŋőćáłĺě ŕőńĺŋőňë ěáâì ãŕőňĺŋăŋĺě (ąěğ ďőłăğăâěńìáâćă) ć [3]. Šăň ęě ďńï ćáěå ŕàĺňěàőć, áőőâćěâáâćãîéĺå çěâŋőňã áńãçăî, ŕàĺćěďěŋă ńĺäâĺŋč-àěăńĺğăæĺï á ãçěâőň çěâŋőáâĺ.

Ŕàőąńěňă ğďěáì áőáâőĺâ ć âőň, çâő łőčďă h(z) = S(z)/Q(z), čďě S, Q | ńőàăŋőćáłĺě ŕőńĺŋőňë, ďńï łőâőàëå, S(1/z) = S(z), Q(1/z) = Q(z), ŕàĺ àěăńĺğăæĺĺ äőàňãń (2.8) ĺńĺ (2.9) ňőęŋő áíłőŋőňĺâì ŋă ãçěâě áĺňňěâàĺĺ çĺáńĺâěńï, ćőáŕőńìğőćăćèĺáì äőàňãńőľ

c^{−1}_k = h_0c^0_{2k} + M∑ m=1 h_m(c^0_{2k+m} + c^0_{2k−m}),

čďě 2M = d(S). Ăáĺňŕâőâĺçěáłĺ ŕàĺ ąőńìèĺå m ŕàĺ ãçěâě áĺňňěâàĺĺ łőńĺçěáâćő őŕěàăæĺľ àăćŋő 3/4 çĺáńă őŕěàăæĺľ, ŋěőąåőďĺňëå ć őąéěň áńãçăě. Ěáâěáâćěŋŋő, åőâěńőáì ąë ŕàĺ ńĺäâĺŋč-àěăńĺğăæĺĺ ďőŕőńŋĺâěńìŋő ł ďćãłàăâŋőňã ćëĺčàëèã ŕőńãçĺâì ěéě âăłőľ ęě ďőŕőńŋĺâěńìŋëľ ćëĺčàëè ć ăàĺäňěâĺçěáłĺå ğăâàăâăå.

Ĺâăł, ąãďěň áçĺâăâì, çâő őąě àăæĺőŋăńìŋëě äãŋłæĺĺ h(z) ĺ ~h(z) ĺňěîâ ŕőáńěďőćăâěńìŋőáâĺ ńőàăŋőćáłĺå łőíääĺæĺěŋâőć, áĺňňěâàĺçŋëě őâŋőáĺâěńìŋő łőíääĺæĺěŋâă á ŋãńěćëň ĺŋďěłáőň. Šőčďă ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ âő ęě ňőęŋő áłăğăâì ĺ ő ŕőńĺŋőňăå E_1, E_2, O_1, O_2 ć őąőğŋăçěŋĺïå (4.1). Šőčďă ĺňěěâ ňěáâő

Šěőàěňă 2. Ŕãáâì ŕőńĺäăğŋăï ňăâàĺæă P (z) ĺňěěâ àăæĺőŋăńìŋëě łőňŕőŋěŋâë ćĺďă

(4.1), ŕőàőęďěŋŋëě ŕőáńěďőćăâěńìŋőáâïňĺ h_n = h_{−n}, ~h_n = ~h_{−n}. Šőčďă ňăâàĺæă P (z) ĺňěěâ çěâŋëľ ďěäěłâ ĺ ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě

P (z) = P_0(z) D(P )/2∏

i=1 T^{σ(i)}(σ(i)k_i, a_i)T^{σ(i)}((−1) · σ(i)(k_i + 1), a_i) , čďě P_0(z) | ňăâàĺæă á ŋãńěćëň ďěäěłâőň, k_i ∈ N ∪ 0, a_i ∈ R, σ(i) | ŕőďåőďïéĺň őąàăğőň ćëąàăŋŋëľ ğŋăł.

Ďőłăğăâěńìáâćő âěőàěňë 2. Ŕőłăęěň áŋăçăńă, çâő ďěäěłâ ňăâàĺæë P (z) ïćńïěâáï çěâŋëň çĺáńőň. Ć áăňőň ďěńě, ĺğ áĺňňěâàĺĺ łőíääĺæĺěŋâőć ŋěâàãďŋő ŕőńãçĺâì, çâő l(E_1) = −u(E_1), l(O_1) = 1 − u(O_1), l(O_2) = −u(O_2), l(E_2) = −1 − u(E_2). Śńěďőćăâěńìŋő, l(E_1O_2) = −u(E_1O_2) ĺ l(E_2O_1) = −u(E_2O_1), łàőňě âőčő l(Q_1Q_2) = −u(Q_1Q_2). Ŕőíâőňã L(P ) = U(P ), çâő ćńěçěâ D(P ) = 2L(P ) = 2U(P ).

Šăłĺň őąàăğőň, ŋăň őáâăěâáï ŕőłăğăâì, çâő ńîąãî ňăâàĺæã P (z) á ŋěŋãńěćëň ďěäěłâőň, ãďőćńěâćőàïîéãî ãáńőćĺïň âěőàěňë 2, ňőęŋő ŕàěďáâăćĺâì ć ćĺďě

P (z) = P_1(z)T^σ (σk, a)T^σ((−1) · σ(k + 1), a),

čďě P_1 | ňăâàĺæă, âăłęě ãďőćńěâćőàïîéăï ãáńőćĺïň âěőàěňë 2.

Ŕőáłőńìłã L(P ) = U(P ) > 0, âő áőčńăáŋő Ńěňňě 1 ĺňěěň l(E_1) + l(O_2) = l(E_2) + l(O_1) ĺ u(E_1) + u(O_2) = u(E_2) + u(O_1), ŕàĺçěň őŕàěďěńĺâěńĺ ňăâàĺæ A = ( L(E_1) L(E_2) L(O_1) L(O_2) ) , B = ( U(E_1) U(E_2) U(O_1) U(O_2) )

18 Ă.Ŕ.ŔĚŠŞŢŐĆ

àăćŋë ŋãńî. Ććĺďã áĺňňěâàĺĺ ŕőáńěďőćăâěńìŋőáâěľ h_n ĺ ~h_n ĺňěěň A = B. Ććĺďã âőčő, çâő d(E_1) ĺ d(O_2) | çěâŋëě çĺáńă, ă d(O_1) ĺ d(E_2) | ŋěçěâŋëě, ĺňěěâ ňěáâő ńĺąő ćëŕőńŋěŋĺě ŋěàăćěŋáâć: ă) d(E_1) > d(O_1), d(E_2) > d(O_2), ńĺąő ćëŕőńŋěŋĺě ŋěàăćěŋáâć ą) d(E_1) < d(O_1), d(E_2) < d(O_2).

Ąãďěň áçĺâăâì, çâő áŕàăćěďńĺćë ŋěàăćěŋáâćă ă). Šőčďă, ćëąàăć a = L(E_1)/L(O_1) ĺ m = u(E_1) − u(O_1), ŕőńãçĺň, çâő ďńï ŕőńĺŋőňőć

E^′_1(z) = E_1(z) − a(z^m + z^{−m−1})O_1(z),

E^′_2(z) = E_2(z) − a(z^m + z^{−m−1})O_2(z)

áŕàăćěďńĺćë áőőâŋőèěŋĺï E^′_1(z) = E^′_1(z^{−1}), E^′_2(z) = z^{−1}E^′_2(z^{−1}), d(E^′_1) = d(E_1) − 2, d(E^′_2) = d(E_2) − 2. Šăłĺň őąàăğőň, ćğïć ć łăçěáâćě P_1(z) ňăâàĺæã, ŕőńãçăîéãîáï ĺğ P (z) ğăňěŋőľ E_1 → E^′_1, E_2 → E^′_2, ĺňěěň

P_1(z) = P (z) ( 1 0 −a(z^m + z^{−m−1}) 1 ) = P (z)T^−(m, −a)T^−(−(m + 1), −a) (4.7)

ĺńĺ P (z) = P_1(z)T^−(−(m + 1), a)T^−(m, a) = P_1(z)T^−(m, a)T^−(−(m + 1), a).

Śńãçăľ ą) àăááňăâàĺćăěâáï ăŋăńőčĺçŋëň őąàăğőň. Ďěľáâćãï âăłĺň ęě őąàăğőň, łăł ĺ ďńï áńãçăï ă), ŕőńãçĺň, çâő

P (z) = P_1(z)T^+(−m, a)T^+(m + 1, a),

čďě a = L(O_1)/L(E_1), m = l(O_1) − l(E_1), ă ňăâàĺæă P_1(z) őâńĺçăěâáï őâ P (z) ğăňěŋőľ

O_1(z) → O^′_1(z) = O_1(z) − a(z^{−m} + z^{m+1})E_1(z),

O_2(z) → O^′_2(z) = O_2(z) − a(z^{−m} + z^{m+1})E_2(z).

Šăłĺň őąàăğőň, âěőàěňă 2 ďőłăğăŋă.

§5. Ůĺáńěŋŋăï àěăńĺğăæĺï ăńčőàĺâňőć áãąŕőńőáŋőčő łőďĺàőćăŋĺï. Řăááňőâàĺň âěŕěàì àěăńĺğăæĺî ăńčőàĺâňőć àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï áĺčŋăńőć, ć őáŋőćě łőâőàőľ ńěęĺâ áåěňă ńĺäâĺŋčă. Śŋăçăńă ŕőïáŋĺň, łăłőě ŕàěĺňãéěáâćő ďăěâ äăłâőàĺğăæĺï ŕőńĺäăğŋőľ ňăâàĺæë, čăàăŋâĺàãěňăï Šěőàěňőľ 1. Ŕőáçĺâăěň áłőńìłő ăàĺäňěâĺçěáłĺå őŕěàăæĺľ (áńőęěŋĺï ĺ ãňŋőęěŋĺï) âàěąãěâáï ďńï ŕàïňőľ àěăńĺğăæĺĺ äőàňãńë. Ďńï íâőčő ćőğďěľáâćĺě ŕőńĺäăğŋőľ ňăâàĺæë P (z) ŋă áĺčŋăń ć őąőğŋăçěŋĺïå §4 ãďőąŋő ŕàěďáâăćĺâì ć ćĺďě

P (z) ( c^0_e(z^{−1}) c^0_o(z^{−1}) ) = 1 Q_1(z) 0 0 1 Q_2(z)

( E_1(z) O_1(z) E_2(z) O_2(z) ) ( c^0_e(z^{−1}) c^0_o(z^{−1}) ) . (5.1)

Ŋěâàãďŋő ćĺďěâì, çâő ŕěàćőě ňăâàĺçŋőě ãňŋőęěŋĺě ŋă áĺčŋăńìŋëľ ćěłâőà ć (5.1) ňőęěâ ąëâì àěăńĺğőćăŋő ŕàĺ ŕőňőéĺ ć áàěďŋěň ğă d(E_1) + d(O_1) + d(E_2) + d(O_2) + 3

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 19

ăàĺäňěâĺçěáłĺå őŕěàăæĺľ ŋă őďŋã áĺčŋăńìŋãî âőçłã. Ďěľáâćĺâěńìŋő, ďńï ŕőńãçěŋĺï őďŋőčő łőíääĺæĺěŋâă ć ńőàăŋőćáłőň àăğńőęěŋĺĺ ŕěàćőľ łőňŕőŋěŋâë ŋěőąåőďĺňő 2d(E_1) + 2d(O_1) + 3 őŕěàăæĺľ, ă ďńï ŕőńãçěŋĺï őďŋőčő ńőàăŋőćáłőčő łőíääĺæĺěŋâă ćâőàőľ łőňŕőŋěŋâë âàěąãěâáï 2d(E_2) + 2d(O_2) + 3 őŕěàăæĺľ.

Őáâăŋőćĺňáï ŕőďàőąŋěě ŋă àěăńĺğăæĺĺ ćâőàőčő áőňŋőęĺâěńï ŕàĺ ŕőňőéĺ ŕàĺěňă, łőâőàëľ ć àăďĺőâěåŋĺłě ŋăğëćăěâáï æĺäàőćëň àěłãàáĺćŋëň äĺńìâàőň. Ŕőáłőńìłã ďńï |a| < 1 ĺňěěň ∑ n2Z β^′_nz^{n def}= 1 1 − az ∑ n∈Z β_nz^n = ∑ n∈Z β_nz^n +∞∑ n=0 a^nz^n = ∑ n∈Z (_{+∞} ∑ k=0 β_{n−k}a^k ) z^n, (5.2) âő β^′_n = +∞∑ k=0 β_{n−k}a^k = +∞∑ k=0 β_{n−1−k}a^{k+1} + β_n = ( +∞∑ k=0 β_{n−1−k}a^k)a + β_n = β^′_{n−1}a + β_n. Ŕőńãçěŋŋăï àěłãààěŋâŋăï äőàňãńă ŋăğëćăěâáï íńěňěŋâăàŋëň àěłãàáĺćŋëň äĺńìâàőň.

Ěáńĺ ŋăľďěâáï âăłőě N, çâő β_n = 0 ŕàĺ n < N, ŕőíâőňã β^′_n = 0, ĺ àěłãàáĺćŋëľ äĺńìâà ŕőğćőńïěâ âőçŋãî àěăńĺğăæĺî äőàňãńë (5.2). Řăğãňěěâáï, ć íâőň áńãçăě ćŋãâàěŋŋïï áãňňă ć (5.2) łőŋěçŋăï ĺ ŕőâőňã ďőŕãáłăěâ âőçŋãî àěăńĺğăæĺî, őďŋăłő ăàĺäňěâĺçěáłĺě ğăâàăâë ŋă ěě àěăńĺğăæĺî ğŋăçĺâěńìŋő ćëèě ğăâàăâ, łőâőàëě âàěąãěâ àěłãàáĺćŋëľ äĺńìâà.

Ć áńãçăě, łőčďă áãéěáâćãîâ ŋěŋãńěćëě b_n á łăł ãčőďŋő ąőńìèĺňĺ őâàĺæăâěńìŋëňĺ ŋőňěàăňĺ, àěłãàáĺćŋëľ äĺńìâà ňőęěâ ąëâì àěăńĺğőćăŋ, ŋăçĺŋăï á ŋěłőâőàőčő ŋőňěàă N, ŕőíâőňã ć ěčő àěăńĺğăæĺĺ ŋěĺğąěęŋő ŕàĺáãâáâćãěâ ŕőčàěèŋőáâì, łőâőàăï ãąëćăěâ á łăęďëň èăčőň áő áłőàőáâìî čěőňěâàĺçěáłőľ ŕàőčàěááĺĺ áő ğŋăňěŋăâěńěň a. Ăŋăńőčĺçŋëň őąàăğőň őŕěàăâőà, ğăďăćăěňëľ äőàňãńőľ ∑ n2Z β^′_nz^{n def}= 1 1 − az^{−1} ∑ n∈Z β_nz^n, ňőęěâ ąëâì àěăńĺğőćăŋ ć ćĺďě íńěňěŋâăàŋőčő àěłãàáĺćŋőčő äĺńìâàă β^′_n = β^′_{n+1}a+β_n.

Ńőàăŋőćáłĺě ŕőńĺŋőňë Q_1 ĺ Q_2 ć (5.1) ňőčãâ ąëâì ŕàěďáâăćńěŋë ć ćĺďě

Q_1(z) = Az^{l1} d(Q1)∏

i=1 ( 1 − ( a_i z )_{sign (1−|ai|)}) , Q_2(z) = Bz^{l2} d(Q2)∏

i=1 ( 1 − ( b_i z )_{sign (1−|bi|)}) , čďě {a_i}, {b_i} | łőàŋĺ ŕőńĺŋőňőć Q_1 ĺ Q_2, ă ňŋőęĺâěńĺ Az^{l1} ĺ Bz^{l2} ňőęŋő ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ňőęŋő áçĺâăâì àăćŋëňĺ ěďĺŋĺæě. Ğăňěâĺň, çâő łőàŋĺ ŕőńĺŋőňőć Q_1 ĺ Q_2 ŋě ňőčãâ àăćŋïâìáï ŕő ňőďãńî ěďĺŋĺæě, â.ł. ć íâőň áńãçăě, á őďŋőľ áâőàőŋë, ã ŋăá ŕőńãçăâáï ŋěãáâőľçĺćëě äĺńìâàë, ă á ďàãčőľ áâőàőŋë, âăłĺě äãŋłæĺĺ h ĺ ~h

20 Ă.Ŕ.ŔĚŠŞŢŐĆ

ğăćěďőňő ŋě ąãďãâ áőőâćěâáâćőćăâì ŋĺłăłőľ ąĺőàâőčőŋăńìŋőľ ŕăàě ŁŇĂ. Śńěďőćăâěńìŋő, ãňŋőęěŋĺě ŋă ďĺăčőŋăńìŋãî ňăâàĺæã ć äőàňãńě (5.1) ňőęŋő àěăńĺğőćăâì ŕàĺ ŕőňőéĺ d(Q_1) + d(Q_2) íńěňěŋâăàŋëå àěłãàáĺćŋëå äĺńìâàőć. Ŕőíâőňã áàěďŋĺě ăàĺäňěâĺçěáłĺě ğăâàăâë ćáěå àěłãàáĺćŋëå äĺńìâàőć àăćŋë d(Q_1) + d(Q_2). Šăłĺň őąàăğőň, ŕőńŋëě ćëçĺáńĺâěńìŋëě ğăâàăâë ŋă ŕàïňãî àěăńĺğăæĺî äőàňãńë (5.1) áőáâăćńïîâ d(E_1)+d(O_1)+d(E_2)+d(O_2)+d(Q_1)+d(Q_2)+3 őŕěàăæĺľ ŋă őďŋã áĺčŋăńìŋãî âőçłã.

Ćëçĺáńĺâěńìŋëě ğăâàăâë ćëçĺáńěŋĺï ŋă ńĺäâĺŋč-àěăńĺğăæĺî äőàňãńë (5.1) ŕàĺćőďïâáï ć áńěďãîéěň ãâćěàęďěŋĺĺ.

Šěőàěňă 3. Ćëçĺáńĺâěńìŋëě ğăâàăâë ŋă ńĺäâĺŋč-àěăńĺğăæĺî äőàňãńë (5.1) ŋě

ŕàěćëèăîâ D(P ) + 3d(Q_1) + 3d(Q_2) + 3 őŕěàăæĺľ ŋă âőçłã.

Ğăňěçăŋĺě. Ěáńĺ h(z) ĺ ~h(z) | ńőàăŋőćáłĺě ŕőńĺŋőňë, âő ć łăçěáâćě çăáâŋőčő áńãçăï Šěőàěňë 3 ŕőńãçăěň, çâő ğăâàăâë àăćŋë D(P ) + 3, â.ě. àěğãńìâăâ, ŕőńãçěŋŋëľ ć àăąőâăå [3] ĺ [6].

Ďőłăğăâěńìáâćő âěőàěňë 3. Śőčńăáŋő âěőàěňě 1 ćőğďěľáâćĺě ŕőńĺäăğŋőľ ňăâàĺæë ć äőàňãńě (2.9) ŋă áĺčŋăńìŋëľ ćěłâőà ňőęěâ ąëâì ŕàěďáâăćńěŋő ć ćĺďě ŕàőĺğćěďěŋĺï D(P ) íńěňěŋâăàŋëå ńĺäâĺŋčőć ĺ ňăâàĺæë P_0 ŋãńěćőčő ďěäěłâă. Ćőğďěľáâćĺě łăęďőčő ńĺäâĺŋčă T^σ(k, a) ŋă áĺčŋăń áőáâőĺâ ć ãňŋőęěŋĺĺ ŕőńőćĺŋë áĺčŋăńìŋëå őâáçěâőć ŋă çĺáńő a, áďćĺčă łőőàďĺŋăâ íâĺå ęě őâáçěâőć ŋă k ŕőğĺæĺľ ĺ ďőąăćńěŋĺï àěğãńìâăâă łő ćâőàőľ ŕőńőćĺŋě őâáçěâőć. Šăłĺň őąàăğőň, áâőĺňőáâì őďŋőčő ńĺäâĺŋčă | àăćŋă őďŋőľ őŕěàăæĺĺ ŋă áĺčŋăńìŋëľ őâáçěâ (áďćĺč łőőàďĺŋăâ, łăł őąëçŋő, ŋě ćåőďĺâ ć ćëçĺáńĺâěńìŋëě ğăâàăâë. Šăłĺň őąàăğőň, ŕőńãçĺň, çâő D(P ) íńěňěŋâăàŋëå ńĺäâĺŋčőć âàěąãîâ D(P ) ăàĺäňěâĺçěáłĺå őŕěàăæĺľ.

Őąőğŋăçĺć çěàěğ E^′_1, E^′_2, O^′_1, O^′_2 çĺáńĺâěńĺ áőőâćěâáâćãîéĺå íńěňěŋâőć ňăâàĺæë P_0, ŕőńãçĺň, çâő ďńï àěăńĺğăæĺĺ ãňŋőęěŋĺï ŋă ňăâàĺæã P_0(z) âàěąãěâáï ŋě ąőńěě d(E^′_1) + d(E^′_2) + d(O^′_1) + d(O^′_2) + d(Q_1) + d(Q_2) + 3 őŕěàăæĺľ ŋă âőçłã. Ŋő ŕőáłőńìłã ňăâàĺæă P_0 ĺňěěâ ŋãńěćőľ ďěäěłâ, âő d(E^′_1) + d(O^′_2) ≤ d(Q_1) + d(Q_2) ĺ d(E^′_2) + d(O^′_1) ≤ d(Q_1) + d(Q_2), ŕőíâőňã őąéĺě ğăâàăâë őæěŋĺćăîâáï áćěàåã ćěńĺçĺŋőľ 3d(Q_1) + 3d(Q_2) + 3, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

§áŋő, çâő ĺğ Šěőàěňë 2 ďńï ńĺäâĺŋâ-áåěňë áńěďãěâ ćőğňőęŋőáâì ďőŕőńŋĺâěńìŋőčő áőłàăéěŋĺï ŋă çěâćěàâì çĺáńă ăàĺäňěâĺçěáłĺå őŕěàăæĺľ ŕàĺ ŋăńĺçĺĺ áĺňňěâàĺĺ ã ŕőáńěďőćăâěńìŋőáâěľ h_n ĺ ~h_n. Šăłăï ćőğňőęŋőáâì ŕőïćńïěâáï ĺğ-ğă âő, çâő ďńï àěăńĺğăæĺĺ łăęďőčő íńěňěŋâăàŋőčő ńĺäâĺŋčă âàěąãěâáï őďŋă őŕěàăæĺï ŋă áĺčŋăńìŋãî âőçłã, ă łăł ćĺďŋő ĺğ (4.7), łőňŕőğĺæĺï ďćãå íńěňěŋâăàŋëå ńĺäâĺŋčőć T^+(m, a) ĺ T^+(−(m + 1), a) ňőęěâ ąëâì àěăńĺğőćăŋă ğă 1.5 őŕěàăæĺľ ŋă âőçłã (3 őŕěàăæĺĺ á ŕőńőćĺŋőľ âőçěł).

§6. Ŕàĺńőęěŋĺï ł áęăâĺî ĺğőąàăęěŋĺľ

Ŋăçŋěň á ňőâĺćăæĺĺ ŕàĺňěŋěŋĺï àăááňőâàěŋŋëå âĺŕőć ćáŕńěáłőć ďńï őąàăąőâłĺ áĺčŋăńőć ĺ ĺğőąàăęěŋĺľ. Řăááňőâàĺň ŕàőáâěľèěě æĺäàőćőě ãáâàőľáâćő, ďńï àěăńĺğăæĺĺ łőâőàőčő ňőčãâ ąëâì ŕàĺňěŋěŋë ąăğĺáë ćáŕńěáłőć | íłćăńăľğěà. Ěčő ŕàěďŋăğŋăçěŋĺě | çăáâőâŋăï łőààěłæĺï áĺčŋăńă. Ŕàĺŋæĺŕ ďěľáâćĺï áőáâőĺâ ć áńěďãîéěň.

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 21

Ĺáåőďŋëľ áĺčŋăń f(t) á äĺŋĺâŋëň áŕěłâàőň (ŕàěőąàăğőćăŋĺěň Ťãàìě) ŕàěďáâăćńïěâáï ć ćĺďě áãňňë áĺčŋăńőć f_0, f_1,f_2, . . . ,f_n, ĺňěîéĺåáï ŋěŕěàěáěłăîéĺěáï áŕěłâàë àăáŕőńőęěŋŋëě áőőâćěâáâćěŋŋő ŋă ŕàőňěęãâłăå [0, ω_1], [ω_1, ω_2[, [ω_2, ω_3[, . . . [ω_n, ω_{n+1}], őąêěďĺŋěŋĺě łőâőàëå ŕőłàëćăěâ ćěáì áŕěłâà áĺčŋăńă f. Ďăńěě ŕőńãçěŋŋëě áĺčŋăńë áłńăďëćăîâáï á âàěąãěňëňĺ ćěáăňĺ α_k, çâő ďăěâ ŋă ćëåőďě ãáâàőľáâćă áĺčŋăń ~f = ∑ α_kf_k. İâă ğăďăçă ňőęěâ ąëâì àěèěŋă ŕàĺ ŕőňőéĺ Ąëáâàőčő Ŕàěőąàăğőćăŋĺï Ťãàìě. Ćëçĺáńĺâěńìŋăï áńőęŋőáâì âăłőľ ŕàőæěďãàë àăćŋă O(N log N), čďě N | çĺáńő őâáçěâőć áĺčŋăńă. §áŋő çâő ćëçĺáńĺâěńìŋăï áńőęŋőáâì ăńčőàĺâňă ňőęěâ ąëâì áőłàăéěŋă ğă áçěâ àăğąĺěŋĺï áĺčŋăńă ŋă łőàőâłĺě ãçăáâłĺ, őďŋăłő ć íâőň áńãçăě ňőčãâ ćőğŋĺłŋãâì ŕàőąńěňë, áćïğăŋŋëě áő áłńěľłőľ őâďěńìŋëå łãáłőć ŕőáńě őąàăąőâłĺ.

Őąëçŋő ŕàěďŕőńăčăěâáï, çâő âőçłĺ ω_k őąàăğãîâ ńőčăàĺäňĺçěáłãî èłăńã, â. ě. ω_{k+1}/ω_k = c, k = 1, 2, . . . , n. Ć áńãçăě, łőčďă c = 2, ãďőąŋő ćőáŕőńìğőćăâìáï ŕàěďáâăćńěŋĺěň áĺčŋăńă f ć ćĺďě áãňňë ěčő ŕàőěłæĺľ ŋă ŋěłőâőàëľ ŋăąőà ŕàőáâàăŋáâć ~V^m, ~W m, ~W m+1, . . . , ~W m+n. Čďě őŕěàăâőàë ŕàőěłâĺàőćăŋĺï ŋă ~W m+k ďőńęŋë ďőáâăâőçŋő åőàőèő ăŕŕàőłáĺňĺàőćăâì ŕőńőáőćőľ äĺńìâà, ŕàőŕãáłăîéĺľ ąěğ ĺáłăęěŋĺï čăàňőŋĺłĺ ć ĺŋâěàćăńě [ω_k, ω_{k+1}[ ĺ ŕőďăćńïîéěčő ćáě őáâăńìŋëě čăàňőŋĺłĺ. Šăłĺň őąàăğőň, ğăďăçă áćőďĺâáï ł ćëąőàã 2π-ŕěàĺőďĺçěáłőľ äãŋłæĺĺ m_0, ŕàĺąńĺęăîéěľ äãŋłæĺî χ(x) = { 1 , |x| < π/2, 0, π/2 ≤ |x| ≤ π. Ć àăąőâě Ĺ.Ďőąěèĺ [12] ąëńĺ ŋăľďěŋë ć łăłőň-âő áňëáńě őŕâĺňăńìŋëě àěèěŋĺï íâőľ ğăďăçĺ, łőčďă m_0 = ~m_0 | ŕőńĺŋőň, äĺłáĺàőćăŋŋőľ áâěŕěŋĺ. Őŕâĺňăńìŋőáâì ćëąőàă ğăłńîçăńăáì ć âőň, çâő ĺğ ŕőńĺŋőňĺăńìŋëå àěèěŋĺľ ąëńő ćëąàăŋő âő, łőâőàőě ĺňěěâ ňăłáĺňăńìŋő ŕńőáłĺľ čàăäĺł ćąńĺğĺ ŋãńï, çâő ąëńő őąěáŕěçěŋő ňăłáĺňăńìŋő ćőğňőęŋőľ łàăâŋőáâìî ŋãńï ŕàőĺğćőďŋőľ ŕőńĺŋőňă m_0 ć âőçłăå 0 ĺ ±π. Šăłőľ ćëąőà őąěáŕěçĺćăěâ ąőńìèőě ăąáőńîâŋőě ğŋăçěŋĺě ŕàőĺğćőďŋëå (âăł ŋăğëćăěňãî, łàãâĺâĺğŋã äĺńìâàă) ć âőçłăå ±π/2.

§áŋő, çâő àăæĺőŋăńìŋëě äãŋłæĺĺ ňőčãâ ŕàĺąńĺęăâì äãŋłæĺî χ áő ğŋăçĺâěńìŋő ąőńěě ćëáőłőľ áłőàőáâìî. Ňăłáĺňăńìŋő ŕńőáłãî åăàăłâěàĺáâĺłã ćąńĺğĺ ŋãńï áàěďĺ àăæĺőŋăńìŋëå äãŋłæĺľ àăćŋőľ áâěŕěŋĺ çĺáńĺâěńï ďăîâ ŕőáâàőěŋŋëě (áň., ŋăŕà., [1]) ŋă őáŋőćě äĺńìâàőć Ąãââěàćőàâă

h(z)h(z^{−1}) = 2(1 + z^{−1})^N (1 + z)^N (z^{−1} + 2 + z)^N + (−z^{−1} + 2 − z)^N

äãŋłæĺĺ m_0(ω) = ~m_0(ω) = h(e^{iω})/ √ 2. Ěáńĺ ćğïâì ďńï áàăćŋěŋĺï ąăğĺáë Ďőąěèĺ ĺ Ąãââěàćőàâă á äãŋłæĺïňĺ m_0 á őďĺŋăłőćőľ àăćŋőľ N łàăâŋőáâìî ŋãńï ć âőçłăå ±π, âő áőőâćěâáâćãîéĺě ĺň ăńčőàĺâňë àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï áĺčŋăńőć ąãďãâ ĺňěâì ŕàĺňěàŋő őďĺŋăłőćãî ćëçĺáńĺâěńìŋãî áńőęŋőáâì. Ć âő ęě ćàěňï őâŋőèěŋĺě ćěńĺçĺŋë ŕàőĺğćőďŋőľ äãŋłæĺĺ m_0 ďńï ćáŕńěáłőć Ąãââěàćőàâă ć âőçłăå ±π ŕàĺ N = 2 ł áőőâćěâáâćãîéěľ ćěńĺçĺŋě ŕàőĺğćőďŋőľ ďńï ćáŕńěáłőć Ďőąěèĺ àăćŋő 4/3, ă ŕàĺ N = 3 àăćŋő 8/5. Ŕàĺ àőáâě N àăğńĺçĺě ŕàőĺğćőďŋëå áâăŋőćĺâáï ěéě ąőńěě ğăňěâŋëň. Ěáńĺ äĺńìâà Ąãââěàćőàâă

22 Ă.Ŕ.ŔĚŠŞŢŐĆ

ŕàĺ N = 2 őąěáŕěçĺćăěâ âã ęě ŕàőĺğćőďŋãî (ďăęě ŋěňŋőčő ąőńìèãî), çâő ĺ äĺńìâà Ďőąěèĺ ŕàĺ N = 3, âő ďńï âőčő, çâőąë ŕőńãçĺâì âã ęě ŕàőĺğćőďŋãî, łőâőàãî ďăěâ äĺńìâà Ąãââěàćőàâă ŕàĺ N = 3, âàěąãěâáï ćğïâì äĺńìâà Ďőąěèĺ ŕőàïďłă 7.

Ł áőęăńěŋĺî, ŕőďőąŋőčő àőďă ŕàőáâăï ăàčãňěŋâăæĺï ŋě ňőęěâ ąëâì áěàìěğŋëň ďőćőďőň ć ŕőńìğã ŕàĺňěŋěŋĺï łăłĺå ąë âő ŋĺ ąëńő ąăğĺáőć ďńï ğăďăç áęăâĺï ĺğőąàăęěŋĺľ. Ďő ŋăáâőïéěčő ćàěňěŋĺ ŋěâ áłőńì-ŋĺąãďì őąőáŋőćăŋŋëå áőőąàăęěŋĺľ ő łőńĺçěáâćěŋŋëå åăàăłâěàĺáâĺłăå ąăğĺáőć, łőâőàëě ćńĺïîâ ŋă áâěŕěŋì áęăâĺï. Őďŋĺň ĺğ âăłĺå áćőľáâć, łőâőàőě ŕàĺćőďïâ ć ąőńìèĺŋáâćě ŕãąńĺłăæĺľ, ïćńïěâáï łàăâŋőáâì ŋãńěľ äãŋłæĺľ m(ω) ĺ ~m(ω) ć âőçłăå ±π. Ŕàĺŋïâő áçĺâăâì, çâő ãćěńĺçěŋĺě łàăâŋőáâĺ ŋãńěľ ćěďěâ ł ãćěńĺçěŋĺî ćőğňőęŋőčő łőíääĺæĺěŋâă áęăâĺï ĺğőąàăęěŋĺľ. Ŕàőćěďěŋŋőě ŋăňĺ ĺááńěďőćăŋĺě, àěğãńìâăâë łőâőàőčő ŕàĺćőďïâáï ŋĺęě, ć őŕàěďěńěŋŋőľ ňěàě őŕàőćěàčăîâ íâő ãâćěàęďěŋĺě.

Ŋăňĺ ąëńő ŕàőćěďěŋő çĺáńěŋŋőě ňőďěńĺàőćăŋĺě, ŕőğćőńïîéěě áàăćŋĺâì ąăğĺáë, őŕĺáăŋŋëě ć §3, ĺ ńãçèĺě ąĺőàâőčőŋăńìŋëě ŕăàë ąăğĺáőć á łőňŕăłâŋëňĺ ŋőáĺâěńïňĺ ŋă ŕàěďňěâ ĺå íääěłâĺćŋőáâĺ ďńï áęăâĺï ĺğőąàăęěŋĺľ.

Ćáě ĺááńěďőćăŋĺï ŕàőćőďĺńĺáì ďńï 8-ąĺâŋëå (256 őââěŋłőć áěàőčő) ĺğőąàăęěŋĺľ. Ĺğőąàăęěŋĺě łăł äãŋłæĺï ďćãå ŕěàěňěŋŋëå ŕěàĺőďĺğĺàőćăńőáì ŕàĺ ŕőňőéĺ ğěàłăńìŋőčő ŕàőďőńęěŋĺï ğă áćőĺ łàăï, ă ğăâěň ŕàěďáâăćńïńőáì ć ćĺďě łőíääĺæĺěŋâőć àăğńőęěŋĺï ŕő ąăğĺáăň ćáŕńěáłőć, ïćńïîéĺåáï âěŋğőàŋëň ŕàőĺğćěďěŋĺěň (áň., ŋăŕà, [4, Čńăćă 10]) őďŋőňěàŋëå ąăğĺáőć.

Ŕőńãçěŋŋëě łőíääĺæĺěŋâë łőďĺàőćăńĺáì ăńčőàĺâňőň SPIHT [13] ąěğ ďőŕőńŋĺâěńìŋőčő ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï. Ďńï ćőááâăŋőćńěŋĺï ĺğőąàăęěŋĺï ąàăńáï ŋăçăńìŋëľ ãçăáâőł łőďă, âàěąãěňőľ ďńĺŋë. Ćőááâăŋőćńěŋĺě ŕàőćőďĺńőáì ŕő őâàěğłăň łőďă, àăćŋëň őâ 1/10 ďő 1/150 ďńĺŋë äăľńă, ŋěőąåőďĺňőčő ďńï ğăŕĺáĺ ĺğőąàăęěŋĺï ć áâăŋďăàâŋőň äőàňăâě, âàěąãîéěň 1 ąăľâ ŋă ŕĺłáěńì.

Łàĺâěàĺěň łăçěáâćă ćőááâăŋőćńěŋŋőčő ĺğőąàăęěŋĺï ąëńő ćğïâő ĺğňěàïěňőě ć ďěæĺąěńńăå ŕĺłőćőě őâŋőèěŋĺě áĺčŋăń/èãň (PSNR), őŕàěďěńïěňőě äőàňãńőľ

P SNR = 10 lg 255 2 ∑_N i=1 ∑_M j=1 |x_{ij} − ~x_{ij} |^2 , čďě x_{ij} , ~x_{ij} | æěńëě çĺáńă ć ŕàěďěńăå őâ 0 ďő 255, őŕàěďěńïîéĺě ćěńĺçĺŋã ĺŋâěŋáĺćŋőáâĺ ŕĺłáěńï á łőőàďĺŋăâăňĺ (i, j) áőőâćěâáâćěŋŋő ďńï őàĺčĺŋăńìŋőčő ĺ ďńï ćőááâăŋőćńěŋŋőčő ĺğőąàăęěŋĺï.

Śàěďĺ ĺááńěďőćăŋŋëå ŋăňĺ ąăğĺáőć, ăááőæĺĺàőćăŋŋëå á àěłãàáĺćŋëňĺ äĺńìâàăňĺ ńãçèĺě àěğãńìâăâë ďńï áęăâĺï ďăńă ąĺőàâőčőŋăńìŋăï ŕăàă

h(z) = 1 + z √ 2 , g(z) = z^{−3} − 3z^{−2} + 3z^{−1} − 1 4 √ 2 , ~h(z) = (1 + α)^2 4 √ 2 z^{−1} + 3 + 3z + z^2 (1 + αz^2)(1 + αz^{−2}) , ~g(z) = (1 + α)^2√ 2 −z^{−2} + z^{−1} (1 + αz^2)(1 + αz^{−2}) ,

ĄĹŐŘŠŐČŐŊĂŃĲŊŻĚ ĄĂĞĹŚŻ ĆŚŔŃĚŚŁŐĆ Ś ŘĂŰĹŐŊĂŃĲŊŻŇĹ ŇĂŚŁĂŇĹ 23

čďě α = 3 − 2 √ 2. Šăłăï ŕăàă ŕőğćőńïěâ ďőáâĺçì ŕàĺňěàŋő âěå ęě łőíääĺæĺěŋâőć áęăâĺï, çâő ĺ ńãçèĺě ĺğ ĺğćěáâŋëå ąăğĺáőć á łőŋěçŋëňĺ ňăáłăňĺ (ŋăŕàĺňěà, 9/7- ćáŕńěáłĺ ĺğ [2]). Řăğńĺçĺě ćěńĺçĺŋë PSNR ďńï ŕàĺćěďěŋŋőľ ŕăàë ĺ 9/7-ąăğĺáőć ďńï ŕőďăćńïîéěčő çĺáńă ĺğőąàăęěŋĺľ ŋăåőďĺâáï ć ŕàěďěńăå ±0.3 dB. Őďŋăłő ŋăè ăńčőàĺâň ĺňěěâ ğŋăçĺâěńìŋőě ŕàěĺňãéěáâćő ć ćëçĺáńĺâěńìŋëå ğăâàăâăå.

Śâăŋďăàâŋëľ ŕĺàăňĺďăńìŋëľ ăńčőàĺâň àăğńőęěŋĺï őďŋőňěàŋőčő áĺčŋăńă ŕő 9/7- ąăğĺáăň ĺňěěâ áńőęŋőáâì 14 őŕěàăæĺľ (áň. [3]) áńőęěŋĺï ĺ ãňŋőęěŋĺï ŋă áĺčŋăńìŋëľ őâáçěâ. Śâőńìłő ęě őŕěàăæĺľ âàěąãěâáï ŋă ćőááâăŋőćńěŋĺě áĺčŋăńă ŕő ĺğćěáâŋëň łőíääĺæĺěŋâăň. Ňë ŕőłăęěň, çâő ŋăè ăńčőàĺâň ňőęěâ ąëâì àěăńĺğőćăŋ ğă 7 őŕěàăæĺľ ŋă őďĺŋ áĺčŋăńìŋëľ őâáçěâ ŕàĺ àăğńőęěŋĺĺ őďŋőňěàŋőčő áĺčŋăńă ŕő ąăğĺáã ĺ ğă 11 őŕěàăæĺľ ŋă őâáçěâ ŕàĺ ćőááâăŋőćńěŋĺĺ.

Śâăŋďăàâŋăï àěăńĺğăæĺï àăğńőęěŋĺï ĺğőąàăęěŋĺï ŕő ďćãňěàŋëň ąăğĺáăň ćáŕńěáłőć, ğăłńîçăěâáï ć ŕőáńěďőćăâěńìŋőľ àěăńĺğăæĺĺ őďŋőňěàŋëå ăńčőàĺâňőć áŋăçăńă ŕő áâàőłăň ĺğőąàăęěŋĺï, ă ğăâěň | ŕő áâőńąæăň. Šăłĺň őąàăğőň, áőőâŋőèěŋĺï ćëçĺáńĺâěńìŋëå ğăâàăâ ďńï àăğŋëå ąăğĺáőć áőåàăŋïîâáï ŕàĺ ŕěàěåőďě ł ďćãňěàŋëň ăńčőàĺâňăň.

Ŕőńĺäăğŋëě ňăâàĺæë ăńčőàĺâňőć àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï ĺňěîâ ćĺď

P (z) = 1√ 2 ( 1 z −^{3z} �1_{−14 z}�1_{+34} ) , ~P (z) =

(1 + α)^2 √ 2(1 + αz^{−1})(1 + αz)

(_{3+z} 4 1+3z 4 −z^{−1} 1 ) , çâő ŋě ŕőğćőńïěâ ŋăŕàïňãî ćőáŕőńìğőćăâìáï àěğãńìâăâăňĺ §4 ďńï àěăńĺğăæĺĺ ăńčőàĺâňőć àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï. Ğăňěâĺň, çâő ŕàĺçĺŋă íâőčő ŋě ć âőň, çâő ňăâàĺæë P (z) ĺ ~P (z) ććĺďã ŕěàěąàőáłĺ ŕőńĺŋőňă ĺğ ğŋăňěŋăâěńï ćâőàőľ áâàőçłĺ ňăâàĺæë P ć ğŋăňěŋăâěńì ćâőàőľ áâàőçłĺ ňăâàĺæë ~P ĺňěîâ őâńĺçŋëě őâ ěďĺŋĺæë őŕàěďěńĺâěńĺ, ă ć âőň, çâő ěéě ďő ŕěàěňěéěŋĺï ŕőńĺŋőňă ĺáåőďŋëě ňăâàĺæë ĺňěńĺ ŋãńěćëě ďěäěłâë, çâő ďěńăěâ ąěááňëáńěŋŋëň ŕàĺňěŋěŋĺě Šěőàěňë 1. Šăłĺň őąàăğőň, ćěàőïâŋő, ŕàĺ àěăńĺğăæĺĺ őďŋőňěàŋőčő ăńčőàĺâňă ďěłőňŕőğĺæĺĺ áâ«őĺâ ĺáŕőńìğőćăâì ŕàïňãî äőàňã ăńčőàĺâňă àăğńőęěŋĺï (ąěğ ŕěàěåőďă ł ŕőńĺäăğŋőľ ňăâàĺæě), łőâőàăï á ãçěâőň áĺňňěâàĺĺ äĺńìâàőć âàěąãěâ 7 őŕěàăæĺľ ŋă áĺčŋăńìŋëľ őâáçěâ.

Ůâő łăáăěâáï ăńčőàĺâňă ćőááâăŋőćńěŋĺï, âő ŋěáňőâàï ŋă ŕàĺćěďěŋŋëľ ćëèě ăàčãňěŋâ, ŋăň ãďăńőáì ŋăľâĺ ńĺäâĺŋč-äăłâőàĺğăæĺî

~P (z) = ( 1^{1+3z}_4 0 1 ) ( √ 2 0 0^{(1+α)2}√_2 ) ( 1 0 0^1

(1+αz�1)(1+αz) ) ( 1 0 −z^{−1} 1 ) . Őâáîďă ćĺďŋő, ćëçĺáńĺâěńìŋëě ğăâàăâë âăłőčő ăńčőàĺâňă àăćŋë 11 őŕěàăæĺĺ ŋă áĺčŋăńìŋãî âőçłã. Ğăňěâĺň, çâő ŕàïňăï äőàňă àěăńĺğăæĺĺ ăńčőàĺâňă ćőááâăŋőćńěŋĺï âàěąãěâ 15 őŕěàăæĺľ ŋă âőçłã.

Ć ğăłńîçěŋĺě ňë őâňěâĺň, çâő àăááňőâàěŋŋëě ć íâőň ŕăàăčàăäě äĺńìâàë h(z) ĺ ~h(z) ďěľáâćĺâěńìŋő ŕőàőęďăîâ ąĺőàâőčőŋăńìŋãî ŕăàã ąăğĺáőć ŕàőáâàăŋáâćă L2(R). Ł áőęăńěŋĺî, ŋăň ŋěĺğćěáâěŋ áłőńì-ŋĺąãďì őąéĺľ àěğãńìâăâ, ĺğ łőâőàőčő ŋěŕőáàěďáâćěŋŋő áńěďőćăń ąë ďăŋŋëľ äăłâ. Őďĺŋ ĺğ ŕěàćëå àěğãńìâăâőć ő ďőáâăâőçŋőň ãáńőćĺĺ áãéěáâćőćăŋĺï őàâőčőŋăńìŋőčő ąăğĺáă ćáŕńěáłőć, áőőâćěâáâćãîéěčő ŋěłőâőàőňã äĺńìâàã h(z) = ~h(z), ãďőćńěâćőàïîéěčő ãàăćŋěŋĺî (2.7), ŕàĺŋăďńěęĺâ Ś.Ňăńńă [14].

24 Ă.Ŕ.ŔĚŠŞŢŐĆ

Ţőâï ňë ĺňěěň ďěńő á ąĺőàâőčőŋăńìŋëňĺ ŕăàăňĺ h ĺ ~h ĺ ŋě ňőęěň ćőáŕőńìğőćăâìáï ãŕőňïŋãâëň ďőáâăâőçŋëň ãáńőćĺěň, őďŋăłő ććĺďã ŕőńőęĺâěńìŋőáâĺ ć ŋăèěň áńãçăě äãŋłæĺľ m_0 ĺ ~m_0 ŋă ĺŋâěàćăńě (−π, π) ďőłăğăâěńìáâćő Ňăńńă ŕàőåőďĺâ ąěğ áãéěáâćěŋŋëå ĺğňěŋěŋĺľ ĺ ďńï ŋăèěľ ŕăàë àěłãàáĺćŋëå äĺńìâàőć.

Ńĺâěàăâãàă

1. Herley C., Vetterli M., Wavelets and recursive ˛lter banks IEEE Trans. on Signal Proc. 41 (1993), no. 8, 2536 { 2556.

2. Cohen A., Daubechies I., and Feauveau J.-C., Biorthogonal bases of compactly supported wavelets Commun. Pure Appl. Math. 45 (1992), 485 { 560.

3. Daubechies I., Sweldens W., Factoring wavelet transforms into lifting steps, J. Fourier Anal. Appl. 4 (1998), no. 3, 247 { 269.

4. Daubechies I., Ten Lectures on Wavelets, SIAM, Philadelphia, 1992.

5. Cohen A., Daubechies I., Nonseparable biorthogonal bases, Rev. Mat. Iberoam. 9 (1993), no. 1, 51 { 137.

6. Borac S., Seiler R., Loop group factorization of biorthogonal wavelet bases (1997), Report. 7. Strang G., Nguyen T.Q., Wavelets and Filter Banks, Wellesley-Cambridge Press, 1996. 8. Ŕěâãåőć Ă.Ŕ., Ŕěàĺőďĺçěáłĺě ćáŕńěáłĺ, Ňăâěňăâĺçěáłĺľ áąőàŋĺł 188 (1997), no. 10, 69 { 94. 9. Ŕěâãåőć Ă.Ŕ., Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ ĺ ćáŕńěáł-àăğńőęěŋĺï ŕàőáâàăŋáâć ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ, Ďőłń. ŘĂŊ 356 (1997), no. 2, 303 { 306.

10. Ŕěâãåőć Ă.Ŕ., Ŕěàĺőďĺçěáłĺě ďĺáłàěâŋëě ćáŕńěáłĺ, Ăńčěąàă ĺ ăŋăńĺğ 8 (1996), no. 3, 151 { 183. 11. Skopina M.A., Multiresolution analysis of periodic functions, East Journal on Approximation 3 (1997), no. 2, 203 { 224.

12. Daubechies I., Orthogonal bases of compactly supported wavelets, Comm. Pure and Appl. Math. 41 (1988), 909 { 996.

13. Pearlman W., Said A., A new fast and e‹cient image codec based on set partitioning in hierarchical trees, IEEE Trans on Circuits and Systems for Video Tech. 6 (1996).

14. Mallat S., Multiresolution approximations and wavelet orthonormal bases of L^2(R), Trans. of the Amer. Math. Soc. 315 (1989), no. 1, 69 { 87.

15. Meyer F.G., Averbuch A., Str-omberg J.-O., Fast adaptive wavelet packet image compression (1998), Report.