ŔĚŘĹŐĎĹŮĚŚŁĹĚ ĆŚŔŃĚŚŁĹ^1

Ă.Ŕ.Ŕěâãåőć

Ďăŋë őŕàěďěńěŋĺï łàăâŋőňăáèâăąŋőčő ăŋăńĺğă (ŁŇĂ) ĺ ćáŕńěáł-ďěłőňŕőğĺæĺĺ èĺàőłőčő łàãčă łćăğĺąăŋăåőćëå ŕàőáâàăŋáâć ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ. Ĺááńěďőćăŋë íńěňěŋâăàŋëě áćőľáâćă ŁŇĂ. Ŕàěďáâăćńěŋë íłőŋőňĺçŋëě ăńčőàĺâňë àăğńőęěŋĺï äãŋłæĺľ ŕő ćáŕńěáłăň ĺ ĺå ćőááâăŋőćńěŋĺï.

§0. Ććěďěŋĺě

Ňë àăááňőâàĺň őąéĺľ ŕőďåőď ł őŕàěďěńěŋĺî Łàăâŋőňăáèâăąŋőčő ăŋăńĺğă (ŁŇĂ) {V^j}^∞_{j=0} èĺàőłőčő łàãčă łćăğĺąăŋăåőćëå ŕàőáâàăŋáâć ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ (őąőąéěŋŋëå äãŋłæĺľ). Ŋěáňőâàï ŋă âő, çâő ąőńìèĺŋáâćő ĺğćěáâŋëå ŁŇĂ ŕàőáâàăŋáâćă L^2 ãďőćńěâćőàïîâ ŋăèěňã őŕàěďěńěŋĺî, őŋő ŋě áőćŕăďăěâ á ĺğćěáâŋëňĺ (áň., ŋăŕà., [10], [15], [17], [18]) ďăęě ďńï áńãçăï L^2. Ŋăèĺ âàěąőćăŋĺï ł ŁŇĂ ŋěáłőńìłő ąőńěě ęěáâłĺě. Řěğãńìâăâőň ïćńïěâáï ćőğňőęŋőáâì őďŋőğŋăçŋőčő ćőááâăŋőćńěŋĺï ŁŇĂ ŕő ńîąőňã ĺğ ŕàőáâàăŋáâć V^j . Šăłĺň áćőľáâćőň őąńăďăîâ ŕěàĺőďĺğăæĺĺ ŕàăłâĺçěáłĺ ćáěå "łńăááĺçěáłĺå" ŁŇĂ ŕàőáâàăŋáâćă L^2 (áň., ŋăŕà, [4], [9]). Ŋăň ĺğćěáâŋő âőńìłő ďćă ŕàĺňěàă ŁŇĂ (Ĺ.Ňěľěà [9, á.22] ĺ Ů.Ůãĺ, Ţ.Ňăáłăà [2]), ŋě őąńăďăîéĺå íâĺň áćőľáâćőň, ă ğŋăçĺâ, ŋě ŕőŕăďăîéĺå ŕőď ŋăèě őŕàěďěńěŋĺě.

Ć §1 ňë ććőďĺň áŕěæĺăńìŋëľ łńăáá łćăğĺąăŋăåőćëå ŕàőáâàăŋáâć H. Ĺňěŋŋő ďńï íâĺå ŕàőáâàăŋáâć ňë ććőďĺň ŕőŋïâĺě ŁŇĂ. Ğăňěâĺň, çâő ąőńìèĺŋáâćő łńăááĺçěáłĺå ŕàőáâàăŋáâć àăáŕàěďěńěŋĺľ (âăłĺå łăł ŕàőáâàăŋáâćă Ńěąěčă ĺ Ţăàďĺ, ŕàőáâàăŋáâćă Ąěáőćă|Ńĺğőàłĺŋă|Šàĺąěńï, ŕàőáâàăŋáâćă Őàńĺçă, ŕàőáâàăŋáâćő łőŋěçŋëå ąőàěńěćáłĺå ňěà ĺ ňŋőčĺě ďàãčĺě) ŕàĺŋăďńěęăâ H.

Ŕőáłőńìłã łăęďőě ĺğ ŕàőáâàăŋáâć {V^j } ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă 2π/2^j, âő ïáŋő, çâő ąăğĺáë, áőáâőïéĺě ĺğ áőąáâćěŋŋëå äãŋłæĺľ őŕěàăâőàă áőőâćěâáâćãîéěčő áďćĺčă, ĺňěîâ ŕěàćőáâěŕěŋŋőě ğŋăçěŋĺě ŕàĺ ĺğãçěŋĺĺ íâĺå ŕàőáâàăŋáâć. Ňë ŋăľďěň őŕĺáăŋĺě ŕàőáâàăŋáâć V^j çěàěğ àăğńőęěŋĺě ĺå íńěňěŋâőć ŕő ďăŋŋëň ąăğĺáăň. Ć çăáâŋőáâĺ, ąãďěâ ďăŋő ŕőńŋőě őŕĺáăŋĺě ćáěå ćőğňőęŋëå ŁŇĂ ńîąőčő ĺğ ŕàőáâàăŋáâć X ∈ H.

Ć §2 ňë ďăěň őŕàěďěńěŋĺě ćáŕńěáł-ŕàőáâàăŋáâć ŕàőĺğćőńìŋőčő ŁŇĂ ŕàőáâàăŋáâćă X ∈ H. Ćáŕńěáłàăğńőęěŋĺě ŕàőáâàăŋáâćă X ŕőàőęďăěâáï ďćőľáâćěŋŋëň ŁŇĂ ŕàőáâàăŋáâćă őčàăŋĺçěŋŋëå őŕěàăâőàőć áćěàâłĺ, ďěľáâćãîéĺå ĺğ X ć L^∞.

Ć §3 àăááňőâàěŋë ďćă çĺáńěŋŋëå ăńčőàĺâňă àăğńőęěŋĺï äãŋłæĺľ ŕő ćáŕńěáłăň ĺ ĺå ćőááâăŋőćńěŋĺï. Ŕěàćëľ ĺğ ŋĺå őáŋőćăŋ ŋă ŕěàěåőďě ć çăáâőâŋãî őąńăáâì. Śńőęŋőáâì íâőčő ăńčőàĺâňă ďńï äãŋłæĺĺ f ∈ V^j ĺňěěâ ŕőàïďőł O(j2^j ). Ćâőàőľ ăńčőàĺâň ŕàĺňěŋĺň âőńìłő ďńï áńãçăï, łőâőàëľ ďńï ŋěŕěàĺőďĺçěáłĺå ŁŇĂ áőőâćěâáâćãěâ ŋăńĺçĺî (ćőőąéě čőćőàï, ŋěőàâőčőŋăńìŋëå) ąăğĺáőć áďćĺčőć á łőňŕăłâŋëň ŋőáĺâěńěň. Śńőęŋőáâì âăłőčő ăńčőàĺâňă àăćŋă O(σ2^j), čďě σ | àăğňěà ŋőáĺâěńï.

Ć §4 ňë ŕőłăęěň, çâő ć łăęďőň ŁŇĂ ŋăľďěâáï ňŋőčő ąăğĺáőć áďćĺčőć, ĺňěîéĺå ňăáèâăąĺàãîéĺě ãàăćŋěŋĺï á łőŋěçŋőľ ňăáłőľ. Ďńï âăłĺå ąăğĺáőć ňë áâàőĺň ăńčőàĺâňë, łőâőàëě ňőčãâ ąëâì àěăńĺğőćăŋë łăł áćěàâłĺ á łőŋěçŋëň őłŋőň àăğňěàă, ŋě ŕàěćëèăîéěčő łőńĺçěáâćă íńěňěŋâőć ňăáłĺ.

§1. Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ ŕàőáâàăŋáâć ŕěàĺőďĺçěáłĺå äãŋłæĺľ ĺ àăáŕàěďěńěŋĺľ.

Őąőğŋăçĺň çěàěğ D ŕàőáâàăŋáâćő 2π-ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ. Ŋăŕőňŋĺň ŋěłőâőàëě őáŋőćŋëě áćőľáâćă àăáŕàěďěńěŋĺľ. Ŕőńŋőě ŕőáâàőěŋĺě âěőàĺĺ ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ ŕàĺćőďĺâáï,

1Paąőâă ćëŕőńŋěŋă ŕàĺ ŕőďďěàęłě ŘŤŤĹ čàăŋâ N 97-01-00443 Ňăâěňăâĺçěáłĺľ áąőàŋĺł 188(1997), N 10, 69 { 94.

Typeset by AMS-TEX 1

ŋăŕàĺňěà, ć [7]. Řăáŕàěďěńěŋĺï ňőčãâ àăááňăâàĺćăâìáï ńĺąő łăł őčàăŋĺçěŋŋëě ńĺŋěľŋëě äãŋłæĺőŋăńë, ďěľáâćãîéĺě ŋă ŕàőáâàăŋáâćě ąěáłőŋěçŋőďĺääěàěŋæĺàãěňëå äãŋłæĺľ C^∞ , ńĺąő łăł äőàňăńìŋëě âàĺčőŋőňěâàĺçěáłĺě àïďë f(x) = +∞∑ n=−∞ c_ne^{inx}, á ŕőáńěďőćăâěńìŋőáâïňĺ łőíääĺæĺěŋâőć Ťãàìě ^f (n)^{def}= c_n, ĺňěîéĺňĺ ŋě ąőńěě çěň áâěŕěŋŋőľ àőáâ. Śćěàâłă àăáŕàěďěńěŋĺľ f ĺ g őŕàěďěńïěâáï ŕő äőàňãńě f ∗ g (x)^{def}= ∑_{+∞} n=−∞ ^f (n)^g(n) exp(inx). Ůěàěğ f_r ňë őąőğŋăçĺň áćěàâłã f á ïďàőň Ŕãăááőŋă P_r,

f_r (x) = f ∗ P_r (x) = +∞∑ n=−∞ c_nr^{|n|}e^{inx}. Ŕãáâì X ⊂ D | łćăğĺąăŋăåőćő ŕàőáâàăŋáâćő. Ůěàěğ M (X, L^∞) ňë őąőğŋăçĺň ŕàőáâàăŋáâćő őčàăŋĺçěŋŋëå őŕěàăâőàőć áćěàâłĺ (âőçŋěě, ïďěà âăłĺå őŕěàăâőàőć), ďěľáâćãîéĺå ĺğ X ć L^∞.

Őŕàěďěńěŋĺě 1. Ůěàěğ H ňë őąőğŋăçĺň łńăáá łćăğĺąăŋăåőćëå ŕàőáâàăŋáâć X á łćăğĺŋőàňőľ ‖ • | X ‖,

ãďőćńěâćőàïîéĺå áńěďãîéĺň ãáńőćĺïň:

a) C^∞ ⊂ X ⊂ D;

b) ‖ f | X ‖ = sup_{r<1} ‖ f_r | X ‖ ďńï ńîąőčő f ∈ X;

c) X ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő ğăňěŋ ŕěàěňěŋŋëå x → ±x + τ ĺ x → 2x, ă âăłęě őâŋőáĺâěńìŋő ğăňěŋë x → x/2 ďńï π-ŕěàĺőďĺçěáłĺå äãŋłæĺľ;

d) X ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő ŕőâőçěçŋőčő ãňŋőęěŋĺï ŋă äãŋłæĺĺ exp(inx), n ∈ Z; e) f ∈ X ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă —f ∈ X.

Ďăńěě ňë ąãďěň ĺğãçăâì ńĺèì ŕàőąńěňë áåőďĺňőáâĺ, ă ŋě ěě áłőàőáâĺ. Ŕőíâőňã ňë ňőęěň ŕőńăčăâì, çâő ŋőàňë ćáěå ŕàőáâàăŋáâć X ∈ H ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő áďćĺčőć ăàčãňěŋâă ĺ łőňŕńěłáŋőčő áőŕàïęěŋĺï. Ć ŕàőâĺćŋőň áńãçăě, áőčńăáŋő áćőľáâćăň c) ĺ e) ňë ňőęěň ćëŕőńŋĺâì ŕőďåőďïéãî ŕěàěŋőàňĺàőćłã.

Ć [11] ĺ [12] ňë ććěńĺ łńăáá ŕàőáâàăŋáâć àăáŕàěďěńěŋĺľ H, łőâőàëľ ćěáìňă ąńĺğőł ł łńăááã H. Ŕő łàăľŋěľ ňěàě íâĺ łńăááë ĺňěîâ ňŋőčő őąéĺå áćőľáâć. Śäőàňãńĺàãěň ŋěłőâőàëě ĺğ áćőľáâć ŕàőáâàăŋáâć ĺğ H.

Ŕãáâì X ∈ H, âőčďă çěàěğ^∘X (ĺńĺ X^∘) őąőğŋăçĺň ŕőŕőńŋěŋĺě ŕàőáâàăŋáâćă C^∞ ŕő łćăğĺŋőàňě ŕàőáâàăŋáâćă X; �_{X def} = { f ∈ D^| sup_{r<1} ‖ fr | X ‖ < ∞^} ; [X]^{def}= { Y ∈ H^{| ∘}X ⊂ Y ⊂ �_X^}_.

Ŋěâàãďŋő ŕőłăğăâì, çâő őŕěàăæĺï [•] àăğąĺćăěâ H ŋă łńăááë íłćĺćăńěŋâŋőáâĺ. Łăł őąëçŋő, çěàěğ X^∗ őąőğŋăçĺň ŕàőáâàăŋáâćő ŋěŕàěàëćŋëå ńĺŋěľŋëå äãŋłæĺőŋăńőć ŋă X.

Ć ďăńìŋěľèěň çěàěğ ⟨f, g⟩ ňë ąãďěň őąőğŋăçăâì ğŋăçěŋĺě ńĺŋěľŋőčő äãŋłæĺőŋăńă g ∈ X^∗ ŋă àăáŕàěďěńěŋĺĺ f ∈ X.

Ţőàőèő ĺğćěáâŋő, çâő ć áńãçăě X = C^∞ ňë ňőęěň ŕőńăčăâì

⟨f, g⟩^{def}= f(•) ∗ —g(−•)(0) = +∞∑ n=−∞ ^f (n)—^g(n), (1.1)

čďě àïď ăąáőńîâŋő áåőďĺâáï. Ňë ŕőłăęěň, çâő âă ęě äőàňãńă ŕàĺňěŋĺňă ďńï ŕàőĺğćőńìŋőčő ŕàőáâàăŋáâćă X =^∘X. Ŕàĺ íâőň àïď ć (1.1) ŋě áåőďĺâáï ăąáőńîâŋő, ŋő ňë ňőęěň ŕàőáãňňĺàőćăâì ěčő ňěâőďőň Ăąěńï | Ŕãăááőŋă.

Śŋăçăńă ňë ŕőłăęěň, çâő ‖ f − f_r | X ‖ → 0 ŕàĺ r → 1. Ćőğìňěň ŕàőĺğćőńìŋőě ε > 0. Šőčďă ŋăľďěâáï âăłăï äãŋłæĺï h ∈ C^∞ , çâő ‖ f − h | X ‖ < ε/3. Ŕőáłőńìłã h_r → h ŕàĺ r → 1 ć âőŕőńőčĺĺ ŕàőáâàăŋáâćă C^∞ , âő ďńï r, ďőáâăâőçŋő ąńĺğłőčő ł 1, ĺňěěň ‖ h_r − h | X ‖ < ε/3. Ğŋăçĺâ, ‖ f − f_r | X ‖ ≤ C(‖ f − h | X ‖ + ‖ h − h_r | X ‖ + ‖ h_r − f_r | X ‖) ≤ C ( ε/3 + ε/3 + sup_{r<1} ‖ (h − f) ∗ P_r | X ‖ ) = Cε, čďě, ćőőąéě čőćőàï, C ≠ 1, ŕőáłőńìłã X ŋě ąăŋăåőćő, ă âőńìłő łćăğĺąăŋăåőćő ŕàőáâàăŋáâćő.

Šăłĺň őąàăğőň, ⟨f, g⟩ = lim_{r→1}⟨f_r , g⟩, çâő ĺ âàěąőćăńőáì.

Őçěćĺďŋő, ăŋăńőčĺçŋëň őąàăğőň ňőęŋő ďőłăğăâì, çâő ‖ f(•) − f(• + τ ) | X ‖ → 0 ŕàĺ τ → 0. ďńï ńîąőčő f ∈^∘X. Ć çăáâŋőáâĺ, őâáîďă áńěďãěâ, çâő ďńï g ∈ X^{∘∗} äãŋłæĺï f ∗ g ŋěŕàěàëćŋă.

Śćőľáâćő 1. Ŕãáâì X ∈ H, Y ∈ [X]. Šőčďă M (Y, L^∞) = (^∘X)^∗ ∈ H.

Ğăňěçăŋĺě. Ńěčłő ďőłăğăâì, çâő ěáńĺ X ∈ H, âő ňŋőęěáâćő łőňŕăłâŋëå őŕěàăâőàőć áćěàâłĺ, ďěľáâćãîéĺå ĺğ X ć L^∞, áőćŕăďăěâ á (^∘X)^{∗∘}.

Ďőłăğăâěńìáâćő Śćőľáâćă 1. Ŕãáâì f ∈ X, T_τ [f](•) = f(τ − •), g ∈ (^∘X)^∗, âőčďă

‖f ∗ g‖_∞ = sup_{r<1} ‖f ∗ g ∗ P_r ‖_∞ = sup_{r<1} sup_x | ∑ n∈Z^{^fr (n)^g(n)einx|} = sup_{r<1} sup_x | ∑ n∈Z^{—^f r (n)—^g(n)e−inx| = sup}r<1^{supx |⟨Tx[fr], g⟩|} ≤ sup_{r<1} ‖ f_r | X ‖ · ‖ g | (^∘X)^∗ ‖ ≤ ‖ f | X ‖ · ‖ g | (^∘X)^∗ ‖. Őąàăâŋő, ŕãáâì g ∈ M (X, L^∞), h ∈ C^∞ . Šőčďă ĺňěěň |⟨h, g⟩| = | | | | ∑ n∈Z^{^h(n)—^g(n)| = |∑}n∈Z^{—^h(n)^g(n)| = |—h(−•) ∗ g(•)(0)|}_{≤ ‖—h(−•) ∗ g(•)‖∞ ≤ ‖ h | X ‖ · ‖ g | M (X, L∞ ‖.} Ğŋăçĺâ, ććĺďã ŕńőâŋőáâĺ C^∞ ć^∘X ŕőńãçĺň ‖ g |^∘X ‖ ≤ ‖ g | M (X, L^∞) ‖. Šěŕěàì ŕőłăęěň, çâő M (X, L^∞) ∈ H. Ćńőęěŋĺï C^∞ ⊂ M (X, L^∞) ⊂ D őçěćĺďŋë. Ďőłăęěň ćëŕőńŋěŋĺě áćőľáâćă b) ŕàőáâàăŋáâć H.

Ś őďŋőľ áâőàőŋë,

‖ g | M (X, L^∞) ‖ = sup { ‖f ∗ g‖_∞ | | f ∈^∘X, ‖ f | X ‖ ≤ 1 }

≥ sup_{r<1} sup { ‖f_r ∗ g‖_∞ | | f ∈^∘X, ‖ f | X ‖ ≤ 1 }

= sup_{r<1} sup { ‖f ∗ g_r‖_∞ | | f ∈^∘X, ‖ f | X ‖ ≤ 1 } = sup_{r<1} ‖ g_r | M (X, L^∞ ‖. (1.2)

Ś ďàãčőľ áâőàőŋë, ďńï ńîąőčő ε > 0 ŋăľďěâáï âăłăï f ∈^∘X, çâő ‖ f | X ‖ = 1 ĺ ‖f ∗ g‖_∞ ≥ ‖ g | M (X, L^∞) ‖ − ε.

Ďńï r, ďőáâăâőçŋő ąńĺğłĺå ł 1, ĺňěěň ‖f ∗ g‖_∞ ≤ ‖f_r ∗ g‖_∞ + ‖(f − f_r ) ∗ g‖_∞ ≤ ‖f ∗ g_r ‖_∞ + ε ≤ ‖ g_r | M (X, L^∞) ‖ + ε. Őąêěďĺŋïï őąă ŋěàăćěŋáâćă, ŕőńãçĺň

‖ g | M (X, L^∞) ‖ ≤ sup_{r<1} ‖ g_r | M (X, L^∞) ‖ + 2ε.

Őâáîďă ĺ ĺğ (1.2) áńěďãěâ áŕàăćěďńĺćőáâì b).

Ŕőłăęěň ćëŕőńŋěŋĺě ãáńőćĺï c). Ŕãáâì g ∈ M (X, L^∞), âőčďă

‖ g(τ − •) | M (X, L^∞) ‖ = sup { ‖f(τ − •) ∗ g(•)‖_∞ | | f ∈^∘X, ‖f | X ‖ = 1 }

≤ ‖ g | M (X, L^∞) ‖ · ‖ f(τ − •) | X ‖ = ‖ g | X ‖. Ĺŋćăàĺăŋâŋőáâì ŕàőáâàăŋáâćă M (X, L^∞) őâŋőáĺâěńìŋő ğăňěŋë ŕěàěňěŋŋőľ x → x + τ ďőłăğëćăěâáï ăŋăńőčĺçŋëň őąàăğőň.

Ĺŋćăàĺăŋâŋőáâì őâŋőáĺâěńìŋő ğăňěŋë ŕěàěňěŋŋőľ x → 2x ďőłăğëćăîâ áńěďãîéĺě ŋěàăćěŋáâćă:

‖ g(2•) | M (X, L^∞) ‖ = sup { ‖f(•) ∗ g(2•)‖_∞ | | ‖ f | X ‖ ≤ 1} = sup {| | | ∑ n∈Z^{^f (2n)^g(n)| | ‖ f | X ‖ ≤ 1}} = sup { ‖ ( f(•/2) + f(•/2 + π) ) ∗ g(•)‖_∞/2 | ‖ f | X ‖ ≤ 1 } ≤ sup { ‖ ( f(•/2) + f(•/2 + π) ) | X ‖ · ‖ g(•) | M (X, L^∞) ‖ | | | ‖ f | X ‖ ≤ 1 } ≤ C_1C_2‖ g | M (X, L^∞) ‖, čďě C_1 | ŋőàňă őŕěàăâőàă ğăňěŋë ŕěàěňěŋŋőľ x → x/2 ć ŕàőáâàăŋáâćě X, C_2 | łőŋáâăŋâă ĺğ ŋěàăćěŋáâćă âàěãčőńìŋĺłă ďńï łćăğĺąăŋăåőćă ŕàőáâàăŋáâćă X (ć çăáâŋőáâĺ, C_2 = 1, ěáńĺ X ąăŋăåőćő).

Őæěŋĺň ćěńĺçĺŋã ‖ g(•/2) | M (X, L^∞) ‖, ěáńĺ g ∈ M (X, L^∞) π-ŕěàĺőďĺçěáłăï äãŋłæĺï:

‖ g(•/2) | M (X, L^∞) ‖ = sup { ‖f(•) ∗ g(•/2)‖_∞ | | ‖ f | X ‖ ≤ 1} = sup { ‖f(2•) ∗ g(•)‖_∞ | | ‖ f | X ‖ ≤ 1} = C_3‖ g(•) | M (X, L^∞) ‖, čďě C_3 | ŋőàňă ğăňěŋë ŕěàěňěŋŋőľ x → 2x ć ŕàőáâàăŋáâćě X. Šăłĺň őąàăğőň, áćőľáâćő c) ćëŕőńŋěŋő.

Ŕãáâì B_n, n ∈ Z| ŋőàňë őŕěàăâőàőć ãňŋőęěŋĺï äãŋłæĺĺ ĺğ X ŋă exp(inx), g ∈ M (X, L^∞). Šőčďă ‖f(•) ∗ ( e^{in•}g(•) ) ‖_∞ = ‖ ( e^{−in•}f(•) ) ∗ g(•)‖_∞ ≤ ‖ e^{−in•}f(•) | X ‖ · ‖ g(•) | M (X, L^∞) ‖ ≤ B_{−n}‖ f | X ‖ · ‖ g | M (X, L^∞) ‖. Őâáîďă áńěďãěâ áŕàăćěďńĺćőáâì ďńï (^∘X)^∗ áćőľáâćă d). Ćëŕőńŋěŋĺě e) őçěćĺďŋő.

Śćőľáâćő 2. Ŕãáâì X ∈ H | ąăŋăåőćő ŕàőáâàăŋáâćő. Šőčďă

M (M (X, L^∞), L^∞) = M (M ( �_{X,} L^∞), L^∞) = X^{∘∗∘∗} = �_{X.} Ğăňěçăŋĺě. Ďńï łćăğĺąăŋăåőćă, ŋő ŋě ąăŋăåőćă ŕàőáâàăŋáâćă X Śćőľáâćő 2 ãâàăçĺćăěâ áĺńã. İâő áńěďãěâ ĺğ âőčő, çâő X^{∘∗∘∗} | ąăŋăåőćő.

Ďőłăğăâěńìáâćő Śćőľáâćă 2. Ŋăň, őçěćĺďŋő, ŋãęŋő ďőłăğăâì ńĺèì àăćěŋáâćő X^{∘∗∘∗} =

�_X . Ŕãáâì Y = X^{∘∗}, Z = Y^{∘∗}, h ∈ D. Ŕàĺŋĺňăï ćő ćŋĺňăŋĺě, çâő ďńï ńîąőčő ąăŋăåőćă ŕàőáâàăŋáâćă B ĺ ďńï b ∈ B ‖ b | B ‖ = sup { ⟨b, c⟩ | | ‖ c | B^∗ ‖ ≤ 1}, ĺğ Śćőľáâćă 1 ŕőńãçĺň

‖ h | Z ‖ = sup_{r<1} ‖ h_r | Z ‖ = sup_{r<1} sup { ⟨g, h_r⟩ | | g ∈^∘Y , ‖ g | Y ‖ ≤ 1 }

= sup_{r<1} sup { ⟨g_r, h⟩ | | g ∈^∘Y , ‖ g | Y ‖ ≤ 1 } = sup_{r<1} sup {⟨g, h_r⟩ | g ∈ Y, ‖ g | Y ‖ ≤ 1} = sup_{r<1} ‖ h_r | X ‖ = ‖ h | X ‖. Ůâő ğăćěàèăěâ ďőłăğăâěńìáâćő áćőľáâćă 2.

Őŕàěďěńěŋĺě 2. Ňë ąãďěň čőćőàĺâì, çâő {V^j}^∞_{j=0} | ŕőáńěďőćăâěńìŋőáâì ńĺŋěľŋëå ŕőďŕàőáâàăŋáâć

ŕàőáâàăŋáâćă^∘X ∈ H őąàăğãěâ Łàăâŋőňăáèâăąŋëľ ăŋăńĺğ (ŁŇĂ) ŕàőáâàăŋáâćă X ∈ H, ěáńĺ őŋă ãďőćńěâćőàïěâ ãáńőćĺïň:

1) a) V^0 ⊂ V^1 ⊂ . . . ⊂ V^j ⊂ . . . ⊂ X;

b) dim V^j = 2^j, j = 0, 1, 2, . . .; 2) ⋃ j≥0 V^j ŕńőâŋő ć^∘X;

3) a) V^0 áőáâőĺâ ĺğ ŕőáâőïŋŋëå;

b) ěáńĺ f(x) ∈ V^j, âő f(2x) ∈ V^{j+1}, j = 0, 1, 2, . . .; c) ěáńĺ f(x) ∈ V^{j+1}, âő f(x/2) + f(x/2 + π) ∈ V^j j = 0, 1, 2, . . .;

d) łăęďăï äãŋłæĺï ŕàőáâàăŋáâćă f ∈ V^{j+1} ŕàěďáâăćĺňă ć ćĺďě f(x) = f_1(x) + f_2(x + 2π · 2^{−j−1}) + f_3(2x), čďě f_1, f_2, f_3 ∈ V^j, j = 1, 2, . . .

Ğăňěçăŋĺě 1. Ňë őŕàěďěńĺńĺ ŁŇĂ ŋě âőńìłő ďńï L^2, ŋő ĺ ďńï ŕàőĺğćőńìŋőčő X ∈ H. Łăł ãęě őâňěçăńőáì ćő Ććěďěŋĺĺ, íâő őŕàěďěńěŋĺě őâńĺçăěâáï őâ ďàãčĺå ĺğćěáâŋëå őŕàěďěńěŋĺľ ďăęě ďńï X = L^2. Ćő-ŕěàćëå, ňë ŋě âàěąãěň çâőąë ŕàőáâàăŋáâćă V^j ąëńĺ ńĺŋěľŋőľ őąőńőçłőľ áďćĺčőć őďŋőľ äãŋłæĺĺ. Ćő-ćâőàëå, ňë ŋě âàěąãěň ĺŋćăàĺăŋâŋőáâĺ ŕàőáâàăŋáâć V^j őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă 2π2^{−j}. Šěň ŋě ňěŋěě, ąãďěâ ŕőłăğăŋő, çâő őŕàěďěńěŋŋëě ŋăňĺ ŁŇĂ őąńăďăîâ ãłăğăŋŋëňĺ áćőľáâćăňĺ. Čńăćŋőľ ęě őâńĺçĺâěńìŋőľ çěàâőľ ŋăèěčő őŕàěďěńěŋĺï ïćńïěâáï âőâ äăłâ, çâő őŋő čăàăŋâĺàãěâ őďŋőğŋăçŋőáâì ćőááâăŋőćńěŋĺï ŁŇĂ ŕő ńîąőňã ĺğ ŕàőáâàăŋáâć V^j (j > 0). Ć őŕàěďěńěŋĺïå ŁŇĂ, ďăŋŋëå ć [10], [15] őâáãâáâćãěâ áćőľáâćő 3d), ă ć [17] ĺ [18] ŋě âàěąãěâáï ćëŕőńŋěŋĺï ŋĺ őďŋőčő ĺğ ãáńőćĺľ 3). Ćő ćáěå íâĺå áńãçăïå őďŋőğŋăçŋőáâì ćőááâăŋőćńěŋĺï čăàăŋâĺàőćăâì ŋěńìğï. Ŕàĺ íâőň ć ŕěàćëå âàěå àăąőâăå ĺğãçăîâáï áćőľáâćă ŁŇĂ ŕàőáâàăŋáâćă L^2, ĺ âőńìłő ć [18] | ŁŇĂ ŕàőáâàăŋáâć

L^p ĺ C .

Ğăňěçăŋĺě 2. Ńěčłő ňőęŋő ŕőłăğăâì, çâő áćőľáâćő 3b) áńěďãěâ ĺğ őáâăńìŋëå. Ŕőíâőňã őŋő ňőęěâ ąëâì ãďăńěŋő ĺğ Őŕàěďěńěŋĺï 2.

Ŕőłă ŋě őčőćőàěŋő ŕàőâĺćŋőě, ňë ŕőńăčăěň N = 2^n, L = 2^l, J = 2^j ĺ âăł ďăńěě. Ŕãáâì φ^l ∈ X, ĺ ćěàåŋĺľ ĺŋďěłá l őŕàěďěńïěâ ŕàĺŋăďńěęŋőáâì φ^l ł V^l, âőčďă çěàěğ ⃗φ^l ňë őąőğŋăçĺň ćěłâőà-äãŋłæĺî ⃗φ^l(x) = ( φ^l(x), φ^l(x − 2π/L), . . . , φ^l(x − 2π(L − 1)/L) )_T . Ć áńãçăě ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ łőňŕőŋěŋâ ňë ąãďěň ŋăğëćăâì âăłĺě ćěłâőàë ąăğĺáăňĺ áďćĺčőć. Ć ďăńìŋěľèěň íâă ďőčőćőàěŋŋőáâì àăáŕàőáâàăŋïěâáï âőńìłő ŋă äãŋłæĺĺ, őąőğŋăçăěňëě čàěçěáłĺňĺ ąãłćăňĺ.

Šěőàěňă 1. Ŕãáâì {V^j}^∞_{j=0} | ŕàőĺğćőńìŋëľ ŁŇĂ ŕàőáâàăŋáâćă X ∈ H. Šőčďă áãéěáâćãěâ âăłőľ

ŋăąőà äãŋłæĺľ {φ^j }^∞_{j=0}, çâő łőňŕőŋěŋâë ćěłâőàőć ⃗φ^l őąàăğãîâ ąăğĺáë ŕàőáâàăŋáâć V^l. Łàőňě âőčő, ďńï ńîąëå j_1, j_2, 0 ≤ j_1 < j_2, ĺňěěň

φ^{j1} (J_2x/J_1) = J2/J1−1 ∑ k=0 φ^{j2} (x + 2πkJ_1/J_2).

Śńěďáâćĺě. Ğăäĺłáĺàãěň ŋěłőâőàőě j0 > 0. Ěáńĺ ŕàĺ ãáńőćĺïå Šěőàěňë 1 φ^j ãďőćńěâćőàïěâ ňăá-

èâăąĺàãîéěňã ãàăćŋěŋĺî

φ^j (x) = 2J0−1∑

n=0 a_nφ^{j+1}(x − 2πn/2J) (1.3)

ďńï j = j_0, âő φ^j ãďőćńěâćőàïîâ íâőňã ãàăćŋěŋĺî ŕàĺ ćáěå j ≤ j_0. Łàőňě âőčő, ãçĺâëćăï 2πŕěàĺőďĺçŋőáâì äãŋłæĺĺ φ^j , ňăáèâăąĺàãîéěě ãàăćŋěŋĺě ňőęěâ ąëâì ğăŕĺáăŋő ć ćĺďě

φ^j (x) = 2J−1∑

n=0

J0/J−1 ∑ k=0 a_{n+2kJ} φ^{j+1}(x − 2πn/2J).

Ŕőáńěďőćăâěńìŋőáâì łőíääĺæĺěŋâőć ňăáèâăąĺàãîéěčő ãàăćŋěŋĺï ŋăğëćăěâáï ňăáłőľ. Ŕàěęďě çěň ďőłăğëćăâì Šěőàěňã 1 ňë ććěďěň őąőğŋăçěŋĺï ĺ áäőàňãńĺàãěň ĺ ďőłăęěň ŋěáłőńìłő ćáŕőňőčăâěńìŋëå àěğãńìâăâőć.

Ńěňňă 1. Ŕãáâì ŕőáńěďőćăâěńìŋőáâì ŕàőáâàăŋáâć {V^j}^∞_{j=0} őąàăğãěâ ŁŇĂ ŕàőáâàăŋáâćă X. Šőčďă

ďńï łăęďőčő j ≥ 0 ŋăľďěâáï ąăğĺá v^j_n(x), n = 0, 1, . . . , J − 1, ãďőćńěâćőàïîéĺľ ŕàĺ m ∈ Zãáńőćĺïň: 1) v^j_0 ≡ 1, j ≥ 0;

2) ďńï ńîąőčő k ≠ n, 0 ≤ k, n < J, m ∈ Z, ĺňěěň ^v^j_n(k + Jm) = 0; 3) áŕàăćěďńĺćë àěłãààěŋâŋëě áőőâŋőèěŋĺï

a) ^v^{j+1}_n (n + 2Jm) = ^v^j_n(n + 2Jm) ŕàĺ ŋěçěâŋëå n (ğďěáì ĺ ć ďăńìŋěľèěň ňë ŕőńăčăěň v^j_l ≡ v^j_{l+J} ); b) ^v^{j+1}_n (n + 2Jm) = ^v^j_{n/2}(n/2 + Jm) ŕàĺ çěâŋëå n.

Ğăňěçăŋĺě 1. Őçěćĺďŋő, ŕãŋłâë 1) | 3) Ńěňňë1 ďăîâ ŕàőáâőľ ĺŋáâàãňěŋâ ďńï őďŋőğŋăçŋőčő ćőááâăŋőćńěŋĺï ćáěčő ŁŇĂ ŕő ĺğćěáâŋőňã ąăğĺáã {v^{j0}_n }^{J0−1}_{n=0} ńĺèì ŕàĺ őďŋőň äĺłáĺàőćăŋŋőň j_0 > 0. Ć çăáâŋőáâĺ, ďńï ćőááâăŋőćńěŋĺï ŁŇĂ ďőáâăâőçŋő ğŋăâì ńĺèì äãŋłæĺî v^1 .

Ğăňěçăŋĺě 2. Őçěćĺďŋő, äőàňãńë ŕãŋłâőć 3a) ĺ 3b) ďăîâ őďĺŋ ĺ âőâ ęě àěğãńìâăâ ďńï ćáěå n łàőňě áńãçăï n = J.

Ąăğĺáë v^j_n, áãéěáâćőćăŋĺě łőâőàëå áńěďãěâ ĺğ Ńěňňë 1, ć áńãçăě ŕěàĺőďĺçěáłĺå áŕńăľŋőć ĺğãçăńĺáì ňŋőčĺňĺ ăćâőàăňĺ (áň. [8], [13], [14], [16]). Ć [14] Ć.Ă. Ęěńãďěć ĺáŕőńìğőćăń íâĺ ąăğĺáë ďńï ŕőáâàőěŋĺï őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï ŋă ŕàőáâàăŋáâćě ŕěàĺőďĺçěáłĺå áŕńăľŋőć ĺ íääěłâĺćŋëå ăńčőàĺâňőć áŕńăľŋ ăŕŕàőłáĺňăæĺĺ. Ťãŋłæĺĺ íâĺå ąăğĺáőć ąëńĺ ŋăğćăŋë Ć.Ă.Ęěńãďěćëň őàâáŕńăľŋăňĺ. Ć [13] őàâáŕńăľŋë ĺáŕőńìğőćăńĺáì ĺň âăłęě ďńï ŕőáâàőěŋĺï âěőàĺĺ áŕńăľŋ-ćáŕńěáłőć ĺ çĺáńěŋŋëå ăńčőàĺâňőć àăğńőęěŋĺľ äãŋłæĺľ ŕő ćáŕńěáłăň ĺ ĺå ćőááâăŋőćńěŋĺï.

Śäőàňãńĺàãěň ŋěłőâőàëě áńěďáâćĺï Ńěňňë 1.

Śńěďáâćĺě 1. Ŕàőáâàăŋáâćă {V^j}^∞_{j=0} ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă 2π/J. Śńěďáâćĺě 2. Ńîąăï ĺğ äãŋłæĺľ v^j_n, j > 0, 0 < n < J ŕàěďáâăćĺňă ć ćĺďě

v^j_n(x) = ∑ m∈Z^{cjn+Jm exp(i(n + Jm)x), (1.4)} á ŋěŋãńěćëňĺ łőíääĺæĺěŋâăňĺ.

Şâćěàęďěŋĺě Śńěďáâćĺï 1 ćëâěłăěâ ĺğ âőčő, çâő ąăğĺáŋëě äãŋłæĺĺ v^j_n ïćńïîâáï áőąáâćěŋŋëňĺ äãŋłæĺïňĺ őŕěàăâőàă 2π/J-áďćĺčă ăàčãňěŋâă.

Śŕàăćěďńĺćőáâì (1.4) áńěďãěâ ĺğ ŕ. 2) Ńěňňë 1. Ůâő łăáăěâáï őâńĺçĺï őâ ŋãńï ćáěå łőíääĺæĺěŋâőć ć (1.4), âő íâő áńěďãěâ ĺğ ŕãŋłâă 3) Ńěňňë 1. Ć áăňőň ďěńě, ěáńĺ ňë ďőŕãáâĺň, çâő c^j_{n0+Nm0} = 0, âő ĺğ 3) ŕőńãçĺň, çâő čăàňőŋĺłă á ŋőňěàőň n_0 + Jm_0 őâáãâáâćãěâ ć ŕàőáâàăŋáâćăå V^k ŕàĺ k ≥ j. İâő ŕàőâĺćőàěçĺâ ŕãŋłâã 2) Őŕàěďěńěŋĺï 2.

Ďőłăğăâěńìáâćő Ńěňňë 1. Ćőğìňěň v^j_0 ≡ 1, j ≥ 0. Ďőłăğăâěńìáâćő ŕàőćěďěň ŕő ĺŋďãłæĺĺ.

Śŋăçăńă ňë ŕőłăęěň áãéěáâćőćăŋĺě ąăğĺáă {v^j_n} ŕàĺ j = 1. Ć łăçěáâćě v^1 ňë ňőęěň ćğïâì ŕàőĺğćőńìŋãî äãŋłæĺî âăł, çâőąë v^1_0 ĺ v^1 őąàăğőćëćăńĺ ąăğĺá ŕàőáâàăŋáâćă V^1. Őçěćĺďŋő, ňë ňőęěň ŕőńőęĺâì ^v^1 (0) = 0. Ŕőáłőńìłã őŕěàăâőà A : f(x) → f(x/2) + f(x/2 + π) ãŋĺçâőęăěâ ŋěçěâŋëě čăàňőŋĺłĺ ĺ ãďćăĺćăěâ çěâŋëě (ďěńï ĺå çăáâőâã ŕőŕőńăň), äãŋłæĺï v^1 ŋě ĺňěěâ çěâŋëå čăàňőŋĺł | ć ŕàőâĺćŋőň áńãçăě A(v^1 ) ∉ V^0, çâő ŕàőâĺćőàěçĺâ áćőľáâćã 3c) ŁŇĂ.

Ďőŕãáâĺň, çâő áãéěáâćőćăŋĺě ąăğĺáă { {v^k_n}^{K−1}_{n=0} }_j k=0 ďőłăğăŋő. Ŕőłăęěň, çâő ŋăąőà äãŋłæĺľ {v^{j+1}_n }^{2J−1}_{n=0} , őŕàěďěńěŋŋëå ŕő äőàňãńăň ŕãŋłâőć 3a) ĺ 3b) Ńěňňë 1, ïćńïěâáï ĺáłőňëň ąăğĺáőň.

Őæěŋĺň àăğňěàŋőáâì Y | ńĺŋěľŋőčő ŕàőáâàăŋáâćă äãŋłæĺľ, ŕàěďáâăćĺňëå ć ćĺďě f(x) = f_1(x) + f_2(x + 2π/2J) + f_3 (2x), čďě f_1, f_2, f_3 ∈ V^j. Őçěćĺďŋő, ďńï ńîąőčő n = 1, 2, . . . , J − 1 ńĺŋěľŋëě őąőńőçłĺ ŕăà äãŋłæĺľ {v^j_n(x), v^j_n(x + 2π/2J)} ĺ {v^{j+1}_n (x), v^{j+1}_{n+J} (x)} áőćŕăďăîâ. Ś ďàãčőľ áâőàőŋë, v^j_n(2x) = v^{j+1}_{2n} (x). Ğŋăçĺâ, ćěńĺçĺŋă dim Y ŋě ŕàěćëèăěâ łőńĺçěáâćă íńěňěŋâőć ňŋőęěáâćă {v^{j+1}_n }, â.ě. 2J. Ć âő ęě ćàěňï, áőčńăáŋő ŕãŋłâăň 1b) ĺ 3d) Őŕàěďěńěŋĺï 2 ĺňěěň dim V^{j+1} = 2J, V^{j+1} ⊂ Y . Šăłĺň őąàăğőň, Y = V^{j+1}, ĺ äãŋłæĺĺ {v^{j+1}_n } őąàăğãîâ ąăğĺá V^{j+1}.

Ććěďěň őąőğŋăçěŋĺě ⃗v^j ďńï ćěłâőàă (v^j_0, . . . , v^j_{J−1})^T .

Ńěňňă 2. Łőňŕőŋěŋâë ćěłâőàă ⃗φ^j őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă V^j ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă

äãŋłæĺï φ^j ïćńïěâáï ńĺŋěľŋőľ łőňąĺŋăæĺěľ íńěňěŋâőć ćěłâőàă ⃗v^j á ŋěŋãńěćëňĺ łőíääĺæĺěŋâăňĺ.

Ŋăŕőňŋĺň, çâő áőčńăáŋő âěőàěňě Ćĺŋěàă ńĺŋěľŋăï őąőńőçłă áďćĺčőć äãŋłæĺĺ f ∈ L(R) ŕńőâŋă

ć L(R) âőčďă ĺ âőńìłő âőčďă, łőčďă^^f (ω) ≠ 0 ďńï ćáěå ω ∈ R. Ć ŋăèěň áńãçăě ŕàőáâàăŋáâćő V^j

ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő 2π/J-áďćĺčă, ă íńěňěŋâë ąăğĺáă ⃗v^j ïćńïîâáï áőąáâćěŋŋëňĺ äãŋłæĺïňĺ íâőčő áďćĺčă. Ŕőíâőňã łőíääĺæĺěŋâë àăğńőęěŋĺï äãŋłæĺĺ ŕő ąăğĺáã ⃗v^j ňőęŋő àăááňăâàĺćăâì łăł ěě áŕěłâà. Šăłĺň őąàăğőň, Ńěňňă 2 ïćńïěâáï ăŋăńőčőň âěőàěňë Ćĺŋěàă. Ŕőíâőňã ňë ąãďěň ŋăğëćăâì ćěłâőà-äãŋłæĺî ⃗v^j ąăğĺáőň Ćĺŋěàă ŕàőáâàăŋáâćă V^j . Őçěćĺďŋő, çâő ć łăęďőň ĺğ ŕàőáâàăŋáâć V^j áãéěáâćãěâ ěďĺŋáâćěŋŋëľ á âőçŋőáâìî ďő ŕěàěŋőàňĺàőćłĺ ĺ ŕěàěáâăŋőćłĺ íńěňěŋâőć ąăğĺá Ćĺŋěàă. Ňë ąãďěň ŕőńìğőćăâìáï ěáâěáâćěŋŋőľ ŋãňěàăæĺěľ ěčő íńěňěŋâőć, łőčďă ŋőňěà őŕàěďěńïěâáï čăàňőŋĺłăňĺ, ćåőďïéĺňĺ ć áŕěłâà ďăŋŋőľ äãŋłæĺĺ.

Ďőłăğăâěńìáâćő Ńěňňë 2. Ďńï äĺłáĺàőćăŋŋőčő J ňë ŕőńăčăěň ω_J = exp(2πi/J), ĺ F_J | ňăâàĺæă Ďĺáłàěâŋőčő Ŕàěőąàăğőćăŋĺï Ťãàìě (ĎŔŤ) (ěě íńěňěŋâë őŕàěďěńïîâáï ŕő äőàňãńě F_{lk} = ω^{−lk}_J , l = 0, 1, . . . , J − 1; k = 0, 1, . . . , J − 1). Ňăâàĺæă Őąàăâŋőčő Ďĺáłàěâŋőčő Ŕàěőąàăğőćăŋĺï Ťãàìě (ŐĎŔŤ) ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě F^∗_J /J. Ğďěáì ĺ ć ďăńìŋěľèěň * őğŋăçăěâ őŕěàăæĺî íàňĺâőćă áőŕàïęěŋĺï ňăâàĺæë ĺńĺ ćěłâőàă.

Ŕãáâì ã ŋăá ěáâì ŕàěďáâăćńěŋĺě φ^j(x) = ∑_{J−1} n=0 a_nv^j_n(x). Ććěďěň ćěłâőà-äãŋłæĺĺ

⃗u^{j def}= (a_0v^j_0, a_1v^j_1 , . . . , a_{J−1}v^j_{J−1})^T , ⃗˙^j_n^{def}= (exp(inx), exp(in(x − 2π/J)), . . ., exp(in(x − 2π(J − 1)/J)))^T , čďě n = k + Jm, 0 ≤ k < J, m ∈ Z. Ĺňěěň F^∗_J ⃗˙^j_n/J = exp(inx)F^∗_J (1, ω^{−k}_J , . . . , ω^{−k(J−1)}_J )^T /J = exp(inx)⃗e_k, čďě ⃗e_k = (0, . . . , 0, 1, 0, . . . , 0)^T á ěďĺŋĺæěľ ŋă k-ň ňěáâě. Šăłĺň őąàăğőň, ŕőńãçĺň

F^∗_J ⃗φ^j /J = ⃗u^j . (1.5)

Łőňŕőŋěŋâë ŕàăćőľ çăáâĺ (1.5) őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă V^j âőčďă ĺ âőńìłő âőčďă, łőčďă ćáě a_n őâńĺçŋë őâ ŋãńï. Ŕőáłőńìłã őŕěàăâőàë ĎŔŤ (ĺ ŐĎŔŤ) ŋěćëàőęďěŋë, âő ęě áćőľáâćő ŋěőąåőďĺňő ĺ ďőáâăâőçŋő ďńï ąăğĺáŋőáâĺ łőňŕőŋěŋâ ćěłâőàă ⃗φ^j . Ńěňňă 2 ďőłăğăŋă. Ąőńěě âőčő, ňë ŕőłăğăńĺ, çâő ąăğĺáë Ćĺŋěàă ĺ ąăğĺáë áďćĺčőć áćïğăŋë ňěęďã áőąőľ (á âőçŋőáâìî ďő ãňŋőęěŋĺï äãŋłæĺľ v^j_n ŋă ŋěŋãńěćëě ňŋőęĺâěńĺ) ŕàïňëň ĺ őąàăâŋëň ĎŔŤ.

Ďőłăğăâěńìáâćő Šěőàěňë 1. Ŕàĺŋĺňăï ćő ćŋĺňăŋĺï, çâő f(x/2)+f(x/2+π) = 2 ∑_{+∞} n=−∞ ^f(2n) exp inx, áőčńăáŋő Ńěňňě 2 ńîąőľ ŋăąőà äãŋłæĺľ, ãďőćńěâćőàïîéĺå Šěőàěňě 1, ňőęěâ ąëâì ŕàěďáâăćńěŋ ć ćĺďě

φ^j (x) = J−1∑ n=0 c^j_nv^j_n(x), čďě v^j_n ãďőćńěâćőàïîâ àěłãààěŋâŋëň áőőâŋőèěŋĺïň Ńěňňë 1, ŕőáâàőěŋĺě ňőęěâ ąëâì ŕàőĺğćěďěŋő áńěďãîéĺň őąàăğőň.

Ćőğìňěň ŕàőĺğćőńìŋőě c^0 ≠ 0 ĺ őŕàěďěńĺň φ^0 ≡ c^0. Ěáńĺ ňë ćëąàăńĺ çĺáńă c^j_n, âő ŕőńăčăěň c^{j+1}_n = c^j_{n/2}/2 ďńï çěâŋëå n ĺ ąěàěň ŕàőĺğćőńìŋëě ŋěŋãńěćëě c^{j+1}_n ďńï n ŋěçěâŋëå.

Śőčńăáŋő Ńěňňě 1 łăęďëľ ŁŇĂ ŕàőáâàăŋáâćă X ŕőàőęďăěâáï őďŋőľ äãŋłæĺěľ v^1 . Ďńï őŕĺáăŋĺï ćáěå ćőğňőęŋëå ŁŇĂ ŕàőáâàăŋáâćă X ďőáâăâőçŋő ŋăľâĺ ćáě ďőŕãáâĺňëě äãŋłæĺĺ v^1 .

Šěőàěňă 2. Ťãŋłæĺï v^1 ∈^∘X ∈ H ŕőàőęďăěâ ŁŇĂ ŕàőáâàăŋáâćă X âőčďă ĺ âőńìłő âőčďă, łőčďă

v^1 (x) = +∞∑ n=−∞ a_n exp(i(2n + 1)x),

čďě ćáě a_n őâńĺçŋë őâ ŋãńï.

Ďőłăğăâěńìáâćő Šěőàěňë 2. Ŋěőąåőďĺňőáâì ćëâěłăěâ ĺğ Śńěďáâćĺï 2 ł Ńěňňě 1. Ŕőłăęěň ďőáâăâőçŋőáâì. Śŋăçăńă ďőłăęěň, çâő v^j_n ∈^∘X, 0 ≤ n < J, j > 0. Ć áăňőň ďěńě, őčàăŋĺçěŋŋőáâì őŕěàăâőàă ĺğ ŕãŋłâă 3b) Ńěňňë 1 áńěďãěâ ĺğ ŕãŋłâă 3c) Őŕàěďěńěŋĺï 1.

Ğŋăçĺâ, ěáńĺ ‖ f_m(x) − v^j_n(x) | X ‖ → 0 ŕàĺ m → ∞ (f_m ∈ C^∞ ), âő ‖ f_m(2x) − v^{j+1}_{2n} (x) | X ‖ → 0, â.ě. v^{j+1}_{2n} ∈^∘X.

Őŕěàăâőà ĺğ ŕãŋłâă 3a) őčàăŋĺçěŋ, ŕőáłőńìłã ďńï ŋěçěâŋëå n äãŋłæĺï v^{j+1}_n ňőęěâ ąëâì ŕàěďáâăćńěŋă łăł ńĺŋěľŋăï łőňąĺŋăæĺï äãŋłæĺĺ v^j_n ĺ ěě áďćĺčă ŋă 2π/2J. Őçěćĺďŋő, v^{j+1}_n ∈^∘X.

Ŕőłăęěň ćëŕőńŋěŋĺě áćőľáâćă 2) ŁŇĂ. Ćëŕőńŋěŋĺě őáâăńìŋëå áćőľáâć őçěćĺďŋő. Ŕőáłőńìłã ŕàőáâàăŋáâćő C^∞ ŕńőâŋő ć^∘X, ă âàĺčőŋőňěâàĺçěáłĺě ŕőńĺŋőňë ŕńőâŋë ć C^∞ , âő ďőáâăâőçŋő ďőłăğăâì, çâő äãŋłæĺĺ ćĺďă exp(inx), n = 0, ±1, ±2, . . . ňőčãâ ąëâì ŕàĺąńĺęěŋë ĺğ ŕàőáâàăŋáâć V^j á ŕàőĺğćőńìŋőľ âőçŋőáâìî.

Ćőğìňěň ŕőáńěďőćăâěńìŋőáâì h_j = 1 − exp(−inx)v^j_n/^v^j_n(n), j = j_0, j_0 + 1, . . . ĺ ŕőłăęěň, çâő őŋă áåőďĺâáï ł ŋãńî ŕő ŋőàňě ŕàőáâàăŋáâćă ‖ • | X ‖. Őąőğŋăçĺň çěàěğ ω(δ, f, X) ňőďãńì ŋěŕàěàëćŋőáâĺ äãŋłæĺĺ f ∈ X: ω(δ, f, X)^{def}= sup_{h<δ} ‖ f(• + h) − f(•) | X ‖. Ććĺďã Śćőľáâćă 1 ŕàőáâàăŋáâć łńăááă H ĺňěěň ‖ • | X^{∘∗} ‖ = ‖ • | M (X, L^∞) ‖ (ŕő łàăľŋěľ ňěàě, ŕőáńě íłćĺćăńěŋâŋőľ ŕěàěŋőàňĺàőćłĺ). İâő őğŋăçăěâ, çâő ďńï ńîąőľ f ∈ X (=^∘X) ‖ f | X ‖ = sup { ‖ f ∗ g | L^∞ ‖ | | ‖ g | X^∗ ‖ ≤ 1} . (1.6) Ć âő ęě ćàěňï, ďńï ńîąőčő g, ‖ g | X ‖ ≤ 1, ĺňěěň ‖ f ∗ g | L^∞ ‖ ≤ ‖ f | X ‖ · ‖ g | X^∗ ‖ ≤ ‖ f | X ‖, ć çăáâŋőáâĺ, ω(δ, f ∗ g, L^∞) ≤ ω(δ, f, X). (1.7) Ććěďěň őąőğŋăçěŋĺě ω(δ) = ω(δ, h_{j0} , X). Ŕőáłőńìłã h_{j0} ∈ X =^∘X, âő ω(δ) → 0 ŕàĺ δ → 0. Ťãŋłæĺĺ h_j ïćńïîâáï (2π/J)-ŕěàĺőďĺçěáłĺňĺ ĺ ňőčãâ ąëâì ŕàěďáâăćńěŋë ć ćĺďě

h_j(•) =

J_0 J J/J0−1 ∑ n=0 h_{j0} (• + 2πn/J). Őâáîďă ĺ ĺğ (1.7) ĺňěěň ω(δ, h_j ∗ g, L^∞) ≤ { ω(δ, h_{j0} ∗ g, L^∞), δ ≤ 2π/J, ω(2π/J, h_{j0} ∗ g, L^∞), δ > 2π/J, ≤ { ω(δ), δ ≤ 2π/J, ω(2π/J), δ > 2π/J.

Ğŋăçĺâ, ‖ h_j ∗ g | L^∞ ‖ ≤ ω(2π/J) → 0 ŕàĺ j → ∞. Ŕàĺŋĺňăï ćő ćŋĺňăŋĺě (1.6), ŕőńãçĺň ‖ h_j | X ‖ → 0. Śńěďőćăâěńìŋő, áőčńăáŋő ŕãŋłâã d) Őŕàěďěńěŋĺï 1 ĺňěěň ‖ exp(in•) − v^j_n/^v^j_n(n) | X ‖ = ‖ exp(in•)h_j (•) | X ‖ → 0 ŕàĺ j → 0. Ůâő ĺ âàěąőćăńőáì.

Ć ğăłńîçěŋĺě íâőčő ŕăàăčàăäă áâőĺâ áłăğăâì, çâő Őŕàěďěńěŋĺě 2 ňőęěâ ąëâì ŕàĺňěŋěŋő ŋě âőńìłő ł ŕàőáâàăŋáâćăň ĺğ H, ŋő ĺ łő ňŋőčĺň âőŕőńőčĺçěáłĺň ńĺŋěľŋëň ŕàőáâàăŋáâćăň, ŋăŕàĺňěà ł C^∞ ĺńĺ

D._{Ůâő łăáăěâáï àăáŕàőáâàăŋěŋĺï Őŕàěďěńěŋĺï 2 ŋă ŕőńĺŋőňĺăńìŋëě ŁŇĂ (Ĺ.Ňěľěà [9], Ů.Ůãĺ ĺ}

Ţ.Ňăáłăà [2]), âő íâő ňőęŋő áďěńăâì, ãďăńĺć ĺğ ŋěčő ŕãŋłâ 3d) ĺ ďőąăćĺć ćňěáâő ŕãŋłâă 1b) âàěąőćăŋĺě ŋăńĺçĺï ć V^j ąăğĺáőć, áőáâőïéĺå ĺğ áőőâćěâáâćãîéĺå áďćĺčőć őďŋőľ äãŋłæĺĺ. Őďŋăłő íâő ćěďěâ ł ŋăàãèěŋĺî ŋěłőâőàëå ŕőńěğŋëå áćőľáâć ŁŇĂ. Ŕőíâőňã, ŕàěďáâăćńïěâáï, çâő íâĺ ćăęŋëě ŁŇĂ áńěďãěâ àăááňăâàĺćăâì ć áőőâćěâáâćĺĺ á őąéĺňĺ ŕàĺŋæĺŕăňĺ, ŋő őâďěńìŋő őâ őąéěľ âěőàĺĺ.

§2. Ćáŕńěáłĺ

Šàăďĺæĺőŋŋëľ ŕőďåőď ł ćáŕńěáł-ŕàőáâàăŋáâćăň W^j áőáâőĺâ ć ĺå őŕàěďěńěŋĺĺ łăł őàâőčőŋăńìŋőčő ďőŕőńŋěŋĺï ŕàőáâàăŋáâćă V^j ďő V^{j+1}. İâőâ ňěâőď ćáŕńěáł-ŕàěďáâăćńěŋĺï äãŋłæĺľ f ∈ L^2 őáŋőćăŋ ŋă ĺå ăŕŕàőłáĺňăæĺĺ őàâőčőŋăńìŋëňĺ ŕàőěłæĺïňĺ ŋă ŕàőáâàăŋáâćă V^j ⊂ L^2. Łőŋæěŕæĺï "őàâőčőŋăńìŋőľ ŕàőěłæĺĺ" âěàïěâ áćőě ğŋăçěŋĺě ďńï ŕàőĺğćőńìŋëå ŕàőáâàăŋáâć X ∈ H. Ŋěłőâőàëě ăáŕěłâë ŋěőàâőčőŋăńìŋëå ćáŕńěáł-àăğńőęěŋĺľ ŕàőáâàăŋáâćă L^2(R) ąëńĺ àăááňőâàěŋë ć [4, Čń. 8].

Ŕãáâì {V^j}^∞_{j=0} | ŁŇĂ ŕàőáâàăŋáâćă X ∈ H. Łőňŕőŋěŋâë ćěłâőà-äãŋłæĺľ {⃗v^j }^∞_{j=0} őąàăğãîâ ąăğĺáë

Ćĺŋěàă ŕàőáâàăŋáâć V^j . Ěáńĺ {P^j}^∞_{j=0} | ŁŇĂ ŕàőáâàăŋáâćă (^∘X)^∗ á ąăğĺáăňĺ Ćĺŋěàă {⃗p^j}^∞_{j=0} ĺ âăłőľ, çâő ⟨v^j_n, p^j_n⟩ ≠ 0, n = 0, 1, . . . , J − 1, j = 0, 1, 2, . . ., âő ňë ąãďěň čőćőàĺâì, çâő ŁŇĂ {P^j}^∞_{j=0} őŕàěďěńïěâ ćáŕńěáł-ŕàőěłæĺî ŋă ŁŇĂ {V^j }^∞_{j=0}. Ŕőáłőńìłã ŕàĺ i ≠ j ŋőáĺâěńĺ áŕěłâàőć äãŋłæĺľ v^j_n ĺ p^i_n ŋě ŕěàěáěłăîâáï, ĺňěěň ⟨v^j_n, p^i_n⟩ = 0. Ŕőíâőňã ŕàőěłâĺàőćăŋĺě X → V^j őŕàěďěńïěâáï äőàňãńőľ

f → V^j [f]^{def}= J−1∑ n=0 ⟨f, p^j_n⟩ ⟨v^j_n, p^j_n⟩ v^j_n. (2.1)

Ćáŕńěáł-ŕàőáâàăŋáâćăňĺ ŋăğëćăîâáï ŕàőáâàăŋáâćă W^j = {f ∈ V^{j+1} | ⟨f, p^j_n⟩ = 0, n = 0, 1, . . . , J − 1}. Ńěčłő ćĺďěâì, çâő ć ŕàőáâàăŋáâćăå W^j áãéěáâćãěâ ąăğĺá Ćĺŋěàă, łőâőàëľ ňőęěâ ąëâì ćëçĺáńěŋ ŕő äőàňãńăň w^j_n = ⟨v^{j+1}_{n+J} , p^j_n⟩v^{j+1}_n − ⟨v^{j+1}_n , p^j_n⟩v^{j+1}_{n+J} , n = 1, 2, . . . , J − 1, w^j_J = v^{j+1}_J .

(2.2)

Šăłĺň őąàăğőň, ŕàőáâàăŋáâćă W^j ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă (2π/J). Łàőňě âőčő, ĺňěěâ ňěáâő ŕàěďáâăćńěŋĺě

V^j = V^0 ⊕ W^0 ⊕ · · · ⊕ W^{j−1}, j = 1, 2, . . . ,

čďě ⊕ őąőğŋăçăěâ ŕàïňãî (ćőőąéě čőćőàï, ŋěőàâőčőŋăńìŋãî) áãňňã ńĺŋěľŋëå ŕàőáâàăŋáâć.

Őçěćĺďŋő, áőčńăáŋő Śćőľáâćã 2 ŕàőáâàăŋáâć ĺğ H ďńï ąăŋăåőćëå ŕàőáâàăŋáâć X ĺňěěâ ňěáâő ďćőľáâćěŋŋăï áĺâãăæĺï. ŁŇĂ {V^j}^∞_{j=0} ãáâăŋăćńĺćăěâ ćáŕńěáł-ŕàőěłæĺî ŕàőáâàăŋáâćă (^∘X)^∗ ŋă ŕàőáâàăŋáâćă {P^j}^∞_{j=0} ĺ őŕàěďěńïěâ ćáŕńěáł-ŕàőáâàăŋáâćă {Q^j }^∞_{j=0}. İâő ãâćěàęďěŋĺě őáâăěâáï âăłęě ć áĺńě ĺ ďńï łćăğĺąăŋăåőćă ŕàőáâàăŋáâćă X. Ć áăňőň ďěńě, ěáńĺ {V^j } őąàăğãěâ ŁŇĂ łćăğĺąăŋăåőćă ŕàőáâàăŋáâćă X ⊂ Y^{def}= X^{∘∗∘∗}, âő ćáě ŋěçěâŋëě čăàňőŋĺłĺ äãŋłæĺĺ v^1 őâńĺçŋë őâ ŋãńï. Ğŋăçĺâ, áőčńăáŋő Šěőàěňě 2 {V^j} őąàăğãîâ ŁŇĂ ąăŋăåőćă ŕàőáâàăŋáâćă Y . Őďŋăłő ŁŇĂ łćăğĺąăŋăåőćă ŕàőáâàăŋáâćă X ŋě őŕàěďěńïîâ ćáě ćőğňőęŋëě ćáŕńěáł-ŕàőěłæĺĺ ŋă ŁŇĂ {P^j} ŕàőáâàăŋáâćă (^∘X)^∗.

Šěőàěňă 3. Ŕãáâì {V^j}^∞_{j=0} | ŕàőĺğćőńìŋëľ ŁŇĂ ŕàőáâàăŋáâćă X ∈ H, ŁŇĂ {P^j}^∞_{j=0} ŕàőáâàăŋáâćă

(^∘X)^∗ őŕàěďěńïěâ ćáŕńěáł-ŕàőěłæĺî, {W^j}^∞_{j=0} | áőőâćěâáâćãîéĺě ćáŕńěáł-ŕàőáâàăŋáâćă. Šőčďă ŋăľďěâáï âăłőľ ŋăąőà äãŋłæĺľ {ψ^j }^∞_{j=0}, çâő łőňŕőŋěŋâë ćěłâőàőć ⃗ψ^l őąàăğãîâ ąăğĺáë ŕàőáâàăŋáâć W^l. Łàőňě âőčő, ďńï ńîąëå j_1, j_2, 0 ≤ j_1 < j_2, ĺňěěň

ψ^{j1} (J_2x/J_1) = J2/J1−1 ∑ k=0 ψ^{j2} (x + 2πkJ_1/J_2).

Ňë őŕãáłăěň ďőłăğăâěńìáâćő Šěőàěňë 3, ŕőáłőńìłã őŋő ăŋăńőčĺçŋő ďőłăğăâěńìáâćã Šěőàěňë 1.

Śńěďáâćĺě. Ğăäĺłáĺàãěň ŋěłőâőàőě j0 > 0. Ěáńĺ ŕàĺ ãáńőćĺïå Šěőàěňë 3 ψ^j ãďőćńěâćőàïěâ ňăá-

èâăąĺàãîéěňã ãàăćŋěŋĺî

ψ^j (x) = 2J0−1∑

n=0 b_nφ^{j+1}(x − 2πn/2J), (2.3) ďńï j = j_0, âő ψ^j ãďőćńěâćőàïîâ ěňã ďńï ćáěå j ≤ j_0. Łàőňě âőčő, ěáńĺ ãçěáâì 2π-ŕěàĺőďĺçŋőáâì äãŋłæĺľ φ^j ĺ ψ^j , âő ňăáèâăąĺàãîéěě ãàăćŋěŋĺě ňőęěâ ąëâì ğăŕĺáăŋő ć ćĺďě

ψ^j (x) = 2J−1∑

n=0

J0/J−1 ∑ k=0 b_{n+2kJ} φ^{j+1}(x − 2πn/2J).

Ŕàĺŋæĺŕĺăńìŋë ćőŕàőáőň, áćïğăŋŋëň áő ćáŕńěáł-ŕàőěłæĺïňĺ, ïćńïěâáï ćőŕàőá ő ćőğňőęŋőáâĺ ăŕŕàőłáĺňăæĺĺ ŕàőĺğćőńìŋőľ äãŋłæĺĺ á ŋăŕěàěď ğăďăŋŋőľ âőçŋőáâìî. Ňë ďăěň ŋă ŋěčő őâćěâ ć ŕàőáâěľèěň áńãçăě X = ℓ^p, 1 ≤ p ≤ ∞, čďě

‖ f | ℓ^p ‖^{def}= (_{+∞} ∑ n=−∞ | ^f|^p )_{1/p} . Ć ďăńìŋěľèěň ňë, łăł őąëçŋő, ŕőńăčăěň q = p/(p − 1) ŕàĺ p > 1; q = ∞ ŕàĺ p = 1.

Šěőàěňă 4. Ŕãáâì {Pj}^∞_{j=0} ãáâăŋăćńĺćăěâ ćáŕńěáł-ŕàőěłæĺî ŋă ŁŇĂ {V^j }^∞_{j=0} ŕàőáâàăŋáâćă ℓ^p,

1 ≤ p < ∞. Ńîąőě àăáŕàěďěńěŋĺě ĺğ ℓ^p ňőęěâ ąëâì ŕàĺąńĺęěŋő á ŕàőĺğćőńìŋőľ âőçŋőáâìî áćőĺňĺ ŕàőěłæĺïňĺ ŋă V^j âőčďă ĺ âőńìłő âőčďă, łőčďă ňŋőęěáâćő çĺáěń { {´_{nj}}^{J−1}_{n=0} }_∞ j=0 def= { {‖ p^j_n | ℓ^q ‖ · ‖ v^j_n | ℓ^p ‖/⟨v^j_n, p^j_n⟩}^{J−1}_{n=0} }_∞ j=0 őčàăŋĺçěŋő.

Ğăňěçăŋĺě. Ŕőáłőńìłã (ℓ^∞)^{∘ def}= c_0 ≠ ℓ^∞, âő Šěőàěňă 4 őáâăěâáï ć áĺńě ńĺèì ďńï c_0, ă ŋě ďńï ℓ^∞.

Łăł ňë ãęě őâňěçăńĺ, ďńï őŕàěďěńěŋĺï ćáŕńěáł-ŕàőáâàăŋáâć ďńï ŋěłőâőàőčő ŁŇĂ {V^j }^∞_{j=0} ŕàőáâàăŋáâćă X ňë ďőńęŋë ğăäĺłáĺàőćăâì ňěâőď ŕàőěłâĺàőćăŋĺï ŋă ŕàőáâàăŋáâćă V^j . Ďńï łăęďőčő ŁŇĂ {V^j }^∞_{j=0} ŕàőáâàăŋáâćă X = L^2 (ŋăĺąőńěě ćăęŋőčő çăáâŋőčő áńãçăï) ňőęŋő àăááňăâàĺćăâì őàâőčőŋăńìŋãî ŕàőěłæĺî, łőâőàăï őŕàěďěńïěâáï àăćěŋáâćăňĺ P^j = V^j . Śőčńăáŋő Šěőàěňě 4 ńîąăï äãŋłæĺï ňőęěâ ąëâì ŕàĺąńĺęěŋă áćőĺňĺ őàâőčőŋăńìŋëňĺ ŕàőěłæĺïňĺ ŋă ŕàőáâàăŋáâćă V^j . Ŕàĺŋĺňăï ćő ćŋĺňăŋĺě, çâő őàâőčőŋăńìŋăï ŕàőěłæĺï ďăěâ ŋăĺńãçèěě ŕàĺąńĺęěŋĺě, íâőâ äăłâ áńěďãěâ âăłęě ĺğ ŕńőâŋőáâĺ ⋃_∞ j=0 V^j ć L^2.

Ďőłăğăâěńìáâćő Šěőàěňë 4. Ŋěőąåőďĺňőáâì. Ŕãáâì ŋăľďãâáï âăłĺě ŕőáńěďőćăâěńìŋőáâĺ n_m ĺ j_m, 0 ≤ n_m < 2^jm = J_m, j_m → ∞, çâő |´_nm_jm| → ∞ ŕàĺ m → ∞. İâő őğŋăçăěâ, çâő ŕőáńěďőćăâěńìŋőáâì ŕàőěłâőàőć

f → V^jm_nm[f]^{def}= ⟨f, p^jm_nm⟩ ⟨v^jm_nm , p^jm_nm⟩ v^jm_nm ŋěőčàăŋĺçěŋă łăł ŕőáńěďőćăâěńìŋőáâì őŕěàăâőàőć, ďěľáâćãîéĺå ĺğ ℓ^p ć ℓ^p, â.ě. ŋăľďěâáï âăłăï ŕőáńěďőćăâěńìŋőáâì f_m ∈ ℓ^p, ‖ f_m | ℓ^p ‖ = 1, çâő ‖ V^jm_nm[f_m] | ℓ^p ‖ → ∞. Őçěćĺďŋő, ňë ňőęěň ćëąàăâì f_m, ã łőâőàëå őâńĺçŋë őâ ŋãńï ńĺèì čăàňőŋĺłĺ á ŋőňěàăňĺ n_m + kJ_m, k ∈ Z. Ğŋăçĺâ, ŕőáńěďőćăâěńìŋőáâì ŋőàň őŕěàăâőàőć V^j ŋěőčàăŋĺçěŋă. Ŋěőąåőďĺňőáâì ďőłăğăŋă.

Ğăňěâĺň, çâő őčàăŋĺçěŋŋőáâì ňŋőęěáâćă ´_{nj} ŋěőąåőďĺňă ďńï áåőďĺňőáâĺ ŋă ŕàőáâàăŋáâćăå, ć łőâőàëå ŕőáńěďőćăâěńìŋőáâì ŋőàň őŕěàăâőàőć ãňŋőęěŋĺï ŋă äãŋłæĺĺ exp(inx) őčàăŋĺçěŋă. Ć áăňőň ďěńě, íâő áńěďãěâ ĺğ âőčő, çâő őŕěàăâőà f(x) → ∑ k∈Z^^f (n + kJ)e^{i(n+kJ )x} ňőęěâ ąëâì ŕàěďáâăćńěŋ ć ćĺďě e^{inx} ∑_{J−1} k=0 f(x + 2πk/J)e^{−in(x+2πk/J )}/J. Ďőáâăâőçŋőáâì. Ŕãáâì çĺáńă |´_{nj}| = ‖ V^j_n | ℓ^p → ℓ^p ‖ ŋě ŕàěćëèăîâ M > 0. Ďőłăęěň, çâő ŋőàňë ‖ V^j | ℓ^p → ℓ^p ‖ őčàăŋĺçěŋë çĺáńőň M . Ć áăňőň ďěńě, ććěďï őąőğŋăçěŋĺě

f^j_n(x)^{def}= ∑ k∈Z^{^f (n + kJ)ei(n+kJ )x,} ŕőńãçĺň

‖ V^j [f] | ℓ^p ‖^p = ‖ J−1∑ n=0 V^j_n[f] | ℓ^p ‖^p = ‖ J−1∑ n=0 V^j_n[f^j_n] | ℓ^p ‖^p = J−1∑ n=0 ‖ V^j_n[f^j_n] | ℓ^p ‖^p ≤ M^p J−1∑ n=0 ‖ f^j_n | ℓ^p ‖^p = M^p‖ f | ℓ^p ‖^p.

Ůâő ĺ âàěąőćăńőáì.

Šăłĺň őąàăğőň, ććĺďã őčàăŋĺçěŋŋőáâĺ ŋőàň ŕàĺąńĺęăîéĺå őŕěàăâőàőć, ďńï âőčő çâőąë ďőłăğăâì áåőďĺňőáâì ďńï ćáěå äãŋłæĺľ łńăááă ℓ^p, ŋăň ŋãęŋő ďőłăğăâì ńĺèì áåőďĺňőáâì ŋă íłáŕőŋěŋâăå. İâő ńěčłő áńěďãěâ ĺğ (2.1) ĺ ĺğ âőčő, çâő ďńï ńîąőčő ŁŇĂ ŕàőáâàăŋáâćă X ∈ H (ć çăáâŋőáâĺ, ďńï ℓ^p ĺ ℓ^q ) ŕàĺ ńîąőň n ĺňěěň ‖ e^{inx} − v^j_n(x)/^v^j_n(n) | X ‖ → 0 ŕàĺ j → ∞, çâő ąëńő ŕőłăğăŋő ŕàĺ ďőłăğăâěńìáâćě Šěőàěňë 2. Šěőàěňă 4 ďőłăğăŋă.

§3. Ăńčőàĺâňë ćáŕńěáł-ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ

Ăńčőàĺâňë ďěłőňŕőğĺæĺĺ áőáâőïâ ĺğ ďćãå èăčőć. Ŋă ŕěàćőň ĺğ ŋĺå ąěáłőŋěçŋőňěàŋőě ŕàőáâàăŋáâćő X ŕàőěłâĺàãěâáï ŋă łőŋěçŋőňěàŋőě ŕàőáâàăŋáâćő V^j. İâőâ èăč ňőęěâ ąëâì àěăńĺğőćăŋ ńĺèì ŕàĺąńĺęěŋŋő, ŕőáłőńìłã őŋ ćłńîçăěâ ć áěąï őŕěàăæĺĺ ĺŋâěčàĺàőćăŋĺï ĺńĺ áãňňĺàőćăŋĺï ąěáłőŋěçŋëå àïďőć. Ňë ŕàĺćěďěň âőńìłő ăŋăńĺâĺçěáłĺě äőàňãńë ĺ ŋě ąãďěň őąáãęďăâì ňěâőďë çĺáńěŋŋőľ àěăńĺğăæĺĺ íâőľ ŕàőěłæĺĺ. Ćâőàőľ èăč | àăğńőęěŋĺě f ∈ V^j ć áãňňã

f(x) = f_0(x) + j−1∑ n=0 g_n(x) = f_0(x) + j−1∑ n=0 N−1∑ k=0 c_{jn}ψ^n(x − 2πk/N ), čďě f_0 ∈ V^0, g_n ∈ W^n, n = 0, 1, 2, . . . , j − 1. Ŕőáłőńìłã ŋă íâőň èăčě ňë ĺňěěň ďěńő á łőŋěçŋőňěàŋëňĺ ŕàőáâàăŋáâćăňĺ, âő ŋă ŋěň ňőčãâ ĺáŕőńìğőćăâìáï łőŋěçŋëě çĺáńěŋŋëě ăńčőàĺâňë. Ąãďãâ àăááňőâàěŋë âàĺ âĺŕă ăńčőàĺâňőć. Ŕěàćëľ ĺğ ŋĺå ïćńïěâáï ãŋĺćěàáăńìŋëň. Őŋ őáŋőćăŋ ŋă ŕěàěåőďě ć çăáâőâŋãî őąńăáâì ĺ ĺňěâ áńőęŋőáâì O(J log J) = O(Jj). Ćâőàőľ | ŕàĺňěŋĺň ďńï âěå ćáŕńěáł-ŕàőěłæĺľ ŕàőáâàăŋáâć X ∈ H, ďńï łőâőàëå ć ŕàőáâàăŋáâćăå {V^j}^∞_{j=0} ĺ {P^j}^∞_{j=0}, őŕàěďěńïîéĺå ćáŕńěáł-ŕàőěłæĺî, ŋăľďãâáï ąăğĺáë {⃗φ^j}^∞_{j=0} ĺ {⃗ξ^j}^∞_{j=0} á ńőłăńìŋëň ŋőáĺâěńěň. Ňë ŕőńìğãěňáï âěàňĺŋőň ąăğĺá á ńőłăńìŋëň ŋőáĺâěńěň, ŕőáłőńìłã ďńï ŕěàĺőďĺçěáłőčő áńãçăï âàăďĺæĺőŋŋëľ âěàňĺŋ łőňŕăłâŋëľ ŋőáĺâěńì âěàïěâ áňëáń. Ć áńãçăě ąăğĺáă áďćĺčőć á ńőłăńìŋëň ŋőáĺâěńěň áãéěáâćãěâ âăłőě ďěľáâćĺâěńìŋőě çĺáńő σ > 0, çâő ŋőáĺâěńì àăáŕàěďěńěŋĺľ ąăğĺáă ⃗φ^n ŕőňěéăěâáï (ŋă ŕěàĺőďě) ŋă őâàěğłě ďńĺŋë 2πσ/N , n > 0. Ć ďăńìŋěľèěň ňë ŕőńăčăěň, çâő σ | ŋăâãàăńìŋőě çĺáńő, àăćŋőě ňĺŋĺňăńìŋőňã łőńĺçěáâćã ŕőáńěďőćăâěńìŋëå ĺŋâěàćăńőć ćĺďă [2πk/N, 2π(k + 1)/N ], ŋěőąåőďĺňëå çâőąë ŕőłàëâì ŋőáĺâěńì ąăğĺáă ŋă ŕěàĺőďě. Śńőęŋőáâì âăłőčő ăńčőàĺâňă àăćŋă O((σ_1 + σ_2)J), čďě σ_1 ĺ σ_2 |àăğňěàë ŋőáĺâěńěľ áőőâćěâáâćěŋŋő ąăğĺáőć {⃗φ^j }^∞_{j=0} ĺ {⃗ξ^j}^∞_{j=0}. Čńăćŋőľ áőáâăćńïîéěľ íâőčő ăńčőàĺâňă ïćńïěâáï őŕěàăæĺï àěèěŋĺï áĺáâěň ńĺŋěľŋëå ãàăćŋěŋĺľ á àăğàěęěŋŋëňĺ ňăâàĺæăňĺ. Šàěâĺľ ăńčőàĺâň ŕőğćőńïěâ ďńï ŕàőĺğćőńìŋőčő ŁŇĂ á łőŋěçŋőľ ňăáłőľ ňăáèâăąĺàãîéěčő ãàăćŋěŋĺï ŕőďőąàăâì âăłĺň őąàăğőň ŕőďåőďïéãî ćáŕńěáł-ŕàőěłæĺî, çâő ŕàőæěďãàë àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï äãŋłæĺľ ňőčãâ ąëâì àěăńĺğőćăŋë ć ćĺďě ďĺáłàěâŋőľ áćěàâłĺ á őłŋăňĺ àăğňěàă ŕőàïďłă N , łőâőàëľ áőćŕăďăěâ á àăğňěàőň ňăáłĺ. Śńőęŋőáâì âăłőčő ăńčőàĺâňă àăćŋă O(N J). İâĺ ŕőďďăîéĺěáï àăáŕăàăńńěńĺćăŋĺî ăńčőàĺâňë ąãďãâ àăááňőâàěŋë ć §4.

Ğăäĺłáĺàãěň ďćă ďćőľáâćěŋŋëå ŁŇĂ {V^j}^∞_{j=0} ĺ {P^j}^∞_{j=0} ŕàőáâàăŋáâć X ĺ (^∘X)^∗ áőőâćěâáâćěŋŋő, {⃗v^j }^∞_{j=0} ĺ {⃗p^j}^∞_{j=0} | ĺå ąăğĺáë Ćĺŋěàă, {W^j}^∞_{j=0}, {Q^j}^∞_{j=0} | áőőâćěâáâćãîéĺě ćáŕńěáł-ŕàőáâàăŋáâćă á ąăğĺáăňĺ Ćĺŋěàă { ⃗w^j}^∞_{j=0} ĺ {⃗q^j}^∞_{j=0}.

Łőíääĺæĺěŋâë àăğńőęěŋĺï ŕàőěłæĺĺ ŕàőĺğćőńìŋőčő àăáŕàěďěńěŋĺï f ŋă ŕàőáâàăŋáâćő V^n ć ąăğĺáě Ćĺŋěàă őŕàěďěńïîâáï ŕő äőàňãńě (2.1). Ć áőőâćěâáâćĺĺ á (1.5) łőőàďĺŋăâë ćěłâőàőć ŕàőáâàăŋáâćă V^n ć ąăğĺáě Ćĺŋěàă ĺ ąăğĺáě áďćĺčőć áćïğăŋë ŕàïňëň ĺ őąàăâŋëň ĎŔŤ ĺ, ąëâì ňőęěâ, ŕőłőőàďĺŋăâŋëň ãňŋőęěŋĺěň ć çăáâőâŋőľ őąńăáâĺ. Śőčńăáŋő Ńěňňě 1 ĺ (2.2) äãŋłæĺĺ v^j_k ĺ w^j_k ïćńïîâáï ńĺŋěľŋëňĺ łőňąĺŋăæĺïňĺ ŕăàë äãŋłæĺľ v^{j+1}_k , v^{j+1}_{k+J} . Ŕőíâőňã, ěáńĺ ňë ğŋăěň łőíääĺæĺěŋâë àăğńőęěŋĺï, ŕő ąăğĺáã ⃗v^{j+1}, ďńï ŋăåőęďěŋĺï àăğńőęěŋĺľ ŕàőěłæĺľ ŋă V^j ĺ W^j ć ąăğĺáăå ⃗v^j ĺ ⃗w^j ŋăň ŋěőąåőďĺňő ŋě ąőńěě 4J őŕěàăæĺľ ãňŋőęěŋĺï ĺ 2J áńőęěŋĺľ. Ťőàňãńë àěłőŋáâàãłæĺĺ ĺňěîâ âã ęě áńőęŋőáâì. Šăłĺň őąàăğőň, ŕőàïďőł áãňňăàŋőľ áńőęŋőáâĺ őŕàěďěńïěâáï ŕěàěåőďőň őâ ąăğĺáőć Ćĺŋěàă ł ąăğĺáăň áďćĺčőć ĺ őąàăâŋő. Ğŋăçĺâ, ŕőàïďőł ăàĺäňěâĺçěáłĺå ğăâàăâ ăńčőàĺâňőć àěłőŋáâàãłæĺĺ ĺ ćőááâăŋőćńěŋĺï àăćěŋ áńőęŋőáâĺ ăńčőàĺâňă Ąëáâàőčő Ŕàěőąàăğőćăŋĺï Ťãàìě, â.ě. O(N log N ).

Ŕàěęďě çěň ŕěàěľâĺ ł àăááňőâàěŋĺî ćâőàőčő ăńčőàĺâňă, ŕőńãçĺň ŋěłőâőàëě àěğãńìâăâë, łăáăîéĺěáï ąăğĺáőć áďćĺčőć. Ş ŋăá ěáâì äőàňãńă (2.1) ďńï ŕàőěłâĺàőćăŋĺï ŋă ŕàőáâàăŋáâćă V^j ć ąăğĺáě Ćĺŋěàă. Ŕőńãçĺň ăŋăńőčĺçŋëě äőàňãńë ďńï ąăğĺáőć áďćĺčőć. Ąăğĺá áďćĺčőć ⃗ξ^j ŕàőáâàăŋáâćă P^j ŋăğëćăěâáï ďćőľáâćěŋŋëň ąăğĺáã ⃗φ^j, ěáńĺ ⟨φ^j (• − 2πl/J), ξ^j(• − 2πk/J)⟩ = δ_{lk}^{def}= { 1 , l = k; 0, l ≠ k . Šěőàěňă 5. Ďćă àăáŕàěďěńěŋĺï φ = N−1∑ k=0 α_kv^n_k ĺ ξ = N−1∑ k=0 β_kp^n_k ïćńïîâáï ďćőľáâćěŋŋëňĺ (â.ě. ĺå áőőâćěâáâćãîéĺě áďćĺčĺ őąàăğãîâ ďćőľáâćěŋŋëě ąăğĺáë ŕàőáâàăŋáâć V^n ĺ P^n) âőčďă ĺ âőńìłő âőčďă, łőčďă

α_0 —β_0⟨v^n_0 , p^n_0 ⟩ = α_1 —β_1⟨v^n_1 , p^n_1 ⟩ = . . . = α_{N−1} —β_{N−1}⟨v^n_{N−1}, p^n_{N−1}⟩ = 1/N.

Šěőàěňă 5 ďńï áŕńăľŋ-ŁŇĂ ŕàőáâàăŋáâćă L^2 ŕàĺŋăďńěęĺâ Ć.Ă.Ęěńãďěćã [13].

Ďőłăğăâěńìáâćő Šěőàěňë 5. Ć áăňőň ďěńě,

⟨φ(•), ξ(• − 2πl/N )⟩ = N−1∑ k=0 α_k —β_k⟨v^n_k , p^n_k ⟩ exp(2πilk/N )^{def}= τ_l.

Ćëàăęěŋĺě ć ŕàăćőľ çăáâĺ ďăěâ ğŋăçěŋĺï âàĺčőŋőňěâàĺçěáłőčő ŕőńĺŋőňă t_N (x) = ∑_{N−1} k=0 γ_k exp(ixk), čďě γ_k = α_k —β_k⟨v^n_k , p^n_k ⟩, ć âőçłăå 2πl/N , l = 0, 1, . . . , N − 1. Ććĺďã âőčő çâő ĺŋâěàŕőńïæĺőŋŋăï ğăďăçă ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě, τ_l = δ_{0l} âőčďă ĺ âőńìłő âőčďă, łőčďă γ_k = 1/N . Šěőàěňă 5 ďőłăğăŋă.

Ććěďěň őąőğŋăçěŋĺï γ_m = ⟨φ^{n+1}(• − 2πm/2N ), ξ^n(•)⟩, m = 0, 1, . . . , 2N − 1.

Šěőàěňă 6. Ŕãáâì

ψ^n(• + 2π/2N ) = 2N−1∑

m=0 (−1)^nγ_mφ^{n+1}(• + 2πm/2N ). (3.1)

Šőčďă áĺáâěňă äãŋłæĺľ {ψ^n(• − 2πm/N )}^{N−1}_{m=0} őąàăğãěâ ąăğĺá ŕàőáâàăŋáâćă W^n.

Śőőâŋőèěŋĺě (3.1) ŋăŕőňĺŋăěâ åőàőèő ĺğćěáâŋãî äőàňãńã ŕàěďáâăćńěŋĺï äãŋłæĺĺ ψ^n çěàěğ łőňŕőŋěŋâë ćěłâőàă ⃗φ^{n+1} á őàâőčőŋăńìŋëňĺ łőňŕőŋěŋâăňĺ (áň., [4],[5]). Ťăłâĺçěáłĺ (3.1) ãâőçŋïěâ áňëáń łőíääĺæĺěŋâőć. Ďńï áńãçăï ŁŇĂ ŕàőáâàăŋáâćă L^2(R) äőàňãńă (3.1) ŕàĺćěďěŋă ć [4, áâà. 264] (áň. âăłęě äőàňãńă (5.4) àăąőâë [1]).

Ĺğ Šěőàěňë 6 áńěďãěâ, çâő ěáńĺ ąăğĺáë ⃗φ^j ŕàőáâàăŋáâć V^j ĺňěîâ ńőłăńìŋëě ŋőáĺâěńĺ, âő âěň ęě áćőľáâćőň őąńăďăîâ ĺ ąăğĺáë ⃗ψ^j Ąőńěě âőčő, ňăáłĺ ňăáèâăąĺàãîéĺå ãàăćŋěŋĺľ ąăğĺáőć ψ^j ĺňěîâ őčàăŋĺçěŋŋőě çĺáńő íńěňěŋâőć. Ăŋăńőčĺçŋëě ŕàőąńěňë ďńï ŁŇĂ ŕàőáâàăŋáâćă L^2(R) á ąăğĺáăňĺ, ĺňěîéĺňĺ łőňŕăłâŋëľ ŋőáĺâěńì ĺ ňăáèâăąĺàãîéĺě ãàăćŋěŋĺï á łőŋěçŋőľ ňăáłőľ, ąëńĺ àăááňőâàěŋë ć [3].

Ďőłăğăâěńìáâćő Šěőàěňë 6. Ďńï ńîąőčő k ĺňěěň ⟨ψ^n(• − 2πk/N ), ξ^n(•)⟩ = 2N−1∑

m=0 (−1)^mγ_m⟨φ^{n+1}(• − 2π(2k + 1 − m)/2N )), ξ^m(•)⟩

= 2N−1∑

m=0 (−1)^mγ_mγ_{2k+1−m} = N−1∑ m=0 γ_{2m}γ_{2k+1−2m} − N−1∑ m=0 γ_{2m+1}γ_{2k−2m}

= N−1∑ m=0 γ_{2m}γ_{2k+1−2m} − N−1∑ m=0 γ_{2k+1−2m}γ_{2m} = 0.

Ŕőłăęěň, çâő łőňŕőŋěŋâë ćěłâőàă ⃗ψ^n(x) ńĺŋěľŋő ŋěğăćĺáĺňë. Ďńï äãŋłæĺőŋăńìŋëå ňăâàĺæ A(•) ĺ B(•) àăğňěàőć j_0 ×k_0, l_0 ×k_0 á íńěňěŋâăňĺ ĺğ X ĺ (^∘X)^∗ áőőâćěâáâćěŋŋő çěàěğ ⟨A, B⟩ őąőğŋăçĺň çĺáńőćãî ňăâàĺæã C àăğňěàă j_0 ×l_0 , íńěňěŋâë łőâőàőľ őŕàěďěńïîâáï ŕő äőàňãńě c_{j,l} = ∑_{k0−1} k=0 ⟨a_{j,k}, b_{l,k}⟩. Ććěďěň âăłęě ćáŕőňőčăâěńìŋãî ňăâàĺæã `^n = ⟨⃗φ^{n+1}, ⃗ξ^n⟩. Ěě ŕěàćëľ áâőńąěæ áőćŕăďăěâ á (γ_0 , γ_1, . . . , γ_{2N−1}), ă łăęďëľ ŕőáńěďãîéĺľ áâőńąěæ ŕőńãçăěâáï ĺğ ŕàěďëďãéěčő æĺłńĺçěáłĺň áďćĺčőň ŋă ďćě ŕőğĺæĺĺ. Ććĺďã äőàňãńë (3.1) àăğňěàŋőáâì ńĺŋěľŋőľ őąőńőçłĺ łőňŕőŋěŋâ ćěłâőàă ⃗ψ^n àăćŋă àăŋčã ňăâàĺæë `^n. Ŕőáłőńìłã rank `^n = rank (F^∗_{2N} `^nF_N /2N^2) = rank ⟨⃗v^{n+1}, ⃗p^n⟩ = N , łőňŕőŋěŋâë ćěłâőàă ⃗ψ^n ńĺŋěľŋő ŋěğăćĺáĺňë. Šěőàěňă 6 ďőłăğăŋă.

Šěŕěàì ňë őáâăŋőćĺňáï ŋă çĺáńěŋŋëå ăńčőàĺâňăå ćáŕńěáł-ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ ďńï ŁŇĂ ŕàőáâàăŋáâćă X ∈ H, łőčďă ĺå ąăğĺáë ⃗φ^j, ă âăłęě ąăğĺáë ⃗ξ^j ŁŇĂ ŕàőáâàăŋáâćă (^∘X)^∗, őŕàěďěńïîéěčő ćáŕńěáł-ŕàőěłæĺî, ĺňěîâ ńőłăńìŋëě ŋőáĺâěńĺ. Ůěàěğ σ_1 ĺ σ_2 ňë őąőğŋăçĺň àăğňěàë áőőâćěâáâćãîéĺå ŋőáĺâěńěľ. Śńãçăľ X = L^2, P^j = V^j ïćńïěâáï çăáâŋëň. Őŋ ďăěâ àăğńőęěŋĺě ŕàőáâàăŋáâćă L^2 ć őàâőčőŋăńìŋãî áãňňã ćáŕńěáł-ŕàőáâàăŋáâć.

Ůěàěğ ⃗~ξ^j ĺ ⃗~φ^j ňë őąőğŋăçĺň ąăğĺáë, ďćőľáâćěŋŋëě áőőâćěâáâćěŋŋő ąăğĺáăň ⃗φ^j ĺ ⃗ξ^j . Śŋăçăńă ŋăľďěň łőíääĺæĺěŋâë ŕàőěłæĺĺ ŕàőĺğćőńìŋőľ äãŋłæĺĺ f ∈ X ŋă ŕàőáâàăŋáâćő V^n ć ąăğĺáě ⃗φ^n. Ŕàőěłæĺï f_n ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ďćãå ćĺďăå

f_n = ⃗a^{nT} ⃗φ^n = ⃗b^{nT} ⃗~φ^n, (3.2)

čďě ⃗a ĺ ⃗b | ćěłâőàë łőíääĺæĺěŋâőć àăğńőęěŋĺï áőőâćěâáâćěŋŋő ć ąăğĺáăå ⃗φ^n ĺ ⃗~φ^n. Őçěćĺďŋő, ⃗bn = ⟨f, ⃗ξn⟩. Ŕőíâőňã, ěáńĺ ćěłâőà f —⃗ξn áőáâőĺâ ĺğ ĺŋâěčàĺàãěňëå äãŋłæĺľ, âő ďńï âőčő çâőąë ŋăľâĺ ⃗b^n, ŋăň ŋãęŋő ćëçĺáńĺâì N ĺŋâěčàăńőć ŕő őâàěğłăň ďńĺŋë 2πσ_2/N . Ĺğ (3.2) áńěďãěâ, çâő ⟨⃗a^{nT} ⃗φ^n, ⃗ξ^n⟩ = ⟨⃗b^{nT} ⃗~φ^n, ⃗ξ^n⟩. Ğŋăçĺâ, ⃗a^{nT} ˘^n = ⃗b^{nT} . Šăłĺň őąàăğőň, ćěłâőà ⃗a^n ïćńïěâáï àěèěŋĺěň áĺáâěňë ńĺŋěľŋëå ãàăćŋěŋĺľ ŋě ąőńěě, çěň á (σ_1 + σ_2)-ďĺăčőŋăńìŋőľ æĺàłãńïŋâŋőľ ňăâàĺæěľ. Šàěãčőńìŋőě àăğńőęěŋĺě ňăâàĺæë ˘^n ňőęěâ ąëâì àěăńĺğőćăŋő ğă O((σ_1 +σ_2)^2N ) ăàĺäňěâĺçěáłĺå őŕěàăæĺľ. Őďŋăłő őŋő ŋě ğăćĺáĺâ őâ ćåőďŋőľ äãŋłæĺĺ f. Śńőęŋőáâì àěèěŋĺï áĺáâěň á ŕőńãçěŋŋëňĺ àăğàěęěŋŋëňĺ âàěãčőńìŋëňĺ ňăâàĺæăňĺ àăćŋă O((σ_1 + σ_2)N ). Ŕőíâőňã íâőâ èăč ďěłőňŕőğĺæĺĺ ĺňěěâ áńőęŋőáâì O((σ_1 + σ_2)N ).

Ćâőàőľ ĺ âàěâĺľ èăčĺ áőáâőïâ ć ŕàőěłâĺàőćăŋĺĺ äãŋłæĺĺ f_{j+1} ∈ V^{j+1} ŋă ŕàőáâàăŋáâćă V^j ĺ W^j. İâĺ èăčĺ ŕőćâőàïîâáï ŋãęŋőě çĺáńő àăğ ćŕńőâì ďő j = 0. Ěďĺŋáâćěŋŋëň őâńĺçĺěň ćâőàőčő èăčă őâ ŕěàćőčő ïćńïěâáï ãŕàőéěŋĺě áŕőáőąă ŕőńãçěŋĺï f_j . Ć áăňőň ďěńě, ŕőáłőńìłã ⃗b^j = ⟨f_{j+1}, ⃗ξ^j⟩ = ⟨(⃗a^{j+1})^T ⃗φ^{j+1}, ⃗ξ^j⟩ = (⃗a^{j+1})^T `^j, âő ćěłâőà ⃗b^j ŕőńãçăěâáï łăł áćěàâłă ⃗a^{j+1} á őłŋőň àăğňěàă ŕőàïďłă O(σ_1 + 2σ_2). Ć çăáâŋőáâĺ, ďńï X = L^2 ŋăň ŋě ŋãęŋő ćëçĺáńïâì ĺŋâěčàăńë.

Ŕàőěłâĺàőćăŋĺě ŋă ŕàőáâàăŋáâćő ćáŕńěáłőć W^j àěăńĺğãěâáï ăŋăńőčĺçŋëň őąàăğőň. Ć áăňőň ďěńě, ŕãáâì ąăğĺá ⃗ψ^j őŕàěďěńïěâáï ŕő äőàňãńě (3.1), íńěňěŋâë ąăğĺáă ⃗ζ^j ćáŕńěáł-ŕàőáâàăŋáâćă Q^j ĺňěîâ

ńőłăńìŋëľ ŋőáĺâěńì, ⃗~ζ^j ĺ ⃗~ψ^j | áőőâćěâáâćãîéĺě ďćőľáâćěŋŋëě ąăğĺáë. Šőčďă g_j = ⃗c^{jT} ⃗ψ^j = ⃗d^{jT} ⃗~ψ^j, čďě g_j ćáŕńěáł-ŕàőěłæĺï f_{j+1} ŋă W^j, ⃗d^{jT} = ⟨f_{j+1}, ⃗ζ^j⟩ = (⃗a^{j+1})^T ⟨⃗φ^{j+1}, ⃗ζ^j⟩ = (⃗a^{j+1})^T ¨^j, ⃗c^j | àěèěŋĺě áĺáâěňë ńĺŋěľŋëå ãàăćŋěŋĺľ ⃗c^{jT} ¯^j = ⃗d^{jT} á ňăâàĺæěľ ¯^{j def}= ⟨ ⃗ψ^j , ⃗ζ^j⟩. Őçěćĺďŋő, áńőęŋőáâì íâőčő èăčă àăćŋă O((σ_1 + σ_2)N ).

Ŕőáâàőĺň ăńčőàĺâň àěłőŋáâàãłæĺĺ. Ŕőáłőńìłã

(⃗a^{j+1})^T ⃗φ^{j+1} = ⃗a^{jT} ⃗φ^j + ⃗c^{jT} ⃗ψ^j , (3.3) âő ⟨(⃗a^{j+1})^T ⃗φ^{j+1}, ⃗ξ^{j+1}⟩ = ⟨⃗a^{jT} ⃗φ^j , ⃗ξ^{j+1}⟩ + ⟨⃗c^{jT} ⃗ψ^j , ⃗ξ^{j+1}⟩. Ğŋăçĺâ, (⃗a^{j+1})^T ˘^{j+1} = ⃗a^{jT} ` + ⃗c^{jT} ¨. (3.4)

Ŕàăćăï çăáâì (3.4) áőáâőĺâ ĺğ ďćãå áćěàâőł á őłŋăňĺ àăğňěàă σ_1 +σ_2, ă ćěłâőà ⃗a^{j+1} ïćńïěâáï àěèěŋĺěň áĺáâěňë ńĺŋěľŋëå ãàăćŋěŋĺľ á ňăâàĺæěľ ˘^{j+1}.

Šăłĺň őąàăğőň, áńőęŋőáâì íâőčő ăńčőàĺâňă ďńï ŁŇĂ, őąńăďăîéěčő ąăğĺáăňĺ á ńőłăńìŋëň ŋőáĺâěńěň, àăćŋă O((σ_1 + σ_2)N ).

§4. Śćěàâőçŋëě ăńčőàĺâňë ćáŕńěáł-ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ

Śâàőčő čőćőàï, ďńï ńîąőľ ćáŕńěáł-ŕàőěłæĺĺ ăńčőàĺâňë ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ ňőčãâ ąëâì àěăńĺğőćăŋë ć äőàňě áćěàâőł. Őďŋăłő ŋě ćő ćáěå áńãçăïå (áň., ŋăŕà., ŕàěďëďãéĺľ ŕăàăčàăä) âăłăï àěăńĺğăæĺï őŕâĺňăńìŋă á âőçłĺ ğàěŋĺï ćëçĺáńĺâěńìŋëå ğăâàăâ. Ğďěáì ňë àăááňăâàĺćăěň áńãçăĺ, łőčďă íâĺ ăńčőàĺâňë àěăńĺğãîâáï łăł áćěàâłĺ á őłŋăňĺ ňăńőčő àăğňěàă.

Ŕãáâì {V^k} őąàăğãěâ ŁŇĂ ŕàőáâàăŋáâćă X, {P^k} őŕàěďěńïěâ ćáŕńěáł-ŕàőěłæĺî, {⃗φ^k}^{j+1}_{k=0} ĺ { ⃗ψ^k}^j_{k=0} | ąăğĺáë áőőâáâćãîéĺå ŕàőáâàăŋáâć V^k ĺ W^k. Šőčďă ŋăľďãâáï ŋăąőàë çĺáěń {r_m}^{2J−1}_{m=0} ĺ {s_m}^{2J−1}_{m=0} , őŕàěďěńïîéĺě ďńï łăęďőčő k ≤ j ćáŕńěáł-ŕàőěłæĺî 2K−1∑

n=0 c^{k+1}_n φ^{k+1}(x − 2πn/2K) = K−1∑ n=0 c^k_nφ^k(x − 2πn/K) + K−1∑ n=0 d^k_nψ^k(x − 2πn/K) ŕő äőàňãńăň

c^k_m = 2J−1∑

l=0 c^{k+1}_{l+2m}r_l, d^k_m = 2J−1∑

l=0 c^{k+1}_{l+2m} s_l.

Ťőàňãńă àěłőŋáâàãłæĺĺ ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě

c^{k+1}_m = 2J−1∑

l=0 c^k_l a_{m−2l} + 2J−1∑

l=0 d^k_l b_{m−2l}, čďě a_l ĺ b_l | çĺáńă, őŕàěďěńïîéĺě ňăáłĺ ňăáèâăąĺàãîéĺå ãàăćŋěŋĺľ (1.3) ĺ (2.3).

Őąàăâŋő, ěáńĺ ňë ĺňěěň âăłőě ĺŋćăàĺăŋâŋőě őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă 2π/J ŕàőáâàăŋáâćő W^j, çâő V^{j+1} = V^j ⊕ W^j , âő ŕàőáâàăŋáâćă W^k ŕàĺ k < j őŕàěďěńïîâáï ŕő àěłãààěŋâŋőľ äőàňãńě W^k = { f(•/2) + f(•/2 + π) | f ∈ W^{k+1} }. Őłăğëćăěâáï, áãéěáâćãîâ ŁŇĂ, ãáâăŋăćńĺćăîéĺě ćáŕńěáłŕàőěłæĺî á âěňĺ ęě áăňëňĺ ćáŕńěáł-ŕàőáâàăŋáâćăňĺ {W^k}^j_{k=0}. Ŋěâàãďŋő ŕőłăğăâì, çâő áãéěáâćãěâ ňŋőčő ćőğňőęŋëå ŁŇĂ, őŕàěďěńïîéĺå ďăŋŋëě ćáŕńěáł-ŕàőáâàăŋáâćă. İâő áńěďãěâ ĺğ âőčő, çâő áőčńăáŋő Šěőàěňě 2 ŁŇĂ {P^j} őŕàěďěńïěâáï äãŋłæĺěľ p^1. Ć âő ęě ćàěňï, ć łăçěáâćě p^1 ňőęěâ ąëâì ćğïâă ńîąăï äãŋłæĺï, ãďőćńěâćőàïîéăï ãáńőćĺïň ⟨v^m_k , f⟩ ≠ 0, ⟨w^n_k , f⟩ = 0, k | ŋěçěâŋő, m = 1, 2, . . .; n = 2, 3, . . . , j. Ŕőáńě ćëąőàă ąăğĺáőć áďćĺčőć ć V^{j+1} ĺ W^j ŕőáńěďőćăâěńìŋőáâĺ {r_l} ĺ {s_l} őŕàěďěńïîâáï őďŋőğŋăçŋő.

Ć íâőň ŕăàăčàăäě ňë ŕőłăęěň, çâő ěáńĺ ďńï ńîąőčő n > 0 ŋőňěàă ŋěŋãńěćëå íńěňěŋâőć ňăáłĺ ňăáèâăąĺàãîéěčő ãàăćŋěŋĺï (1.3) ãňěéăîâáï ŋă őâàěğłě ďńĺŋë N ∈ Z(ĺňěěâ áňëáń ŕàěďŕőńőęĺâì, çâő N ≪ N ), âő áãéěáâćãîâ ăńčőàĺâňë ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ äãŋłæĺľ ĺğ V^n áńőęŋőáâĺ ŕőàïďłă O(N N ).

Ŋăň ŕőŋăďőąïâáï áńěďãîéĺě ćáŕőňőčăâěńìŋëě ãâćěàęďěŋĺï.

Ńěňňă 3. Ŕãáâì P1, P2, R | ăńčěąàăĺçěáłĺě ŕőńĺŋőňë áâěŕěŋĺ m, n ĺ < m + n áőőâćěâáâćěŋŋő.

Łàőňě âőčő, ŕőńĺŋőňë P_1 ĺ P_2 ŋě ĺňěîâ őąéĺå łőàŋěľ. Šőčďă ŋăľďãâáï âăłĺě ŕőńĺŋőňë Q_1 ĺ Q_2 áâěŕěŋĺ ŋě ćëèě n − 1 ĺ m − 1, çâő

P_1(x)Q_1(x) + P_2(x)Q_2(x) = R(x). (4.1)

Ŕőńĺŋőňë Q_1 ĺ Q_2 őŕàěďěńïîâáï őďŋőğŋăçŋő.

Ğăňěçăŋĺě. İâă ńěňňă ć çãâì ňěŋěě őąéěľ äőàňě ąëńă ŕàĺćěďěŋă Ĺ.Ďăąěèĺ [4, á. 169] ĺ [5]. Ŋăèě ďőłăğăâěńìáâćő őáŋőćăŋő ŋă ďàãčőľ ĺďěě ĺ ŋěáłőńìłő łőàőçě.

Ďőłăğăâěńìáâćő Ńěňňë 3. Ŕãáâì {x_k}^m_{k=1} | łőàŋĺ ŕőńĺŋőňă P_1. Šőčďă Q_2 őŕàěďěńĺň ĺğ ãáńőćĺľ Q_2(x_k) = R(x_k)/P_2(x_k), čďě àăćěŋáâćő ćëŕőńŋïěâáï á łàăâŋőáâìî łőàŋï x_k. Ŕőáłőńìłã P_2(x_k) ≠ 0, ďěńěŋĺě őŕàěďěńěŋő łőààěłâŋő. Ŕőńĺŋőň Q_1 ŋăåőďĺâáï ăŋăńőčĺçŋëň őąàăğőň ŕő ğŋăçěŋĺïň ć âőçłăå {y_k}^n_{k=1} | łőàŋïå ŕőńĺŋőňă P_2.

Řăćěŋáâćő (4.1) áńěďãěâ ĺğ ěčő ćëŕőńŋěŋĺï (á ãçěâőň łàăâŋőáâĺ) ć n+m âőçłăå, â.ł. ńěćăï ĺ ŕàăćëě çăáâĺ | ŕőńĺŋőňë ŕőàïďłă ŋě ąőńěě n + m − 1.

Ć ćĺďã ěďĺŋáâćěŋŋőáâĺ àěèěŋĺï ĺŋâěàŕőńïæĺőŋŋőľ ğăďăçĺ (ćőőąéě čőćőàï, á łàăâŋëňĺ âőçłăňĺ) ŕőńĺŋőňë Q_1 ĺ Q_2 őŕàěďěńïîâáï őďŋőğŋăçŋő.

Ŕãáâì {V^j } | ŋěłőâőàëľ ŁŇĂ ŕàőáâàăŋáâćă ĺğ H. Ňë ğŋăěň, çâő ąăğĺáë Ćĺŋěàă őŕàěďěńïîâáï, äăłâĺçěáłĺ, őďŋőğŋăçŋő. Ă ŋăąőà ąăğĺáőć áďćĺčőć {⃗φ^j } ćëąĺàăěâáï á őŕàěďěńěŋŋëň ŕàőĺğćőńőň. Řăááňőâàĺň áńãçăľ, łőčďă íâĺ ąăğĺáë áćïğăŋë ňăáèâăąĺàãîéĺň ãàăćŋěŋĺěň

φ^j(x) = N∑ n=0 a_nφ^{j+1}(x − 2πn/2J), čďě N > 0 ĺ {a_n} ŋě ğăćĺáïâ őâ j, j = 0, 1, 2, . . .. Ţăàăłâěàĺáâĺçěáłĺň ŕőńĺŋőňőň ąăğĺáőć {⃗φ^j} ŋăğëćăěâáï ŕőńĺŋőň P_φ(z)^{def}= ∑_N n=0 a_nz^n. Łàőňě âőčő, ąãďěň áçĺâăâì, çâő ďńï ńîąőčő j ≥ 0 ćëŕőńŋěŋő àăćěŋáâćő φ^j (•) =^1_2 ( φ^{j+1}(•/2) + φ^{j+1}(•/2 + π) ) . Ć çăáâŋőáâĺ, őâáîďă ĺňěěň P_φ(1) = 1. Ŋăèă ąńĺęăľèăï æěńì | ŋăľâĺ ćáě ďőŕãáâĺňëě łőŋěçŋëě ňăáłĺ, â.ě. ňăáłĺ, ďńï łőâőàëå ŋăľďěâáï áőőâćěâáâćãîéĺľ ŋăąőà ąăğĺáőć ⃗φ^j .

Ńěňňă 4. Ŕãáâì {V^j} | ŕàőĺğćőńìŋëľ ŁŇĂ. Šőčďă ňăáłă {an}^N_{n=0} ďőŕãáâĺňă ć âőň ĺ âőńìłő âőň

áńãçăě, łőčďă åăàăłâěàĺáâĺçěáłĺľ ŕőńĺŋőň P_∗(z) = ∑_N n=0 a_nz^n őąàăéăěâáï ć ŋãńì ć âőçłě z = −1 ĺ őâńĺçěŋ őâ ŋãńï ćő ćáěå ďàãčĺå âőçłăå, ŕàěďáâăćĺňëå ć ćĺďě z = exp(2πiθ), čďě θ, 0 ≤ θ < 1 | ďćőĺçŋőàăæĺőŋăńìŋőě çĺáńő. Ňăáłă (á ŋőàňĺàãîéĺň ãáńőćĺěň P_∗(1) = 1) ćňěáâě á äãŋłæĺěľ φ^1 őŕàěďěńïěâ ąăğĺáë {⃗φ^j} őďŋőğŋăçŋő.

Ďőłăğăâěńìáâćő âěőàěňë 4. Ŋěőąåőďĺňőáâì. Ŕãáâì P_∗(exp(2πiθ)) = 0, čďě ć ďćőĺçŋőň ŕàěďáâăćńěŋĺĺ θ = 0.θ_1θ_2 . . . θ_{j+1} (ďńï n = 1, 2, . . . , j + 1, θ_n = 0 ĺńĺ 1), θ_{j+1} = 1, j ≥ 1. Ůĺáńő j + 1 ňë ŋăğőćěň ŕőàïďłőň θ. Ŕőńăčăěň a_n = 0 ŕàĺ n > N , ⃗a_∗ = (a_0, a_1, a_2, . . . )^T , a^j_k^{def}= ∑_∞ n=0 a_{k+nJ} , ⃗a^{jT} = (a^j_0, . . . , a^j_{J−1}); P_j(z) = ∑_{J−1} n=0 a^j_nz^n. Ğăňěâĺň, çâő ďńï θ ŕőàïďłă ŋě ćëèě j ĺňěěâ ňěáâő àăćěŋáâćő P_∗(exp(2πiθ)) = P_j(exp(2πiθ)).

Ććěďěň çĺáńő – = 1 − θ = 0.–_1, –_2, . . . , –_{j+1}. Ŕőáłőńìłã

φ^j (x) = ( ⃗a^{j+1} )_T ⃗φ^{j+1}(x) = ( F_{2J}⃗a^{j+1} )_T F^∗_{2J} ⃗φ^{j+1}(x)/2J^{def}= ( ⃗α^{j+1} )_T ⃗v^{j+1}(x), ĺ ďńï k = –_1–_2 . . . –_{j+1} (ć ďćőĺçŋőň ŕàěďáâăćńěŋĺĺ) ĺňěěň

α^{j+1}_k = P_{j+1}(exp(2πi(1 − –)) = P_{j+1}(exp(2πiθ) = P_∗(exp(2πiθ)) = 0,

âő äãŋłæĺï φ^j ŋě áőďěàęĺâ čăàňőŋĺł á ŋőňěàăňĺ ćĺďă n = k + 2Jm, m ∈ Z. Ğŋăçĺâ, âě ęě čăàňőŋĺłĺ őâáãâáâćãîâ ã äãŋłæĺĺ v^1 , çâő ŕàőâĺćőàěçĺâ Šěőàěňě 2.

Ěáńĺ ęě P_∗(−1) ≠ 0 ĺńĺ P_∗(1) = 0, âő, őçěćĺďŋő, ŕőńãçĺň ńĺąő φ^0 ≢ const, ńĺąő φ^0 ≡ 0. Ŋěőąåőďĺňőáâì ďőłăğăŋă.

Ďőáâăâőçŋőáâì. Ňë ŕőńăčăěň φ^1 = α^1_0 + α^1v^1 , α^1_0 = 1, α^1 ≠ 0. Šőčďă ńěčłő ćĺďěâì, çâő łőíääĺæĺěŋâë àăğńőęěŋĺï φ^{j+1} = ∑_{2J−1} n=0 α^{j+1}_n v^{j+1}_n ňőčãâ ąëâì ćëçĺáńěŋë ŕő àěłãààěŋâŋőľ äőàňãńě

α^{j+1}_n = α^j_n/P_{j+1}(exp(2πiθ)),

čďě ć ďćőĺçŋőň ŕàěďáâăćńěŋĺĺ

n = –1–2 . . . –j+1 ≠ J, – = 0.–1–2 . . . –j+1, θ = 1 − –; α^{j+1}_J = α^j_{J/2} (= α^1).

Ńěňňă 5. Ŕãáâì {V^j} | ŕàőĺğćőńìŋëľ ŁŇĂ. Ąăğĺáë ⃗φ^j ŕàőáâàăŋáâć V^j ćëąĺàăěň ĺğ äőàňãńĺàőćłĺ

Šěőàěňë 1 ãďőćńěâćőàïîéĺňĺ ňăáèâăąĺàãîéěňã ãàăćŋěŋĺî (1.3) á łőŋěçŋőľ ňăáłőľ ĺ åăàăłâěàĺáâĺçěáłĺň ŕőńĺŋőňőň ŕőàïďłă N > 0. Šőčďă ďńï íâőčő ŁŇĂ ŋăľďãâáï ąăğĺáë ⃗ϕ^j, łőâőàëě ďńï ńîąőčő j_1, j_2, 0 ≤ j_1 < j_2, âăłęě ãďőćńěâćőàïîâ ãáńőćĺïň

ϕ^{j1} (J_2/J_1x) = J2/J1−1 ∑ k=0 ϕ^{j2} (x + 2πkJ_1/J_2) ,

ĺ ďńï ńîąőčő j ≥ 0

ϕ^j(•) = 2J0−1∑

l=0 α_lϕ^{j+1}(• − 2πl/2J), ŕàĺçěň ďńï åăàăłâěàĺáâĺçěáłĺå ŕőńĺŋőňőć

P_ϕ(z)^{def}= 2J0−1∑

l=0 α_lz^l

ąăğĺáőć ⃗ϕ^j ĺňěěň |P_ϕ(z)|^2 + |P_ϕ(−z)|^2 > 0 ďńï ćáěå z. Łàőňě âőčő, ŕőàïďőł ŕőńĺŋőňă P_ϕ ŋě ŕàěćëèăěâ N . Ăŋăńőč Ńěňňë 5 ďńï ŁŇĂ ŕàőáâàăŋáâćă L^2(R) ňőęěâ ąëâì ŋăľďěŋ, ŋăŕàĺňěà, ć áâăâìě Ů.Ůãĺ ĺ Ę.Ćăŋčă [3].

Ďőłăğăâěńìáâćő Ńěňňë 5. Ŋěőąåőďĺňőáâì. Ěáńĺ åăàăłâěàĺáâĺçěáłĺľ ŕőńĺŋőň

P_φ(z)^{def}= N∑ l=0 a_lz^l ŋě ĺňěěâ ŕăà łőàŋěľ ćĺďă ±c ĺ P_φ(0) ≠ 0, âő ãâćěàęďěŋĺě Ńěňňë 5 ćëŕőńŋěŋő. Ŕãáâì z = ±c_0 | łőàŋĺ ŕőńĺŋőňă P_φ, C = c^2_0. Šőčďă ĺňěěâ ňěáâő ŕàěďáâăćńěŋĺě

P_φ(z) = (C − z^2) N −2∑

l=0 γ_l z^l. (4.2)

Řăááňőâàĺň ŕàőæěďãàã ŕěàěåőďă ł ŋőćëň ąăğĺáăň ⃗ϕ^j_1, ŕőğćőńïîéãî áőłàăâĺâì ŕőàïďőł åăàăłâěàĺáâĺçěáłőčő P_φ. Ňë ććěďěň ŋőćãî äãŋłæĺî

ϕ^j_1(•) = N −2∑

l=0 γ_l φ^{j+1}(• − 2πl/2J). (4.3)

Ŕőáłőńìłã áőčńăáŋő (4.2) φ^j (•) = Cϕ^j_1(•)−ϕ^j_1(•−2π/J), âő ŋăąőà äãŋłæĺľ ϕ^j_1(•−2πl/J), l = 0, 1, . . . , J − 1, őąàăğãěâ ąăğĺá ŕàőáâàăŋáâćă V^j ŕàĺ j ≥ 0.

§áŋő, çâő áőőâŋőèěŋĺě ňěęďã íńěňěŋâăňĺ ąăğĺáőć ŕàĺ àăğńĺçŋëå j ćëàăęăěâáï àăćěŋáâćăňĺ

ϕ^j_1(•) = N −1∑

l=0 α^′_lϕ^{j+1}_1 (• − 2πl/2J), čďě łőíääĺæĺěŋâë α^′_l őŕàěďěńïîâáï ŕő äőàňãńě N −1∑

l=0 α^′_lz^l = (C − z) N −2∑

l=0 γ_lz^l. Ğăňěâĺň, çâő ŋőćăï ňăáłă ďőŕãáâĺňă, ŕőáłőńìłã, á őďŋőľ áâőàőŋë, ŋőćëľ åăàăłâěàĺáâĺçěáłĺľ ŕőńĺŋőň ŋě ĺňěěâ ďőŕőńŋĺâěńìŋëå łőàŋěľ. Ś ďàãčőľ áâőàőŋë, c_0 ≠ −1, âăł łăł −(−1) = 1 ŋě ïćńïěâáï ěčő łőàŋěň. Ňë ąãďěň ŕőćâőàïâì íâã ŕàőæěďãàã ŕőłă ã åăàăłâěàĺáâĺçěáłőčő ŕőńĺŋőňă őáâăîâáï łőàŋĺ ćĺďă ±c. Šăł łăł łăęďëľ àăğ ňë ŕőŋĺęăěň áâěŕěŋì ŕőńĺŋőňă ŋă ěďĺŋĺæã, âő ł âàěąãěňőňã ąăğĺáã ⃗φ^j_∗ ňë ŕàĺďěň ğă łőŋěçŋőě çĺáńő èăčőć. Ěáńĺ P_{φ�} (0) ≠ 0, âő ŕőńăčăěň ⃗ϕ^j = ⃗φ^j_∗. Ć ŕàőâĺćŋőň áńãçăě, ⃗ϕ^j(•) = ⃗φ^j_∗(• + 2π/J). Ŕěàěľďěň ł ŕőáâàőěŋĺî ăńčőàĺâňőć ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ äãŋłæĺľ. Ŕãáâì ŕàőáâàăŋáâćă {V^j} őąàăğãîâ ŁŇĂ ŕàőáâàăŋáâćă ĺğ H, {⃗φ^j} | ŋăąőà ąăğĺáőć íâĺå ŕàőáâàăŋáâć. Łàőňě âőčő, ŕãáâì íâĺ ąăğĺáë ãďőćńěâćőàïîâ (1.1), ă åăàăłâěàĺáâĺçěáłĺľ ŕőńĺŋőň ĺňěěâ ŕőàïďőł N ĺ |P_φ(z)|^2 + |P_φ(−z)|^2 > 0 ďńï ćáěå z.

Ňë ŕőłăęěň, çâő áãéěáâćãěâ àăğńőęěŋĺě ŕàőáâàăŋáâćă V^n i ć ŕàïňãî (ćőőąéě čőćőàï, ŋěőàâőčőŋăńìŋãî) áãňňã ćáŕńěáł-ŕàőáâàăŋáâć {W^j}^{n−1}_{j=0} , ďńï łőâőàëå ć ŋěłőâőàőň ąăğĺáě ăńčőàĺâňë ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ ňőčãâ ąëâì àěăńĺğőćăŋë ć ćĺďě ďĺáłàěâŋëå áćěàâőł á őłŋăňĺ àăğňěàă ŋě ąőńěě N + 1. Ąőńěě âőčő, áćěàâëćăîéĺě őłŋă, őŕàěďěńïîéĺě ŕàőěłæĺĺ ŋă ŕàőáâàăŋáâćă W^j ĺ V^j, ă âăłęě ćőááâăŋăćńĺćăîéĺě äãŋłæĺî g ∈ V^{j+1} ŕő ěě ŕàőěłæĺïň ŋă íâĺ ŕàőáâàăŋáâćă, ňőčãâ ąëâì ćëąàăŋë ŋěğăćĺáĺňëňĺ őâ j. İâő őğăçăěâ, çâő ďńï ŕàőĺğćőńìŋőľ äãŋłæĺĺ f(•) = N−1∑ m=0 c^n_mφ^n(• − 2πm/N ) ∈ V^n ćőğňőęŋő àăğńőęěŋĺě f(•) = J−1∑ m=0 c^j_mφ^j (• − 2πm/J) + n−1∑ l=j L−1∑ m=0 d^l_mψ^l(• − 2πm/L), čďě ⃗ψ^l | ąăğĺáë ŕàőáâàăŋáâć W^l, ă łőíääĺæĺěŋâë { {c^j_m}^{J−1}_{m=0} }_{n−1} j=0 ĺ { {d^j_m}^{J−1}_{m=0} }_{n−1} j=0 ňőčãâ ąëâì ćëçĺáńěŋë ŕő äőàňãńăň

c^{j−1}_m = K+N∑ l=K c^j_{l+2m}r_l, d^{j−1}_m = L+N∑ l=L c^j_{l+2m}s_l, (4.4) čďě K, L ∈ Z. Ďăńěě ňë ŕőłăęěň, çâő ćěàåŋĺľ ŕàěďěń áãňňĺàőćăŋĺï ć ŕěàćőľ äőàňãńě ňőęěâ ąëâì ãňěŋìèěŋ ŋă ěďĺŋĺæã. Ŕőáńěďőćăâěńìŋőáâĺ c^j_m ĺ d^j_m | J-ŕěàĺőďĺçěáłĺě ŕő ŋĺęŋěňã ĺŋďěłáã, ĺ ňë ŕőńăčăěň, çâő ŕőáńěďőćăâěńìŋőáâĺ r_l ĺ s_l őŕàěďěńěŋë ďńï ćáěå æěńëå ĺŋďěłáőć, ŋő őâńĺçăîâáï őâ ŋãńï âőńìłő ŕàĺ l = K, K + 1, . . . , K + N − 1 ďńï ŕěàćőľ ŕőáńěďőćăâěńìŋőáâĺ ĺ l = L, L + 1, . . . , L + N | ďńï ćâőàőľ. Śőåàăŋïï àăğňěà őłŋă, ňë ňőęěň ŕěàěňěéăâì ěčő, ĺğňěŋïï ŕăàňěâà K ĺ ŕőńãçăï ŋőćëě àěèěŋĺï ŋăèěľ ğăďăçĺ. Ěďĺŋáâćěŋŋőě âàěąőćăŋĺě ł àăáŕőńőęěŋĺî őłŋă r_l áőáâőĺâ ć âőň, çâő őŋő ďőńęŋő ĺňěâì ŋěŕãáâőě ŕěàěáěçěŋĺě á őâàěğłőň [0, N ] ĺńĺ ěčő áďćĺčőň ŋă lN , čďě l ∈ Z. Ć ŕàőâĺćŋőň áńãçăě, ŕěàćëľ ĺğ őŕěàăâőàőć (4.4) ŕàĺ j = n őâőąàăğĺâ äãŋłæĺî φ^{n−1} ć äãŋłæĺî ćĺďă N/2−1 ∑ l=0 α_lφ^{n−1}(• − 2π · 2l/N ), čďě α_0 = 0, çâő ŋěćőğňőęŋő, ŕőáłőńìłã íâő őŕěàăâőà ŕàőěłâĺàőćăŋĺï ŕàőáâàăŋáâćă V^n ŋă V^{n−1}. Ćőğìňěň ŕàőĺğćőńìŋőě çĺáńő K, ŕàĺŋăďńěęăéěě őâàěğłã [1 − N , N ].

Ňë ŕőáâàőĺň ŕàőáâàăŋáâćă W^j ĺáåőďï ĺğ âőčő, çâő ĺå ąăğĺáë ⃗ψ^j őŕàěďěńïîâáï ĺğ ãáńőćĺľ

ψ^{j−1}(•) = N∑ m=0 b_mφ^j (• − 2πm/J), čďě ŋěőąåőďĺňő ŋăľâĺ łőíääĺæĺěŋâë b_m. Ŕőáłőńìłã äőàňãńë (4.4) őŕàěďěńïîâ őŕěàăâőàë ŕàőěłâĺàőćăŋĺï ŋă ŕàőáâàăŋáâćă V^{j−1} ĺ W^{j−1}, ŕàĺ m = 0, 1, . . . , N/2 − 1 áŕàăćěďńĺćë àăćěŋáâćă

δ_{0m} = K+N −1 ∑ l=K a_{l−2m}r_l, (4.5)

δ_{0m} = L+N∑ l=L b_{l−2m}s_l, (4.6)

0 = L+N∑ l=L a_{l−2m}s_l, (4.7)

0 = K+N −1 ∑ l=K b_{l−2m}r_l (4.8)

(ěáâěáâćěŋŋő, ňë áçĺâăěň, çâő ŕőáńěďőćăâěńìŋőáâĺ {a_l} ĺ {b_l} ïćńïîâáï N -ŕěàĺőďĺçěáłĺňĺ, ĺ ŋă ŕěàĺőďě ćŋě őąńăáâĺ áćőěčő őŕàěďěńěŋĺï őŋĺ ďőőŕàěďěńěŋë ŋãńïňĺ). Ţőàőèő ĺğćěáâŋő (áň., ŋăŕàĺňěà, [3]) ĺ ńěčłő ňőęŋő ŕàőćěàĺâì, çâő ďńï àěèěŋĺï ďăŋŋőľ áĺáâěňë ďőáâăâőçŋő àěèĺâì áńěďãîéãî áĺáâěňã ãàăćŋěŋĺľ A(z)R(z) + A(−z)R(−z) ≡ 2, (4.9) B(z)S(z) + B(−z)S(−z) ≡ 2, (4.10) A(z)S(z) + A(−z)S(−z) ≡ 0, (4.11) B(z)R(z) + B(−z)R(−z) ≡ 0, (4.12) čďě A(z) = N∑ l=0 a_lz^l, B(z) = N∑ l=0 b_lz^l,

R(z) = K+N −1 ∑ l=K r_lz^{−l} = z^{−K−N +1} N −1∑

l=0 r_{K+N −1−l}z^{l def}= z^{−K−N +1 ∨}R(z),

S(z) = L+N∑ l=L s_lz^{−l} = z^{−L−N} N∑ l=0 s_{L+N −l} z^{l def}= z^{−L−N ∨}S(z). Şàăćŋěŋĺï (4.9) { (4.12) ňőčãâ ąëâì ŕěàěŕĺáăŋë ć ćĺďě

A(z)^∨R(z) + (−1)^{K+N −1} A(−z)^∨R(−z) = 2z^{K+N −1} , (4.13)

B(z)^∨S(z) + (−1)^{L+N} B(−z)^∨S(−z) = 2z^{L+N} , (4.14)

A(z)^∨S(z) + (−1)^{L+N} A(−z)^∨S(−z) = 0, (4.15)

B(z)^∨R(z) + (−1)^{K+N −1} B(−z)^∨R(−z) = 0, (4.16) Śőčńăáŋő Ńěňňě 3 ĺ ćëąőàã K ŋăľďěâáï ěďĺŋáâćěŋŋăï ŕăàă ŕőńĺŋőňőć Q_1 ĺ Q_2 ŕőàïďłă ŋě ćëèě N −1, ãďőćńěâćőàïîéăï àăćěŋáâćã

A(z)Q_1(z) + (−1)^{K+N −1} A(−z)Q_2(z) = 2z^{K+N −1}.

Ŕàĺ íâőň, őçěćĺďŋő, Q_1(z) = Q_2(−z). Šăłĺň őąàăğőň, ŕőńĺŋőň^∨R(z) = Q_1(z) ãďőćńěâćőàïěâ ãàăćŋěŋĺî (4.13).

Ěáńĺ K + N | ŋěçěâŋő, âő ŋěâàãďŋő ŕàőćěàĺâì, çâő äãŋłæĺĺ B(z) = z^∨R(−z) ĺ^∨S(z) = A(−z) ãďőćńěâćőàïîâ ãàăćŋěŋĺïň (4.13) | (4.16). Ć áńãçăě çěâŋőčő K + N àěèěŋĺïňĺ íâĺå ãàăćŋěŋĺľ ïćńïîâáï äãŋłæĺĺ B(z) =^∨R(−z) ĺ^∨S(z) = −A(−z).

Ŋěáňőâàï ŋă łăęãéĺľáï ŕàőĺğćőń ćëąőàă ŕőńĺŋőňőć B ĺ^∨S, ŕàőáâàăŋáâćă W^j ŕőńŋőáâìî őŕàěďěńïîâáï ćëąőàőň ŕőńĺŋőňă^∨R, ŕőáłőńìłã łőíääĺæĺěŋâë ŕőńĺŋőňă őďŋőğŋăçŋő őŕàěďěńïîâ őŕěàăâőà ŕàőěłâĺàőćăŋĺï ŋă ŕàőáâàăŋáâćő V^j ćďőńì ŕàőáâàăŋáâćă W^j.

Ďńï âőčő çâőąë ŕőłăğăâì, çâő ŕàőáâàăŋáâćő W^j ďěľáâćĺâěńìŋő ĺňěěâ àăğňěàŋőáâì J ňë ŕőłăęěň áŕàăćěďńĺćőáâì äőàňãń àěłőŋáâàãłæĺĺ

c^j_m = N/2−1∑

l=0 c^{j−1}_l a_{m−2l} + N/2−1∑

l=0 d^{j−1}_l b_{m−2l}, (4.17)

łőâőàëě őąàăéăîâ őŕěàăâőàë ŕàőěłâĺàőćăŋĺï ŕàőáâàăŋáâćă V^j ŋă ŕàőáâàăŋáâćă W^{j−1} ĺ V^{j−1}. Ğŋăçĺâ,

dim W^{j−1} = dim V^j − dim V^{j−1} = J − J/2 = J/2.

Ďőáâăâőçŋő ãďőáâőćěàĺâìáï, çâő äőàňãńă (4.17) áŕàăćěďńĺćă ŕàĺ j = n. Ůěàěğ A ňë őąőğŋăçĺň âăłãî ňăâàĺæã àăğňěàă 2^{n−1} × 2^n, çâő ěě ŕěàćăï áâàőłă áőáâőĺâ ĺğ íńěňěŋâőć a_0, a_1, . . . , ă ŕőáńěďãîéĺě ŕőńãçăîâáï ĺğ ŕàěďëďãéĺå ďćőľŋëň æĺłńĺçěáłĺň áďćĺčőň ěě íńěňěŋâőć ćŕàăćő. Ăŋăńőčĺçŋëň őąàăğőň ŕőáâàőĺň ňăâàĺæë B, R, S. Šőčďă áĺáâěňă ãàăćŋěŋĺľ (4.5) | (4.8) ňőęěâ ąëâì ğăŕĺáăŋă ć ňăâàĺçŋőľ äőàňě ( A B ) (R^T S^T ) = E.

Śńěďőćăâěńìŋő, ňăâàĺæă (R^T S^T ) ĺňěěâ őąàăâŋãî ňăâàĺæã ( A B ) . Ğŋăçĺâ, ňë ĺňěěň ŋěćëàőęďěŋŋëľ őŕěàăâőà ĺ őŕěàăâőà àěłőŋáâàãłæĺĺ őŕàěďěńïěâáï äőàňãńőľ (4.17).

Ŕàěďáâăćńěŋŋăï łőŋáâàãłæĺï ŋěőàâőčőŋăńìŋőľ ćáŕńěáł-ďěłőňŕőğĺæĺĺ ŕàőáâàăŋáâćă V^n àěèăěâ ŕàőąńěňã ňĺŋĺňĺğăæĺĺ ćëçĺáńĺâěńìŋëå ğăâàăâ, őáâăćńïï ć áâőàőŋě ŕàőąńěňã "ãčńőć" ňěęďã ćáŕńěáłŕàőáâàăŋáâćăňĺ. §áŋő, çâő ãćěńĺçĺćăï èĺàĺŋã áćěàâëćăîéěčő őłŋă (ŕăàăňěâà N ), ňë ňőęěň ć őŕàěďěńěŋŋőľ áâěŕěŋĺ ćńĺïâì ŋă ćğăĺňŋőě àăáŕőńőęěŋĺě ćáŕńěáł-ŕàőáâàăŋáâć (ć çăáâŋőáâĺ, ŋă áâěŕěŋì ŋěőàâőčőŋăńìŋőáâĺ ć áńãçăě V^j ∈ L^2) . Ğăćĺáĺňőáâì ćğăĺňŋőčő àăáŕőńőęěŋĺï ŕàőáâàăŋáâć {W^j} őâ àăğňěàă áćěàâëćăîéěčő őłŋă ŋãęďăěâáï ć ďőŕőńŋĺâěńìŋëå ĺááńěďőćăŋĺïå.

Śăňő áőąőľ, ďńï ąőńìèĺå N ŕàěďŕőçâĺâěńìŋěě ĺáŕőńìğőćăâì őŕĺáăŋŋëľ ć §3 ŕőďåőď, őáŋőćăŋŋëľ ŋă ŕěàěåőďě ł ąăğĺáăň Ćĺŋěàă.

Śŕĺáőł ńĺâěàăâãàë

1. de Boor C., DeVore R.A., Ron A., On the construction of multivariate (pre)wavelets, // Constr. Approx. 9 (1993), no. 2 { 3, 123 { 166.

2. Chui C.K., Mhaskar H.N., On trigonometric wavelets, // Constr. Approx. 9 (1993), no. 2 { 3, 167 { 190. 3. Chui C.K., Wang J.Z., A general framework of compactly supported splines and wavelets, // J. Approx. Th. 71 (1992), 263 { 304.

4. Daubechies I., Ten lectures on wavelets, SIAM, Philadelphia, 1992.

5. Daubechies I., Orthonormal basis of compactly supported wavelets, // Comm. Pure Appl. Math. 41 (1988), 909 { 996. 6. Dahmen W., Micchelli C.A., Banded matrices with banded inverses II: Locally ˛nite decomposition of spline spaces, // Constr. Approx. 9 (1993), no. 2 { 3, 263 { 281.

7. İďćăàďá Ř., Řïďë Ťãàìě ć áőćàěňěŋŋőň ĺğńőęěŋĺĺ, Ň.: Ňĺà, 1985.

8. Kamada M., Toraici K., Mori Riochi, Periodic splines orthonormal bases, // J. Approx. Th. 55 (1988), 27 { 34. 9. Meyer Y., Wavelets and operators, Cambrige University Press, 1992.

10. Perrier V. and Basdevant C., La d«ecomposition en ondelettes p«eriodiques, un outil pour l’analyse de champs inhomog„enes, Th«eorie et algorithmes, // La Recherche Aerospatiale (1989), no. 3, 53 { 67.

11. Ŕěâãåőć Ă.Ŕ., Ő ŕàĺąńĺęěŋĺĺ ŕěàĺőďĺçěáłĺå àăáŕàěďěńěŋĺľ ć ňěâàĺłě Ţăãáďőàäă, //Ďőłń. ŘĂŊ 327 (1994), 187{ 190.

12. Ŕěâãåőć Ă.Ŕ., Ő ŕàĺąńĺęěŋĺĺ őąőąéěŋŋëå äãŋłæĺľ áćěàâłăňĺ ć ňěâàĺłě Ţăãáďőàäă, //Ĺğć. ŘĂŊ, áěà. Ňăâěň.

(1995), (ć ŕěçăâĺ).

13. Zheludev V.A., Periodic splines and wavelets, Proc. of the Conference "Math. Analysis and Signal processing", Cairo, Jan.

2{9, 1994.

14. Ęěńãďěć Ć.Ă., Őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě, áćïğăŋŋőě áő áŕńăľŋăňĺ, //Ďőłń. ĂŊ ŚŚŚŘ 313 (1990), no. 6, 1309 { 1315. 15. Holschneider M., Wavelets: an analysis tool, Clarendon Press. Oxford., 1995.

16. Plonka G., Tasche M., On the computation of periodic spline wavelets, Appl. and Comp. Harmonic Analysis 2 (1995), 1 { 14. 17. Koh Y.W., Lee S.L., Tan H.H., Periodic orthogonal splines and wavelets, Appl. Comp. Harmonic Anal. 2 (1995), 201 { 218.

18. Goh S.S., Lee S.L.,Shen Z., Tang W.S., Construction of Schauder decomposition on Banach spaces of periodic functions (1996), Preprint.

Ś.-Ŕěâěàąãàčáłőě őâďěńěŋĺě Ňăâěňăâĺçěáłőčő ĺŋáâĺâãâă ĺň.Ć.Ă.Śâěłńőćă ŘĂŊ E-mail address: petukhov@pdmi.ras.ru