ŔĚŘĹŐĎĹŮĚŚŁĹĚ ĎĹŚŁŘĚŠŊŻĚ ĆŚŔŃĚŚŁĹ^1

Ă. Ŕ. Ŕěâãåőć

Ŕőáâãŕĺńő 17 ňăï 1995 č.

Abstract. Ďăŋő őŕàěďěńěŋĺě ĺ ŕőáâàőěŋă âěőàĺï łàăâŋő-ňăáèâăąŋőčő ăŋăńĺğă (ŁŇĂ) äãŋłæĺľ ŋă ďĺáłàěâ-

ŋőľ ŕěàĺőďĺçěáłőľ áěâłě. Řăááňőâàěŋë ďćă ćőğňőęŋëå ŕőďåőďă ł őŕàěďěńěŋĺî ćáŕńěáł-ŕàőáâàăŋáâć, ăááőæĺĺàőćăŋŋëå á äĺłáĺàőćăŋŋëň ŁŇĂ. Ŕàĺćěďěŋë íääěłâĺćŋëě çĺáńěŋŋëě ăńčőàĺâňë ćáŕńěáł-ďěłőňŕőğĺ-æĺĺ ĺ àěłőŋáâàãłæĺĺ äãŋłæĺľ ďĺáłàěâŋőčő ăàčãňěŋâă.

§0. Ććěďěŋĺě

Ŕãáâì N = 2^n, čďě n ∈ N. Ňë ąãďěň àăááňăâàĺćăâì ŕàőáâàăŋáâćő N -ŕěàĺőďĺçěáłĺå łőňŕńěłáŋőğŋăçŋëå äãŋłæĺľ æěńőçĺáńěŋŋőčő ăàčãňěŋâă. Ďăŋŋőě ŕàőáâàăŋáâćő ňë őąőğŋăçĺň çěàěğ ~C^N . Řăąőâă ŕőáćïéěŋă ŕőáâàőěŋĺî âěőàĺĺ łàăâŋő-ňăáèâăąŋőčő ăŋăńĺğă (ŁŇĂ) {V^j}^n_{j=0} ĺ àăğńőęěŋĺî ŕő ćáŕńěáłăň V^0 ⊕W^0 ⊕· · ·⊕W^{n−1} ŕàőáâàăŋáâćă ~C^N , ă âăłęě ŋăåőęďěŋĺî íłőŋőňĺçŋëå çĺáńěŋŋëå ăńčőàĺâňőć ďěłőňŕőğæĺĺ ĺ àěłőŋáâàãłæĺĺ äãŋłæĺľ.

Řăğńőęěŋĺě äãŋłæĺľ ŕő ćáŕńěáłăň ŋăèńő ňŋőčőçĺáńěŋŋëě ŕàĺňěŋěŋĺï ć âăłĺå ŕàĺłńăďŋëå ćőŕàőáăå, łăł äĺńìâàăæĺï áĺčŋăńőć, őąàăąőâłă ĺğőąàăęěŋĺľ ĺ áęăâĺě ĺŋäőàňăæĺĺ.

Ĺğćěáâŋëě ĺğ ńĺâěàăâãàë ăńčőàĺâňë àăğńőęěŋĺï äãŋłæĺľ ŕő ćáŕńěáłăň (áň., ŋăŕàĺňěà, [1, 2{9]) ąăğĺàãîâáï ŋă ŕàěďŕőńőęěŋĺĺ, çâő ŕàĺąńĺęăěňëě äãŋłæĺĺ ĺňěîâ ŋěŕàěàëćŋëľ ăàčãňěŋâ. Ěáâěáâćěŋŋő, çâő ĺ ąăğĺáŋëě äãŋłæĺĺ ŕàĺ íâőň őłăğëćăîâáï ğăćĺáïéĺňĺ őâ ŋěŕàěàëćŋőčő ăàčãňěŋâă. Ĺŋäőàňăæĺï ęě, ĺáŕőńìğãěňăï ŕàĺ æĺäàőćőľ őąàăąőâłě, ĺňěěâ ďĺáłàěâŋëľ åăàăłâěà, ŕőíâőňã ďńï ěě ŕàěďáâăćńěŋĺï ĺ őąàăąőâłĺ ŕàěďáâăćńïěâáï æěńěáőőąàăğŋëň ŕőáâàőěŋĺě âěőàĺĺ ďĺáłàěâŋëå ąăğĺáőć ćáŕńěáłőć.

Ŕàĺ ŕőáâàőěŋĺĺ ŁŇĂ ŕàőáâàăŋáâćă N -ŕěàĺőďĺçěáłĺå äãŋłæĺľ ďĺáłàěâŋőčő ăàčãňěŋâă ŕőïćńïîâáï áŕěæĺäĺçěáłĺě ŕàőąńěňë, łőâőàëě ŋě ňőčńĺ ćőğŋĺłŋãâì ŕàĺ àăááňőâàěŋĺĺ ćáŕńěáłőć ŋă R. Ŕěàěçĺáńĺň ŋěłőâőàëě ĺğ ŋĺå.

Ĺğŋăçăńìŋő ŋěŕőŋïâŋő, łăł ŕőŋĺňăâì àăáâïęěŋĺě (ŋăŕàĺňěà, ć 2 àăğă) ăàčãňěŋâă äãŋłæĺĺ, ŕőáłőńìłã ć íâőň áńãçăě äãŋłæĺï őłăğëćăěâáï ŋěőŕàěďěńěŋŋőľ ć ŕàőňěęãâőçŋëå âőçłăå. Ŋăŕàőâĺć, ŕàĺ áęăâĺĺ ăàčãňěŋâă ŕőïćïâáï ńĺèŋĺě âőçłĺ. Ŕőàőęďăîâáï ńĺ ąăğĺáë ćáěå őąàăğãîéĺå ŁŇĂ ŕàőáâàăŋáâć áďćĺčăňĺ ĺ àăáâïęěŋĺïňĺ őďŋőľ äãŋłæĺĺ? Őâćěâ ŋă íâőâ ćőŕàőá áâăŋőćĺâáï ěéě ąőńěě ŋěőçěćĺďŋëň, ěáńĺ ćáŕőňŋĺâì, çâő ňë àăááňăâàĺćăěň ŕěàĺőďĺçěáłĺľ áńãçăľ. Śńěďőćăâěńìŋő, ňë ŕőńãçĺň 2N -ŕěàĺőďĺçěáłãî äãŋłæĺî, łőâőàăï ěéě ŋãęďăěâáï ć ŕěàĺőďĺğăæĺĺ. Ŕàěďáâăćńïěâáï âăłęě ćăęŋëň, çâőąë łăęďëľ ŁŇĂ őďŋőğŋăçŋő ćőááâăŋăćńĺćăńáï ŕő ńîąőňã ĺğ ŕőàőęďăîéĺå ěčő ŕàőáâàăŋáâć V^j.

Ćáě íâĺ ŕàőąńěňë ŋăåőďïâ ãďőćńěâćőàĺâěńìŋőě àěèěŋĺě ć àăňłăå ŕàěďńăčăěňőľ âěőàĺĺ ŁŇĂ, łőâőàăï áâàőĺâáï ć §1.

Ć âő ęě ćàěňï, ŋă ŋăè ćğčńïď, áãéěáâćãěâ ŕő łàăľŋěľ ňěàě ďćă ćőğňőęŋëå ŕőďåőďă ł őŕàěďěńěŋĺî ŕàőáâàăŋáâć ćáŕńěáłőć, ăááőæĺĺàőćăŋŋëå á äĺłáĺàőćăŋŋëň ŁŇĂ. İâĺ őŕàěďěńěŋĺï ŕàĺćőďïâ, ćőőąéě čőćőàï, ł àăğŋëň őąêěłâăň. Ŕěàćëľ ŕőďåőď àăááňăâàĺćăěâáï ŋăňĺ ć §2, čďě ňë őŕàěďěńïěň ŕàőáâàăŋáâćő ćáŕńěáłőć W^j łăł őàâőčőŋăńìŋőě ďőŕőńŋěŋĺï ŕàőáâàăŋáâćă V^j ďő ŕàőáâàăŋáâćă V^{j+1}. Ŕàĺ ćáěľ ěáâěáâćěŋŋőáâĺ âăłőčő őŕàěďěńěŋĺï őłăğëćăěâáï, çâő íâőâ ŋăąőà ćáŕńěáł-ŕàőáâàăŋáâć ŋě ãďőćńěâćőàïěâ ŋěłőâőàëň ěáâěáâćěŋŋëň á âőçłĺ ğàěŋĺï ćáŕńěłá-ăŋăńĺğă ŕàőáâàăŋáâćă L^2(R) áćőľáâćăň.

1Ăńčěąàă ĺ ăŋăńĺğ, 8 (1996),N 3, 151 { 183

Typeset by AMS-TEX 1

Ŋăŕàĺňěà, ć àěğãńìâăâě àăáâïęěŋĺï ăàčãňěŋâă äãŋłæĺĺ ŕàőáâàăŋáâćă W^{j+1} ňőęěâ ŕőńãçĺâìáï äãŋłæĺï, ŋě ŕàĺŋăďńěęăéăï ŕàőáâàăŋáâćã W^j. Śãéěáâćãîâ ĺ ďàãčĺě ŕàĺçĺŋë, łőâőàëě ğăáâăćĺńĺ ŋăá àăááňőâàěâì ć § 4 ďàãčőľ ŕőďåőď ł ćáŕńěáłăň. Őďŋă ĺğ íâĺå ŕàĺçĺŋ | áãéěáâćőćăŋĺě íłőŋőňĺçŋëå ăńčőàĺâňőć, ć âőň çĺáńě ăńčőàĺâňőć, ŕőďďăîéĺåáï àăáŕăàăńńěńĺćăŋĺî.

Ŕàőáâàăŋáâćă V^j , ŕőàőęďăîéĺě ŁŇĂ, ĺ ćáŕńěáł-ŕàőáâàăŋáâćă W^j (ďńï őąőĺå őŕàěďěńěŋĺľ) ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő áďćĺčőć ăàčãňěŋâőć ŋă N/J = 2^{n−j}. Ŕőíâőňã ŋě ïćńïěâáï ŋěőęĺďăŋŋőáâìî, çâő ć íâĺå ŕàőáâàăŋáâćăå ćăęŋãî àőńì ĺčàăîâ őàâőčőŋăńìŋëě ąăğĺáë, áőáâőïéĺě ĺğ áőąáâćěŋŋëå ćěłâőàőć őŕěàăâőàă (N/J)-áďćĺčă. Šăłĺě ąăğĺáë ć ŕőáâàőěŋĺĺ âěőàĺĺ ĺ çĺáńěŋŋőľ àěăńĺğăæĺĺ ăńčőàĺâňőć ŁŇĂ ąëńĺ ĺáŕőńìğőćăŋë Ć. Ă. Ęěńãďěćëň [2] ŕàĺ àăááňőâàěŋĺĺ ŁŇĂ, ŕőàőęďěŋŋőčő ŕěàĺőďĺçěáłĺňĺ áŕńăľŋăňĺ ňĺŋĺňăńìŋőčő ďěäěłâă. Řăŋěě Ć. Ă. Ęěńãďěć ([3]) ĺáŕőńìğőćăń ďăŋŋëě ąăğĺáë ďńï ŕőáâàőěŋĺï çĺáńěŋŋëå ăńčőàĺâňőć áŕńăľŋ-ăŕŕàőłáĺňăæĺĺ. İâĺ ąăğĺáë őłăğăńĺáì ćěáìňă ŕőńěğŋë łăł ďńï âěőàěâĺçěáłĺå ĺááńěďőćăŋĺľ áćőľáâć ŁŇĂ, âăł ĺ ďńï łőŋáâàãĺàőćăŋĺï çĺáńěŋŋëå ăńčőàĺâňőć. Ťăłâĺçěáłĺ őŕěàăâőà ŕěàěåőďă ł íâĺň ąăğĺáăň ĺčàăěâ âã ęě àőńì, çâő ĺ őŕěàăâőà ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě ć ŕàőáâàăŋáâćě ~C^N , ă łőíääĺæĺěŋâë àăğńőęěŋĺï ĺčàăîâ àőńì áŕěłâàă. Ąőńìèĺŋáâćő ďőłăğăâěńìáâć àěğãńìâăâőć ĺğ §1 ĺ 2 őŕĺàăěâáï ŋă ŕěàěåőď ł ďăŋŋőňã ąăğĺáã.

Ć § 3 ďńï őàâőčőŋăńìŋëå ŕàőáâàăŋáâć ćáŕńěáłőć àăááňőâàěŋ íłőŋőňĺçŋëľ ăńčőàĺâň ćáŕńěáłďěłőňŕőğĺæĺĺ ć áńãçăě, łőčďă ŕàőáâàăŋáâćă V^j ŕőàőęďăîâáï ąăğĺáăňĺ, ĺňěîéĺňĺ ńőłăńìŋëľ ŋőáĺâěńì. Ňë ąãďěň ĺáŕőńìğőćăâì ğďěáì áńőćő ńőłăńìŋëľ, ŕőáłőńìłã âàăďĺæĺőŋŋëľ ďńï ŁŇĂ ŕàőáâàăŋáâćă L^2(R) âěàňĺŋ ąăğĺá ćáŕńěáłőć á łőňŕăłâŋëň ŋőáĺâěńěň ć ŕěàĺőďĺçěáłőň áńãçăě ŋě ŋěáěâ ŋĺłăłőľ áňëáńőćőľ ŋăčàãğłĺ. Ć § 4 ŕőłăğăŋő, çâő ěáńĺ ňěęďã ąăğĺáăňĺ ŕàőáâàăŋáâć V^j ĺ V^{j+1} ĺňěěâ ňěáâő àěłãààěŋâŋőě áőőâŋőèěŋĺě

φ^j (·) = p∑ k=0 a_kφ^{j+1}(· + kN/2J), âő ăńčőàĺâňë ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ äãŋłæĺľ ňőęŋő àěăńĺğőćăâì łăł ďĺáłàěâŋëě áćěàâłĺ á őłŋőň èĺàĺŋë ŕőàïďłă p. Ŋő ďńï íâőčő áńěďãěâ őâłăğăâìáï őâ ćğăĺňŋőľ őàâőčőŋăńìŋőáâĺ ŕàőáâàăŋáâć W^j. Ŕőáłőńìłã ďĺáłàěâĺğăæĺï őàâőčőŋăńìŋëå ąăğĺáőć (áőáâőïéĺå ĺğ ŋěŕàěàëćŋëå äãŋłæĺľ) ŁŇĂ ŕàőáâàăŋáâćă L^2(R) ćěďěâ, ćőőąéě čőćőàï, łăł ł ŋăàãèěŋĺî őàâőčőŋăńìŋőáâĺ ňěęďã íńěňěŋâăňĺ, âăł ĺ ňěęďã áăňĺňĺ ŕàőáâàăŋáâćăňĺ W^j , âő, ŋă ŋăè ćğčńïď, őâáãâáâćĺě őàâőčőŋăńìŋőáâĺ ňěęďã ŕàőáâàăŋáâćăňĺ ćáŕńěáłőć ŋě ïćńïěâáï ŋěďőáâăâłőň łőŋáâàãłæĺĺ.

§1. Łàăâŋő-ňăáèâăąŋëľ ăŋăńĺğ ŕàőáâàăŋáâćă ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå äãŋłæĺľ

Ć ŕàőáâàăŋáâćě ~C^N ąãďěň àăááňăâàĺćăâì ěáâěáâćěŋŋőě áłăńïàŋőě ŕàőĺğćěďěŋĺě (f, g) = (f(·), g(·)) = N−1∑ j=0 f(j)—g(j). Ďńï ňăâàĺæë C (ĺńĺ ďńï ćěłâőàă) őŕěàăæĺï ∗ ąãďěâ őğŋăçăâì âàăŋáŕőŋĺàőćăŋĺě ĺ łőňŕńěłáŋőě áőŕàïęěŋĺě, â.ě. C^∗ = —C^T . Ŕàĺ íâőň, ğăŕĺáì C = (A(·), B(·)), čďě A ĺ B | äãŋłæĺőŋăńìŋëě ňăâàĺæë ĺńĺ ćěłâőàë, őğŋăçăěâ, çâő áŋăçăńă ćëŕőńŋïěâáï ãňŋőęěŋĺě ňăâàĺæë A(·) ŋă ňăâàĺæã B^T (·), ă ğăâěň ćëçĺáńïěâáï áłăńïàŋőě ŕàőĺğćěďěŋĺě, â.ě. c_{km} = ∑ l(a_{kl}(·), b_{ml}(·)). Łàőňě âőčő, ŋăň ć ďăńìŋěľèěň ąãďěâ ãďőąŋő ŋãňěàőćăâì íńěňěŋâë ňăâàĺæ ĺ ćěłâőàőć, ŋăçĺŋăï á ŋãńï, ă ŋě á ěďĺŋĺæë. Ěáńĺ ŋě őčőćőàěŋő ŕàőâĺćŋőě, ďăńěě ąãďěň ŕőńăčăâì N = 2^n, J = 2^j, L = 2^l ĺ â.ď.

Ňë ąãďěň ŕőńìğőćăâìáï ćěłâőàŋő-ňăâàĺçŋőľ äőàňőľ ğăŕĺáĺ ďńï őŕěàăâőàőć áćěàâłĺ ĺ ĺå őąőąéěŋĺľ. Ćőğŋĺłăîéĺě ŕàĺ íâőň ňăâàĺæë őŕěàăâőàőć ïćńïîâáï ńĺąő æĺàłãńïàŋëňĺ àăğňěàă K ×K, łőčďă ĺå íńěňěŋâë ňőčãâ ąëâì ćëàăęěŋë äőàňãńőľ a_{ij} = f(j − i), čďě f(·) ∈ ~C^K , ńĺąő ŕàïňőãčőńìŋëňĺ àăğňěàă K ×2K őąőąéěŋŋő æĺàłãńïŋâŋëňĺ á ďćőľŋëň áďćĺčőň, â.ě. łőčďă a_{ij} = f(j −2i), f(·) ∈ ~C^{2K} , ă âăłęě âàăŋáŕőŋĺàőćăŋŋëňĺ ł ŋĺň. Ćő ćáěå áńãçăïå ňë ąãďěň ĺáŕőńìğőćăâì âěàňĺŋ áćěàâłă á őłŋőň àăğňěàă p, ěáńĺ ŋőáĺâěńì f(·) (ŋă łăłőň-âő ŕěàĺőďě) ňőęěâ ąëâì ŕőňěéěŋ ŋă őâàěğłě ďńĺŋë p − 1.

Őŕàěďěńěŋĺě 1. Ŕőáńěďőćăâěńìŋőáâì ńĺŋěľŋëå ŕàőáâàăŋáâć {V^j}^n_{j=0} ŋăğëćăěâáï łàăâŋő-ňăáèâăą-

ŋëň ăŋăńĺğőň ŕàőáâàăŋáâćă ~C^N , ěáńĺ őŋă ãďőćńěâćőàïěâ áńěďãîéĺň ãáńőćĺïň:

1) V^0 ⊂ V^1 ⊂ · · · ⊂ V^j ⊂ · · · ⊂ V^nC^N , dim V^j = 2^j , j = 0, 1, 2, . . ., n; 2) ă) V^0 áőáâőĺâ ĺğ łőŋáâăŋâ;

ą) ěáńĺ f(·) ∈ V^j , âő g(·) = f(2·) ∈ V^{j+1};

ć) ěáńĺ f(·) ∈ V^{j+1}, âő ŋăľďěâáï âăłăï äãŋłæĺï g(·) ∈ V^j , çâő g(2·) = f(·) + f(· + N/2); č) Ŕàőáâàăŋáâćă V^j ĺŋćăàĺăŋâŋë őâŋőáĺâěńìŋő áďćĺčă ăàčãňěŋâă ŋă 2^{n−j}, j = 0, 1, 2 . . ., n, â.ě. ďńï ńîąőľ äãŋłæĺĺ f ĺğ V^j ďńï ńîąőčő k ∈ Zĺňěěň f(· + k2^{n−j}) ∈ V^j .

ď) Ďńï ńîąőčő j, 1 ≤ j < n, łăęďăï äãŋłæĺï f ∈ V^{j+1} ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě f(·) = f_1(·) + f_2(· + k_2(· + k2^{n−j−1}) + f_3(2·), čďě k ∈ N, f_1, f_2, f_3 ∈ V^j.

Ğăňěçăŋĺě. Ğă ĺáłńîçěŋĺěň ãáńőćĺï 2ď), ćáě őáâăńìŋëě ãáńőćĺï őŕàěďěńěŋĺï 1 áåőďŋë á ãęě ćáâàěçăćèĺňĺáï ć ńĺâěàăâãàě ŕő ŕěàĺőďĺçěáłĺň ćáŕńěáłăň á ŋěŕàěàëćŋëň ăàčãňěŋâőň (áň., ŋăŕàĺňěà, [4]). Ŕőïćńěŋĺě ãáńőćĺï 2ď) őąãáńőćńěŋő âěň, çâő ňë åőâěńĺ, çâőąë ŁŇĂ őďŋőğŋăçŋő ćőááâăŋăćńĺćăńáï ŕő ńîąőňã ĺğ ŕàőáâàăŋáâć V^j, ă őáâăńìŋëě ãáńőćĺï ŋě ňőčãâ čăàăŋâĺàőćăâì íâőčő áćőľáâćă. Ŋăŕàĺňěà, ŋěâàãďŋő ŕőłăğăâì, çâő ŕěàĺőďĺçěáłĺľ ŁŇĂ, ŕőáâàőěŋŋëľ ć [5], ŋě őąńăďăěâ ďăŋŋëň áćőľáâćőň.

Ŕãáâì φ^l ∈ V^l, âőčďă çěàěğ ⃗φ^l őąőğŋăçĺň ćěłâőà-äãŋłæĺî ⃗φ^l(·) = (φ^l(·), φ^l(· − N/L), . . . , φ^l(· − (L − 1)N/L))^T , l = 0, 1, 2, . . ., n. Šěőàěňă 1. Ŕãáâì {V^j }^n_{j=0} | ŕàőĺğćőńìŋëľ ŁŇĂ ŕàőáâàăŋáâćă ~C^N . Šőčďă ďńï ńîąőčő äĺłáĺàőćăŋ-

ŋőčő l, 0 ≤ l ≤ n, ĺ ńîąőľ äãŋłæĺĺ φ^l, ďńï łőâőàőľ łőňŕőŋěŋâë ćěłâőàă ⃗φ^l őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă V^l, ŋăľďěâáï ŋăąőà äãŋłæĺľ φ^j ∈ V^j, 0 ≤ j ≤ n, ďńï łőâőàëå łőňŕőŋěŋâë ćěłâőàőć ⃗φ^l őąàăğãîâ ąăğĺáë ŕàőáâàăŋáâć V^j , ŕàĺçěň ďńï ńîąëå j_1, j_2, 0 ≤ j_1 < j_2 ≤ n, ĺňěěň

(1.1) φ^{j1} (J_2m/J_1) = ∑ k=0 φ^{j2} (m + kN J_1/J_2).

äãŋłæĺĺ φ^j ŕàĺ j < l < n őŕàěďěńïîâáï ŕő äãŋłæĺĺ φ^l őďŋőğŋăçŋő.

Ŕàěęďě çěň ŕěàěľâĺ ł ďőłăğăâěńìáâćã âěőàěňë 1, ććěďěň ŋěőąåőďĺňëě őąőğŋăçěŋĺï ĺ áäőàňãńĺàãěň ĺ ďőłăęěň ŋěłőâőàëě ćáŕőňőčăâěńìŋëě àěğãńìâăâë.

Ďńï äĺłáĺàőćăŋŋőčő J ŕőńăčăěň ω_J = exp(2πi/J), F_J | ňăâàĺæă ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě (ĎŔŤ) (ěě íńěňěŋâë őŕàěďěńïîâáï áőőâŋőèěŋĺěň F_{lk} = ω^{−lk}_J , l = 0, 1, . . ., J − 1, k = 0, 1, . . ., J − 1). Ć áńãçăě, łőčďă ŋě ňőęěâ ćőğŋĺłŋãâì áőňŋěŋĺľ ć àăğňěàŋőáâĺ àăááňăâàĺćăěňëå ŕàőáâàăŋáâć, ĺŋďěłá J ąãďěň őŕãáłăâ. Ňăâàĺæă őąàăâŋőčő ďĺáłàěâŋőčő ŕàěőąàăğőćăŋĺï Ťãàìě (ŐĎŔŤ) ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě F^∗_J /J. Ůěàěğ e_{J,k} ňë ąãďěň őąőğŋăçăâì äãŋłæĺĺ e_{J,k}(m) = ω^{km}_J , k = 0, 1, 2, . . ., J − 1. Łăł ĺğćěáâŋő, íâĺ äãŋłæĺĺ őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă ~C^J , ă ĺå áãęěŋĺï ŋă ŕěàĺőď [0, J) ïćńïîâáï áâőńąæăňĺ (ĺ áâàőłăňĺ) ňăâàĺæë F^∗_J . Ťãŋłæĺĺ e_{N,k}(·) ňë ąãďěň ŋăğëćăâì čăàňőŋĺłăňĺ. Ďńï ŕàőĺğćőńìŋőľ äãŋłæĺĺ f(·) ∈ ~C^N çěàěğ ^f (·), łăł őąëçŋő, ąãďěň őąőğŋăçăâì ěě áŕěłâà (ĎŔŤ)

^f (k) =^{N−1} ∑ m=0 f(m)ω^{−mk}_N , k = 0, 1, 2, . . ., N − 1. Ńěňňă 1. Ŕãáâì h(·) ∈ ~C^N , ⃗h(·)^{def}= (h(·), h(· − N/J), . . . , h(· − (J − 1)N/J)^T , ĺ ⃗η(·)^{def}= F^∗_J ⃗h(·)/J. Šőčďă àăğňěàŋőáâì ńĺŋěľŋőľ őąőńőçłĺ łőňŕőŋěŋâ ćěłâőàă ⃗h(·) áőćŕăďăěâ á łőńĺçěáâćőň ŋěŋãńěćëå łőňŕőŋěŋâ ćěłâőàă ⃗η(·). Őâńĺçŋëě őâ âőęďěáâćěŋŋőčő ŋãńï łőňŕőŋěŋâë ćěłâőàă ⃗η(·) ćğăĺňŋőőàâőčőŋăńìŋë ĺ ňőčãâ ąëâì ćëçĺáńěŋë âăłęě ŕő äőàňãńăň

(1.2) η_k(·) = 1 N N/J−1 ∑ m=0 ^h(k + Jm) exp(2πi(k + Jm) · /N ), k = 0, 1, . . ., J − 1.

Ďőłăğăâěńìáâćő ńěňňë 1. Ŕãáâì ` | ňăâàĺæă Čàăňă íńěňěŋâőć ćěłâőàă ⃗η(·), ă G | ňăâàĺæă Čàăňă äãŋłæĺľ ćěłâőàă ⃗η(·), âőčďă ` = (⃗η(·), ⃗η(·)) = F^∗ · (⃗h(·),⃗h(·)) · F/J^2 = F^∗ · G · F/J^2. Ććĺďã âőčő çâő G | æĺàłãńïŋâŋăï ňăâàĺæă, ňăâàĺæă ` ïćńïěâáï ďĺăčőŋăńìŋőľ. Ć âő ęě ćàěňï ććĺďã ŋěćëàőęďěŋŋőáâĺ ňăâàĺæë F àăŋč ňăâàĺæë ` áőćŕăďăěâ á àăŋčőň ňăâàĺæë G, łőâőàëľ ć áćőî őçěàěďì àăćěŋ àăğňěàŋőáâĺ ńĺŋěľŋőľ őąőńőçłĺ łőňŕőŋěŋâ ćěłâőàă ⃗h(·).

Ďőłăęěň äőàňãńã (1.2).

^η_k(l) = N−1∑ p=0 ( 1 J J−1∑ m=0 h(p − mN/J)e^{2πikm/J} ) e^{−2πilp/N}

= 1 J N−1∑ p=0 (_{N−1}∑ p=0 h(p − mN/J)e^{−2πilp/N} ) e^{2πikm/J}

= 1 J J−1∑ p=0 (_{N−1}∑ p=0 h(p − mN/J)e^{−2πil(p−mN/J )/N} ) e^{2πi(k−l)m/J}

= ^h(l) 1 J J−1∑ m=0 e^{2πi(k−l)m/J} = { ^ h(l), l = k + qJ, 0, l ≠ k + qJ, q ∈ Z. Ůâő ĺ âàěąőćăńőáì.

Ĺğ ńěňňë 1 ŕőńãçĺň őçěćĺďŋőě áńěďáâćĺě.

Śńěďáâćĺě. Ŕãáâì ćëŕőńŋěŋë ãáńőćĺï Ńěňňë 1, ĺ g(·) ∈^~C^N . Šőčďă ńĺŋěľŋăï őąőńőçłă łőňŕőŋěŋâ

ćěłâőàă ⃗g(·) = (g(·), g(· − N/J), . . . , g(· − (J − 1)N/J)^T áőćŕăďăěâ á ńĺŋěľŋőľ őąőńőçłőľ łőňŕőŋěŋâ ćěłâőàă ⃗h âőčďă ĺ âőńìłő âőčďă, łőčďă g(·) ïćńïěâáï ńĺŋěľŋőľ łőňąĺŋăæĺěľ ŋěŋãńěćëå łőňŕőŋěŋâ ćěłâőàă ⃗η(·) á ŋěŋãńěćëňĺ łőíääĺæĺěŋâăňĺ.

Šăłĺň őąàăğőň, ěáńĺ ŕàőáâàăŋáâćő V ⊂ ~C^N ïćńïěâáï ńĺŋěľŋőľ őąőńőçłőľ łőňŕőŋěŋâ ćěłâőàă ⃗h(·) ĺ dim V = J, âő ć V áãéěáâćãěâ ąăğĺá, áőáâőïéĺľ ĺğ íńěňěŋâőć ćĺďă (1.2), ĺňěîéĺå ŋěŕěàěáěłăîéĺěáï ŋőáĺâěńĺ áŕěłâàőć ĺ ŕőâőňã ćğăĺňŋő-őàâőčőŋăńìŋëå. Łàőňě âőčő, őŋ ãďőćńěâćőàïěâ áńěďãîéěňã őŕàěďěńěŋĺî.

Őŕàěďěńěŋĺě 2. Śőćőłãŕŋőáâì äãŋłæĺľ f0, f1, . . . , fJ−1 ńĺŋěľŋőčő ŕàőáâàăŋáâćă V ⊂^~C^N ŋăğëćăěâáï

ąăğĺáőň Ćĺŋěàă ŕàőáâàăŋáâćă V , ěáńĺ ďńï ŋěě áŕàăćěďńĺć ďĺáłàěâŋő-ŕěàĺőďĺçěáłĺľ ăŋăńőč âěőàěňë Ćĺŋěàă: äãŋłæĺĺ {g(· − kN/J}^{J−1}_{k=0} őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă V ć âőň ĺ âőńìłő âőň áńãçăě, łőčďă g ŕàěďáâăćĺňă ć ćĺďě g = ∑_{J−1} k=0 a_kf_k, čďě ćáě a_k őâńĺçŋë őâ ŋãńï.

§áŋő, çâő íâőâ ąăğĺá ěďĺŋáâćěŋ á âőçŋőáâìî ďő ãňŋőęěŋĺï ěčő íńěňěŋâőć ŋă ŋěŋãńěćëě ňŋőęĺâěńĺ ĺ ŕěàěáâăŋőćłĺ íńěňěŋâőć. Ć âő ęě ćàěňï, áőčńăáŋő äőàňãńě (1.2), ć ŋěň áãéěáâćãěâ ěáâěáâćěŋŋăï ŋãňěàăæĺï ć áőőâćěâáâćĺĺ á âěňĺ łőňŕőŋěŋâăňĺ áŕěłâàă, łőâőàëě ćåőďïâ ć ěčő íńěňěŋâë, â.ě. ć àăğńőęěŋĺĺ äãŋłæĺľ η_k(·), 0 ≤ k < J, ŕő ąăğĺáã {e_{N,l}}^{N−1}_{l=0} őâńĺçŋë őâ ŋãńï ńĺèì łőíääĺæĺěŋâë àăğńőęěŋĺï á ŋőňěàăňĺ ćĺďă l = k + Jm, m = 0, 1, 2, . . ., N/J − 1.

Ňë ŕőńãçĺńĺ ąăğĺá Ćĺŋěàă łăł őąàăğ łőňŕőŋěŋâ ćěłâőàă ⃗h ŕàĺ ŐĎŔŤ. Őďŋăłő ąăğĺá Ćĺŋěàă ć áőőâćěâáâćĺĺ á äőàňãńőľ (1.2) ňőęŋő ććőďĺâì łăł ŕěàćĺçŋőě ŕőŋïâĺě. Śãéěáâćőćăŋĺě ąăğĺáă Ćĺŋěàă ŋěőąåőďĺňő ĺ ďőáâăâőçŋő ďńï áãéěáâćőćăŋĺï äãŋłæĺĺ g, çěľ ćěłâőà áďćĺčőć ⃗g ïćńïěâáï ąăğĺáőň ŕàőáâàăŋáâćă V .

Ąăğĺá Ćĺŋěàă őąńăďăěâ ěéě őďŋĺň ŕőńěğŋëň åăàăłâěàĺáâĺçěáłĺň áćőľáâćőň. Ěčő łőňŕőŋěŋâë ïćńïîâáï áőąáâćěŋŋëňĺ äãŋłæĺïňĺ őŕěàăâőàă (N/J)-áďćĺčă. Ŕő íâőľ ŕàĺçĺŋě łőíääĺæĺěŋâë àăğńőęěŋĺï äãŋłæĺĺ ŕő ąăğĺáã Ćĺŋěàă ňőęŋő ć őŕàěďěńěŋŋőň áňëáńě áçĺâăâì ěě áŕěłâàőň. Ć çăáâŋőáâĺ, ć ŕàőáâàăŋáâćě V á ąăğĺáőň Ćĺŋěàă áŕàăćěďńĺćă âěőàěňă ő áćěàâłě: áŕěłâà áćěàâłĺ (áő áďćĺčőň N/J) äãŋłæĺľ àăćěŋ ŕőâőçěçŋőňã ŕàőĺğćěďěŋĺî áŕěłâàőć íâĺå äãŋłæĺľ.

Łăł ãęě őâňěçăńőáì ćő Ććěďěŋĺĺ, ĺáŕőńìğőćăâì ďăŋŋëľ ąăğĺá ďńï âěőàěâĺçěáłĺå ĺ ćëçĺáńĺâěńìŋëå ğăďăç ŕěàĺőďĺçěáłőľ áŕńăľŋ-ăŕŕàőłáĺňăæĺĺ ĺ ŕěàĺőďĺçěáłőčő áŕńăľŋ-ŁŇĂ ŕàěďńőęĺń Ć. Ă. Ęěńãďěć [2, 3].

Ńěňňă 2. Ďńï ŕàőĺğćőńìŋőčő ŁŇĂ ŕàőáâàăŋáâćă^~C^N ć łăęďőň ĺğ ŕàőáâàăŋáâć V^j áãéěáâćãěâ âăłăï

äãŋłæĺï φ^j, çâő ňŋőęěáâćő äãŋłæĺľ {φ^J (· − kN/J)}^{J−1}_{k=0} | ąăğĺá ŕàőáâàăŋáâćă V^j . Ŕő ńîąőňã ĺğ ŕàőáâàăŋáâć V^j ŁŇĂ ćőááâăŋăćńĺćăěâáï őďŋőğŋăçŋő.

Ďőłăğăâěńìáâćő ńěňňë 2. Ććĺďã ńěňňë 1 ďńï ďőłăğăâěńìáâćă áãéěáâćőćăŋĺï ąăğĺáă, áőáâőïéěčő ĺğ áďćĺčőć, ŋăň ďőáâăâőçŋő ďńï łăęďőčő j ŕőłăğăâì áãéěáâćőćăŋĺě ąăğĺáőć Ćĺŋěàă {v^j_k}^{J−1}_{k=0} . Ďőłăğăâěńìáâćő ŕàőćěďěň ŕő ĺŋďãłæĺĺ.

Ŕàĺ j = 0 ć łăçěáâćě v^0 , őçěćĺďŋő, ňőęŋő ćğïâì ěďĺŋĺæã. Řăááňőâàĺň áńãçăľ j = 1. Ŕãáâì h(·) ≡ 1, âőčďă h ∈ V^1. Řăááňőâàĺň ŕàőĺğćőńìŋãî ŋěŋãńěćãî äãŋłæĺî g ∈ V^1, őàâőčőŋăńìŋãî h. Šőčďă äãŋłæĺĺ h ĺ g őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă V^1. Ŕőłăęěň, çâő őŋĺ őąàăğãîâ ąăğĺá Ćĺŋěàă. Ďěľáâćĺâěńìŋő, ććĺďã őàâőčőŋăńìŋőáâĺ h ĺ g ĺňěěň g(m) = ∑_{N−1} k=1 a_j ω^{km}_N . Ć âő ęě ćàěňï, áőčńăáŋő áćőľáâćăň 2ă) ĺ 2ć), ŁŇĂ ĺňěěň

g(m) + g(m + N/2) = 2 N/2−1∑

k=1 a_{2k}ω^{km}_N ≡ const .

Śńěďőćăâěńìŋő, ćáě a_{2k} (k ≠ 0) àăćŋë ŋãńî, ă áàěďĺ łőíääĺæĺěŋâőć a_k á ŋěçěâŋëňĺ ĺŋďěłáăňĺ ŋăľďěâáï åőâï ąë őďĺŋ ŋěŋãńěćőľ. Ć ďăńìŋěľèěň ňë ŕőłăęěň, çâő ćáě ŋěçěâŋëě łőíääĺæĺěŋâë őâńĺçŋë őâ ŋãńï. Šăłĺň őąàăğőň, ŕőńăčăěň v^1_0 = h, v^1 = g.

Ŕàěďŕőńőęĺň, ňë ŕőáâàőĺńĺ ąăğĺáë Ćĺŋěàă ďńï j = 0, 1, . . ., p < n. Ŕőłăęěň, çâő âăłőě ŕőáâàőěŋĺě ćőğňőęŋő ďńï j = p + 1.

Řăááňőâàĺň ŕàőĺğćőńìŋãî äãŋłæĺî f_1 ∈ V^{p+1} . Ěáńĺ ńĺŋěľŋăï őąőńőçłă E łőňŕőŋěŋâ ćěłâőàäãŋłæĺĺ ⃗f_1(·) = (f_1(·), f_1(· − N/2P ), . . . , f_1(· − (2P − 1)N/2P ))^T

ĺňěěâ àăğňěàŋőáâì 2P , âő ěčő ŐĎŔŤ ⃗ϕ_1 = F^∗_{2P} ⃗f_1/2P ĺňěěâ ńĺŋěľŋãî őąőńőçłã àăğňěàŋőáâĺ 2P ĺ, áńěďőćăâěńìŋő, ïćńïěâáï ąăğĺáőň Ćĺŋěàă ŕàőáâàăŋáâćă V^{p+1} . Ěáńĺ dim E_1 < 2P , âő ćőğìňěň ŕàőĺğćőńìŋãî äãŋłæĺî f_2, ŋě ŕàĺŋăďńěęăéãî E_1, ĺ àăááňőâàĺň ńĺŋěľŋãî őąőńőçłã E_2 łőňŕőŋěŋâ ćěłâőà-äãŋłæĺľ ⃗f_1 ĺ ⃗f_2(·) = (f_2(·), f_2(· − N/2P ), . . ., f_2(· − (2P − 1)N/2P ))^T .

Ąãďěň ďőŕőńŋïâì áĺáâěňã {f_k} ŋőćëňĺ äãŋłæĺïňĺ ďő âěå ŕőà ŕőłă ŋě ŕőńãçĺň áőőâćěâáâćãîéãî áãňňăàŋãî ńĺŋěľŋãî őąőńőçłã, áőćŕăďăîéãî á V^{p+1}. Šěŕěàì ňë ňőęěň ćëąàăâì ąăğĺá ŕàőáâàăŋáâćă V^{p+1} ĺğ łőňŕőŋěŋâ ćěłâőà-äãŋłæĺľ {⃗φ_k}, čďě ⃗φ_k = F^∗_{2P} ⃗f_k/2P . Ŕőłăęěň, çâő ďăŋŋëľ ąăğĺá ïćńïěâáï ąăğĺáőň Ćĺŋěàă. İâő ąãďěâ áńěďőćăâì ĺğ âőčő, çâő ďńï łăęďőčő l = 0, 1, . . ., 2P − 1 ć ďăŋŋőň ąăğĺáě ŕàĺáãâáâćãěâ àőćŋő őďĺŋ íńěňěŋâ ćĺďă N/2P −1 ∑ m=0 a_{l,m} exp(2πi(l + 2mP ) · /N ). Šő, çâő ćáě íńěňěŋâë ąăğĺáă ĺňěîâ âăłőľ ćĺď, áńěďãěâ ĺğ ńěňňë 1. Ŕőáłőńìłã, áőčńăáŋő áćőľáâćã 1), ŁŇĂ dim V^{p+1} = 2^{p+1}, ŋăň ďőáâăâőçŋő ŕőłăğăâì, çâő ďńï łăęďőčő l ŕàĺáãâáâćãěâ åőâï ąë őďĺŋ íńěňěŋâ âăłőčő ćĺďă.

Ŕàěďŕőńőęĺň ŕàőâĺćŋőě. Ŕãáâì ďńï ŋěłőâőàőčő l âăłőčő íńěňěŋâă ć ąăğĺáě ŋěâ. Ěáńĺ p = n − 1, ňë ćőľďěň ć ŕàőâĺćőàěçĺě áő áćőľáâćőň 1) ŁŇĂ, áőčńăáŋő łőâőàőňã V^n = ~C^N , ŕőíâőňã ŕőńăčăěň p < n − 1. Ŕőłăęěň, çâő ć íâőň áńãçăě ć ŕàőáâàăŋáâćě V^{p+2} őâáãâáâćãîâ íńěňěŋâë ćĺďă f(·) = ∑_{N/4P −1} m=0 a^1_l exp(2πi(2l + 4mP ) · /N ). Ŋěâàãďŋő ŕàőćěàĺâì, çâő ďěľáâćĺě őŕěàăâőàă (N/2)-ŕěàĺőďĺğăæĺĺ A : h(·) −→ h(·) + h(· + N/2) ğăłńîçăěâáï ć ãŋĺçâőęěŋĺĺ ŋěçěâŋëå čăàňőŋĺł ĺ ãďćăĺćăŋĺĺ çěâŋëå. Ć âő ęě ćàěňï, ŋă ŕàőàěęěŋŋőľ áěâłě âőçěł, áőáâőïéěľ ĺğ çěâŋëå m, ĺňěěň e_{N,k}(m) ≡ e_{N,k+N/2} (m), ĺ łàőňě âőčő, äãŋłæĺĺ {e_{N,k}}^{N/2−1}_{k=0} őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă äãŋłæĺľ, őŕàěďěńěŋŋëå ŋă íâőľ áěâłě. Šăłĺň őąàăğőň, äãŋłæĺï g(·), ãďőćńěâćőàïîéăï áőőâŋőèěŋĺî g(2·) = f(·) + f(· + N/2), áőďěàęĺâ ńĺèì čăàňőŋĺłĺ á ŋőňěàăňĺ ćĺďă l + 2mP , ă ĺňěŋŋő őŋĺ ŕő ŕàěďŕőńőęěŋĺî őâáãâáâćãîâ ć ŕàőáâàăŋáâćě V^{p+1}. Śńěďőćăâěńìŋő, ĺňěěň 2a^1_{l,m} = c(a_{l,m} + a_{l,m+N/2} ) = 0. Ŕěàěåőďï ŕőáńěďőćăâěńìŋő őâ ŕàőáâàăŋáâćă á ňěŋìèĺň ŋőňěàőň ł ŕàőáâàăŋáâćã á ąőńìèĺň ŋőňěàőň, ŕőńãçĺň, çâő ć ŕàőáâàăŋáâćě V^n őâáãâáâćãěâ äãŋłæĺï exp(2πi2^{n−p−1}l·/N ). Ůâő ŕàőâĺćőàěçĺâ ãáńőćĺî 1) ŁŇĂ. Šăłĺň őąàăğőň, áãéěáâćőćăŋĺě ąăğĺáă Ćĺŋěàă ćő ćáěå ŕàőáâàăŋáâćăå V^p ďőłăğăŋő.

Ŕőłăęěň ŕő ĺŋďãłæĺĺ, çâő ďńï ńîąőčő p ≥ 1 ąăğĺá Ćĺŋěàă ŕàőáâàăŋáâćă V^{p+1} ňőęěâ ąëâì ćëàăęěŋ çěàěğ íńěňěŋâë ąăğĺáă Ćĺŋěàă ŕàőáâàăŋáâćă V^p ŕő äőàňãńăň (1.3) ^v^{p+1}_k (k + 2P l) = ^v^p_k(k + 2P l), k = 1, 3, . . ., 2P − 1, l = 0, 1, . . ., N/2P − 1.

(1.4) ^v^{p+1}_k (k+2P l) = ^v^p_{k/2}(k/2+P l)+^v^p_{k/2}(k/2+P l+N/2), k = 0, 2, . . ., 2P −2, l = 0, 1, . . ., N/2P −1, čďě P = 2^p ĺ v^p_{k+P} ≡ v^p_k ďńï ńîąőčő k. Ŋěâàãďŋő ğăňěâĺâì, çâő, ğă ĺáłńîçěŋĺěň áńãçăï k = P , ŕàĺ ćáěå çěâŋëå k íâĺ äőàňãńë ďăîâ őďĺŋăłőćëě àěğãńìâăâë. Łàőňě âőčő, őçěćĺďŋő, äőàňãńă (1.4) ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě

(1.4^′) v^{p+1}_k (·) = v^p_{k/2}(2·), k = 0, 2, . . ., 2P − 2.

Ŕãáâì j = 1. Ććĺďã âőčő, çâő V^1 ⊂ V^2, ć áńãçăě äĺłáĺàőćăŋŋőčő ŋěçěâŋőčő k (â.ě. k = 1, 3) ĺ ŕàĺ ãáńőćĺĺ, çâő åőâï ąë őďŋő ĺğ çĺáěń {^v^1_k(k +4l)}^{N/4−1}_{l=0} őâńĺçŋő őâ ŋãńï, á âőçŋőáâìî ďő ŕěàěŋőàňĺàőćłĺ ĺňěěň (1.3). Ŕőłăęěň, çâő íâĺ çĺáńă, ďěľáâćĺâěńìŋő, ŋě ňőčãâ őďŋőćàěňěŋŋő őąàăéăâìáï ć ŋãńì. Ŕãáâì f | k-ľ íńěňěŋâ ąăğĺáă Ćĺŋěàă ŕàőáâàăŋáâćă V^2. Šőčďă, áőčńăáŋő áćőľáâćã ď) ŁŇĂ äãŋłæĺï f ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě

(1.5) f(·) = f_1(·) + f_2(· + m2^{n−2}) + f_3(2·),

čďě f_1, f_2, f_3 ∈ V^1. Ć áńãçăě àăćěŋáâćă ćáěå çĺáěń ^v^1_k(k+4l) ŋãńî ŕěàćëě ďćă áńăčăěňëå ć (1.5) ŋě ňőčãâ áőďěàęăâì áőőâćěâáâćãîéĺå íâĺň çĺáńăň čăàňőŋĺł, ă âàěâìě áńăčăěňőě ć (1.5) áőďěàęĺâ ńĺèì çěâŋëě čăàňőŋĺłĺ. Śńěďőćăâěńìŋő, f(·) ≡ 0. Ůâő ŋěćőğňőęŋő, ŕőáłőńìłã ňë ãęě ďőłăğăńĺ áãéěáâćőćăŋĺě ąăğĺáă Ćĺŋěàă ćő ćáěå ŕàőáâàăŋáâćăå V^p.

Śŕàăćěďńĺćőáâì (1.4) ŕàĺ k = 0 ćëâěłăěâ ŋěŕőáàěďáâćěŋŋő ĺğ ãáńőćĺï 2ą), ă ďńï k = 2 äőàňãńă (1.4) ïćńïěâáï ŕàïňëň áńěďáâćĺěň ãáńőćĺľ 2ą) ĺ 2ď) ŁŇĂ. Ďěľáâćĺâěńìŋő, ěáńĺ äãŋłæĺï

v^1 (2·) = 2 N N/4−1∑

k=0 ( ^v^1 (2k + 1) + ^v^1 (2k + 1 + N/2) ) e^{2πi(4k+2)·/N} ŋě ïćńïěâáï âőęďěáâćěŋŋëň ŋãńěň, âő áŕàăćěďńĺćőáâì (1.4) áńěďãěâ ĺğ ãáńőćĺï 2ą). Řăááňőâàĺň áńãçăľ ěě àăćěŋáâćă ŋãńî. Śőčńăáŋő ńěňňě 1, ć äãŋłæĺĺ v^2 ĺňěîâáï ńĺèì čăàňőŋĺłĺ á ŋőňěàăňĺ ćĺďă 4k + 2. Ŕőáâàőĺň àăğńőęěŋĺě äãŋłæĺĺ v^2 ć áãňňã âàěå äãŋłæĺľ ć áőőâćěâáâćĺĺ á ŕãŋłâőň 2ď) őŕàěďěńěŋĺï ŁŇĂ. Šőčďă ŋãęŋëě ŋăň čăàňőŋĺłĺ őâáãâáâćãîâ ć ŕěàćëå ďćãå áńăčăěňëå, ŕőáłőńìłã ĺå ŋěâ ć ŕàőáâàăŋáâćě V^1 (âăł łăł v^1_0 ≡ 1). Ă őâáãâáâćĺě ĺå ć âàěâìěň áńăčăěňőň áńěďãěâ ĺğ âőčő, v^1 (2·) ≡ 0. Śńěďőćăâěńìŋő, v^2 ≡ 0, çâő ŕàőâĺćőàěçĺâ áãéěáâćőćăŋĺî ąăğĺáă Ćĺŋěàă ć ŕàőáâàăŋáâćě V^2.

Ŕàěďŕőńőęĺň, ňë ãęě ŕőłăğăńĺ áŕàăćěďńĺćőáâì äőàňãń (1.3) ĺ (1.4) ďńï ŕàőáâàăŋáâć V^j ŕàĺ j < p. Ŕàőćěďěň őąéĺľ èăč ĺŋďãłæĺĺ ŕàĺ ŕàőĺğćőńìŋőň p.

Ŕőáłőńìłã V^p ⊂ V^{p+1} , ć áńãçăě ŋěçěâŋőčő k ĺ ŕàĺ ãáńőćĺĺ, çâő åőâï ąë őďŋő ĺğ çĺáěń ^v^p_k(k + 2P l) őâńĺçŋő őâ ŋãńï, á âőçŋőáâìî ďő ŕěàěŋőàňĺàőćłĺ ĺňěěň (1.3). Ŋěćőğňőęŋőáâì ęě őąàăéěŋĺï ćáěå íâĺå çĺáěń ć ŋãńì ďőłăğëćăěâáï áőćěàèěŋŋő ăŋăńőčĺçŋő áńãçăî p = 1.

Ťőàňãńă (1.4) ŕàĺ k = 0 ĺ k = P ďőłăğëćăěâáï ăŋăńőčĺçŋő áńãçăî çěâŋëå k ŕàĺ p = 1. Ćőğìňěň áńãçăľ ŕàőĺğćőńìŋőčő çěâŋőčő k = 2m, őâńĺçŋőčő őâ 0 ĺ p. Ěáńĺ åőâï ąë őďŋő ĺğ çĺáěń {^v^p_{k/2}(k/2 + P l) + ^v^p_{k/2}(k/2 + P l + N/2)}^{N/2P −1}_{l=0} ŋě àăćŋő ŋãńî, áŕàăćěďńĺćőáâì äőàňãńë (1.4) áńěďãěâ ĺğ áćőľáâćă 2ą). Ŕőłăęěň ŋěćőğňőęŋőáâì ĺå őďŋőćàěňěŋŋőčő őąàăéěŋĺï ć ŋãńì. Ďěľáâćĺâěńìŋő, ćőáŕőńìğőćăćèĺáì äőàňãńăňĺ (1.3) ĺ (1.4) á ŕăàăňěâàăňĺ, ŕàĺ łőâőàëå ĺå áŕàăćěďńĺćőáâì ãęě ďőłăğăŋă, ŕőńãçĺň

^v^p_k(k + 2P l) = ^v^{p−1}_{k/2} (k/2 + P l) + ^v^{p−1}_{k/2} (k/2 + P l + N/2) ^v^p_{k/2}(k/2 + P l) + ^v^p_{k/2}(k/2 + P l + N/2) = 0.

Ğŋăçĺâ, ć ŕàőáâàăŋáâćě V^p őâáãâáâćãîâ čăàňőŋĺłĺ, áőáâăćńïîéĺě äãŋłæĺî v^{p+1}_k . Śńěďőćăâěńìŋő, ňë ŕàĺèńĺ ł ŕàőâĺćőàěçĺî á ŕãŋłâőň 2ď) őŕàěďěńěŋĺï ŁŇĂ.

Šăłĺň őąàăğőň, ňë ŕőłăğăńĺ áãéěáâćőćăŋĺě ć łăęďőň ĺğ ŕàőáâàăŋáâć V^j âăłőľ äãŋłæĺĺ φ^j , çâő łőňŕőŋěŋâë ćěłâőàă ⃗φ^j ïćńïîâáï ąăğĺáőň, ĺ őďŋőğŋăçŋőáâì ćőááâăŋőćńěŋĺï ŕàőáâàăŋáâć á ąőńìèĺň ĺŋďěłáőň j çěàěğ ŕàőáâàăŋáâćă á ňěŋìèĺň ĺŋďěłáőň.

Ŕőłăęěň, çâő ŕő ŕàőáâàăŋáâćã V^{j+1} őďŋőğŋăçŋő ćőááâăŋăćńĺćăěâáï ŕàőáâàăŋáâćő V^j. Ŕàěďćăàĺâěńìŋő ğăňěâĺň, çâő, áőčńăáŋő äőàňãńě (1.3), ć ŕàőáâàăŋáâćě V^j (ĺ ć áőőâćěâáâćãîéĺå íńěňěŋâăå ąăğĺáă Ćĺŋěàă) őâáãâáâćãîâ ńĺèì čăàňőŋĺłĺ á ŋőňěàăňĺ J, 2J, . . . , N − J. İâő ïćńïěâáï áńěďáâćĺěň äőàňãńë (1.3), ŕőáłőńìłã ĺğ ŋěě ćĺďŋő, çâő ŕàőąěń, ŕőïćĺćèĺľáï ć áŕěłâàě ŕàőáâàăŋáâćă á ňěŋìèĺň ŋőňěàőň, ŕěàěľďěâ ćő ćáě ŕàőáâàăŋáâćă á ąőńìèĺň ŋőňěàőň, çâő ŕàőâĺćőàěçĺâ ãáńőćĺî V^n = ~C^N .

Ŕãáâì 1 < j + 1 < n, 1 ≤ k ≤ J − 1. Ŕőáłőńìłã V ⊂ V^{j+1} ĺ ććĺďã ãęě ďőłăğăŋŋőčő áãéěáâćőćăŋĺï ąăğĺáă Ćĺŋěàă ćő ćáěå ŕàőáâàăŋáâćăå V^j, ŋăľďãâáï âăłĺě çĺáńă α ĺ β, çâő

v^j_k = αv^{j+1}_k + βv^{j+1}_{k+J} ,

ĺńĺ ććĺďã (1.2) ďńï çěâŋëå m ĺňěěň ^v^j_k(k + mJ) = α^v^{j+1}_k (k + mJ), ă ďńï ŋěçěâŋëå m − ^v^j_k(k + mJ) = β^v^{j+1}_{k+J} (k + mJ). Łăł ãęě őâňěçăńőáì, ćěńĺçĺŋë ^v^j_k(k + mJ) őâńĺçŋë őâ ŋãńï. Ğŋăçĺâ, őâńĺçŋë őâ ŋãńï çĺáńă α ĺ β. Ć âő ęě ćàěňï, áőčńăáŋő áćőľáâćã 2ą), v^j_k(2·) = γv^{j+1}_{2k} (·). Śńěďőćăâěńìŋő, ŕàĺ çěâŋőň m ŕőńãçĺň

α(^v^{j+1}_k (k + mJ) + ^v^{j+1}_k (k + mJ + N/2)) = ^v^j_k(k + mJ) + ^v^j_k(mJ + N/2) = γ^v^{j+1}_{2k} (2k + 2mJ).

Šăłĺň őąàăğőň,

(1.6) α = γ^v^{j+1}_{2k} (2k + 2mJ)/(^v^{j+1}_k (k + mJ) + ^v^{j+1}_k (k + mJ + N/2)),

čďě m | ŕàőĺğćőńìŋőě çěâŋőě. Ďěńĺâěńì ć äőàňãńě (1.6) őâńĺçěŋ őâ ŋãńï, ŕőáłőńìłã ć ŕàőâĺćŋőň áńãçăě áőčńăáŋő äőàňãńě (1.4) ć áŕěłâàě íńěňěŋâőć ŕàőáâàăŋáâćă V^{j+1} őâáãâáâćãěâ čăàňőŋĺłă á ŋőňěàőň 2k + 2mJ. Ăŋăńőčĺçŋëň őąàăğőň ŕőńãçĺň, çâő łőíääĺæĺěŋâ β âăłęě ňőęěâ ąëâì ćëçĺáńěŋ ŕő äőàňãńě (1.6), ŋő ŕàĺ ŋěçěâŋëå m.

Śńěďőćăâěńìŋő, α ĺ β őŕàěďěńïîâáï őďŋőğŋăçŋő á âőçŋőáâìî ďő őąéěčő ŋěŋãńěćőčő ňŋőęĺâěńï γ, łőâőàëľ ŋě ćńĺïěâ ŋă őŕàěďěńěŋĺě ŕàőáâàăŋáâćă V^j . Ńěňňă 2 ďőłăğăŋă.

Ŕãáâì äãŋłæĺĺ φ ĺ ϕ âăłőćë, çâő ŋăąőàë äãŋłæĺľ {φ(· − kN/J)}^{J−1}_{k=0} ĺ {ϕ(· − kN/J)}^{J−1}_{k=0} ïćńïîâáï ąĺőàâőčőŋăńìŋëňĺ ąăğĺáăňĺ ŕàőáâàăŋáâćă V^j (â.ě. (⃗φ, ⃗ϕ) | ěďĺŋĺçŋăï ňăâàĺæă), âőčďă äãŋłæĺĺ φ ĺ ϕ ŋăğëćăîâáï ďćőľáâćěŋŋëňĺ. Śńěďãîéěě ãâćěàęďěŋĺě ďńï áńãçăï áŕńăľŋ-ŁŇĂ ąëńő ŕőńãçěŋő Ć. Ă. Ęěńãďěćëň [2].

Ńěňňă 3. Ŕãáâì {V^j}^n_{j=0} ŕàőĺğćőńìŋëľ ŁŇĂ. Ć łăęďőň ĺğ ŕàőáâàăŋáâć V^j ąăğĺá Ćĺŋěàă {v^j_k}^{J−1}_{k=0}

ćëąàăŋ ĺáåőďï ĺğ ŋőàňĺàãîéěčő ãáńőćĺï N/J−1 ∑ m=0 |^v^j_k(k + mJ)|^2 = 1.

Šőčďă ďńï âőčő çâőąë äãŋłæĺĺ φ, ϕ ∈ V^j ąëńĺ ďćőľáâćěŋŋëňĺ, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë łőíääĺæĺěŋâë àăğńőęěŋĺľ φ(·) = J−1∑ k=0 α_kv^j_k(·), ϕ(·) = J−1∑ k=0 β_kv^j_k(·) ãďőćńěâćőàïńĺ àăćěŋáâćăň α_0 —β_0 = α_1 —β_1 = · · · = α_{J−1} —β_{J−1} = 1/J. Ć çăáâŋőáâĺ, φ ŕőàőęďăěâ őàâőčőŋăńìŋëľ ąăğĺá âőčďă ĺ âőńìłő âőčďă, łőčďă |α_0| = |α_1| = · · · = |α_{J−1}| ≠ 0.

Ğăňěçăŋĺě. Őçěćĺďŋő, ěáńĺ ł ãáńőćĺî ŋőàňĺàőćłĺ ąăğĺáă Ćĺŋěàă ĺğ ńěňňë 3 ďőąăćĺâì ãáńőćĺě ^v^j_k(k) > 0, k = 0, 1, . . ., J − 1, âő ćëąőà ąăğĺáă Ćĺŋěàă áâăŋőćĺâáï őďŋőğŋăçŋëň.

Ďőłăğăâěńìáâćő ńěňňë 3. Ććĺďã äőàňãńë (1.2) ŕőńãçĺň v^j_k(·−mN/J) = ω^{−km}_J v^j_k(·), k = 0, 1, . . ., J −1. Őâáîďă, ć çăáâŋőáâĺ, áńěďãěâ, çâő (v^j_{k1} (· − m_1N/J), v^j_{k2} (· − m_2(N/J)) = δ_{k1k2} ω^{k1 (m2−m1 )}_J , čďě

δ_{k1k2} = { 1 , k_1 = k_2 0, k_1 ≠ k_{2J}�_1 .

Šăłĺň őąàăğőň, (φ(· − m_1N/J), ϕ(· − m_2N/J)) =^{J−1} ∑ k=0 α_k —β_kω_J . Šő ęě ćëàăęěŋĺě ć ňăâàĺçŋő-ćěłâőàŋőľ

äőàňě ňőęěâ ąëâì ğăŕĺáăŋő ć ćĺďě

˘^{def}= (⃗φ(·), (⃗ϕ(·))^T ) = F^∗_J ~F_J ,

čďě ~ | ďĺăčőŋăńìŋăï ňăâàĺæă á íńěňěŋâăňĺ λ_i = α_i —β_i ŋă ďĺăčőŋăńĺ. Ďńï âőčő, çâőąë ňăâàĺæă˘ ąëńă ěďĺŋĺçŋőľ, ŋěőąåőďĺňőĺ ďőáâăâőçŋő ćëŕőńŋěŋĺě àăćěŋáâćă λ_0 = λ_1 = · · · = λ_{J−1} = 1/J. Ůâő ĺ âàěąőćăńőáì ďőłăğăâì.

Ńěňňă 4. Ŕãáâì {V^j}^n_{j=0} ŕàőĺğćőńìŋëľ ŁŇĂ. Šőčďă ďńï ńîąőčő j ĺŋâěàŕőńïæĺőŋŋăï ğăďăçă ŋă

ŕàőàěęěŋŋőľ áěâłě x_k = kN/J őďŋőğŋăçŋő àăğàěèĺňă ć ŕàőáâàăŋáâćě V^j, â.ě. ďńï ńîąőčő ŋăąőàă çĺáěń {α_k}^{J−1}_{k=0} áãéěáâćãěâ ěďĺŋáâćěŋŋăï äãŋłæĺï λ ∈ V^j âăłăï, çâő λ(x_k) = α_k.

Ďőłăğăâěńìáâćő ńěňňë 4. Łăł ĺğćěáâŋő, ĺŋâěàŕőńïæĺőŋŋăï ğăďăçă őďŋőğŋăçŋő àăğàěèĺňă ŋă ãłăğăŋŋőľ áěâłě ŋă ńĺŋěľŋőľ őąőńőçłě áĺáâěňë äãŋłæĺľ {e_{N,l} }^{J−1}_{l=0} . Ďńï ŋăåőęďěŋĺï łőíääĺæĺěŋâőć àăğńőęěŋĺï ŕő ďăŋŋőňã ąăğĺáã ŋãęŋő ćëçĺáńĺâì ĎŔŤ ŕőáńěďőćăâěńìŋőáâĺ α_k ĺ àěğãńìâăâ àăğďěńĺâì ŋă J. Ŕãáâì ŕőńãçěŋŋëě łőíääĺæĺěŋâë àăğńőęěŋĺï àăćŋë {b_k}. Řăááňőâàĺň l-ľ íńěňěŋâ ąăğĺáă Ćĺŋěàă ŕàőáâàăŋáâćă V^j . Ğŋăçěŋĺï ěčő čăàňőŋĺł ŋă áěâłě {x_k} áőćŕăďăîâ áő ğŋăçěŋĺïňĺ äãŋłæĺĺ e_{N,l}. Šăłĺň őąàăğőň,

v^j_l (x_k) = exp(2πilx_k/N ) N/J−1 ∑ q=0 ^v^j_l (l + qJ)/N = exp(2πilx_k/N )c_l. Śńěďőćăâěńìŋő, łőíääĺæĺěŋâë àăğńőęěŋĺï ŕő ąăğĺáã Ćĺŋěàă ĺáłőňőľ ĺŋâěàŕőńïæĺőŋŋőľ äãŋłæĺĺ àăćŋë {b_l/c_l}. Őáâăěâáï ďőłăğăâì, çâő ćáě c_l őâńĺçŋë őâ ŋãńï. İâő, ďěľáâćĺâěńìŋő, âăł, ŕőáłőńìłã ć ŕàőâĺćŋőň áńãçăě, ŕàĺňěŋĺć n − j àăğ äőàňãńã (1.4), ŋěâàãďŋő ŕőńãçĺâì, çâő ć ŕàőáâàăŋáâćě V^n őâáãâáâćãěâ čăàňőŋĺłă á ŋőňěàőň N l/J. Ă íâő ŕàőâĺćőàěçĺâ ŕãŋłâã 1) őŕàěďěńěŋĺï ŁŇĂ. Ńěňňă 4 ďőłăğăŋă.

Ďőłăğăâěńìáâćő âěőàěňë 1. Ŕãáâì l ŕàőĺğćőńìŋőě æěńőě çĺáńő, 0 ≤ l ≤ n, äãŋłæĺï φ^l ∈ V^l âăłőćă, çâő íńěňěŋâë ćěłâőàă ⃗φ^l őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă V^l. Śãéěáâćőćăŋĺě âăłőľ äãŋłæĺĺ áńěďãěâ ĺğ ńěňňë 2. Ŕãáâì {v^j_k}^{J−1}_{k=0} , j = 0, 1, . . ., n, | ąăğĺáë Ćĺŋěàă ŕàőáâàăŋáâć V^j. Ąãďěň áçĺâăâì, çâő őŋĺ ňěęďã áőąőî áćïğăŋë äőàňãńăňĺ (1.3) ĺ (1.4). Śőčńăáŋő áńěďáâćĺî ńěňňë 1, ŕőńãçĺň, çâő

φ^l(m) = L−1∑ k=0 α_kv^l_k(m); α_k ≠ 0, k = 0, 1, . . ., L − 1. Ŕőłăęěň ćőğňőęŋőáâì ŕőáâàőěŋĺï äãŋłæĺľ φ^{l+1} ĺ φ^{l−1}, ďńï łőâőàëå łőňŕőŋěŋâë ćěłâőàőć ⃗φ^{l+1} ĺ ⃗φ^{l−1} ïćńïîâáï ąăğĺáăňĺ áőőâćěâáâćěŋŋő ć ŕàőáâàăŋáâćăå V^{l+1} ĺ V^{l−1}. Ć łăçěáâćě φ^{l−1} ćőğìňěň äãŋłæĺî, ãďőćńěâćőàïîéãî àăćěŋáâćã φ^{l−1} (2·) = φ^l(·)+φ^l(·+N/2). Śőčńăáŋő áćőľáâćã 2ć), ŁŇĂ âăłăï äãŋłæĺï áãéěáâćãěâ, ă ŕő ńěňňě 4 őŋă őŕàěďěńïěâáï őďŋőğŋăçŋő. Ďńï íâőľ äãŋłæĺĺ áŕàăćěďńĺćő àăğńőęěŋĺě

(1.7) φ^{l−1} (·) = L/2−1∑

k=0 β_kv^{l−1}_k (·). Ŋăň ŋãęŋő ŕőłăğăâì, çâő ćáě łőíääĺæĺěŋâë β_k őâńĺçŋë őâ ŋãńï. Ććĺďã âőčő çâő őŕěàăâőà (N/2)- ŕěàĺőďĺğăæĺĺ ãŋĺçâőęăěâ ŋěçěâŋëě čăàňőŋĺłĺ ĺ ãďćăĺćăěâ łőíääĺæĺěŋâë ŕàĺ çěâŋëå, ŕőńãçĺň

φ^l(·) + φ^l(· + N/2) = 2 L/2−1∑

k=0 α_{2k}v^l_{2k}(·). Őâáîďă ĺ ĺğ (1.7), ãçĺâëćăï (1.4^′), ŕőńãçĺň β_k = 2α_{2k} ≠ 0, çâő, áőčńăáŋő áńěďáâćĺî ńěňňë 1, ćńěçěâ ąăğĺáŋőáâì łőňŕőŋěŋâ ćěłâőàă ⃗φ^{l−1} ć ŕàőáâàăŋáâćě V^{l−1}.

Ŕőłăęěň ćőğňőęŋőáâì ćëąőàă φ^j ŕàĺ j > l. Ŕãáâì j = l + 1. Ŕàěďáâăćĺň äãŋłæĺî φ^{l+1} ć ćĺďě

φ^{l+1} (m) = 2L−1∑

k=0 γ_kv^{l+1}_k (m).

Ŋăľďěň łőíääĺæĺěŋâë àăğńőęěŋĺï. Őçěćĺďŋő, ďńï ŋěçěâŋëå k łőíääĺæĺěŋâë ňőčãâ ąëâì ćëąàăŋë ŕàőĺğćőńìŋëň őąàăğőň á őďŋĺň ńĺèì âàěąőćăŋĺěň γ_k ≠ 0, ŋěőąåőďĺňëň ďńï ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ łőňŕőŋěŋâ ćěłâőàă ⃗φ^{l+1} . Ă ďńï çěâŋëå łőíääĺæĺěŋâőć, łăł ĺ ć áńãçăě ãęě ćëŕőńŋěŋŋőčő ŋăňĺ ŕěàěåőďă őâ φ^l ł φ^{l−1}, ĺňěěň γ_{2k} = α_k/2.

Ć ďăńìŋěľèěň ŋăň ŕőŋăďőąĺâáï

Ńěňňă 5. Ŕãáâì ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ {φ^j}^n_{j=1} âăłőćă, çâő áŕàăćěďńĺćë àăćěŋáâćă (1.1), ĺ

łőňŕőŋěŋâë ćěłâőàőć ⃗φ^j őąàăğãîâ ąăğĺáë ŕàőáâàăŋáâć V^j. Šőčďă ŋăľďãâáï âăłĺě, ŋě ğăćĺáïéĺě őâ j çĺáńă {α_k}^{N−1}_{k=0} , çâő ďńï ńîąőčő j, 0 < j ≤ N , ĺňěěň

(1.8) φ^{j−1}(·) = N−1∑ k=0 α_kφ^j (· − kN/J).

Ğăňěçăŋĺě. Ććĺďã N -ŕěàĺőďĺçŋőáâĺ äãŋłæĺľ φ^j ŕőáńěďŋěě àăćěŋáâćő ňőęěâ ąëâì ğăŕĺáăŋő ć ćĺďě

φ^{j−1}(·) = J−1∑ k=0 ( N/J−1∑ m=0 α_{k+mJ} ) φ^j (· − kN/J).

Ďőłăğăâěńìáâćő ńěňňë 5. Ććěďěň ć àăááňőâàěŋĺě äãŋłæĺĺ {ϕ^j_1}^n_{j=1}, {ϕ^j_2}^{n−1}_{j=0} , őŕàěďěńěŋŋëě áőőâćěâáâćěŋŋő ńĺèì ŋă ňŋőęěáâćăå ćĺďă mN/J ĺ mN/2J, m ∈ Záőőâŋőèěŋĺěň ϕ^j_1(·N/J) = φ^n(·), ϕ^{j−1}_2 (·N/J) = φ^{n−1}(·). Ďőłăğăâěńìáâćő (1.8) ŕàőćěďěň ŕő ĺŋďãłæĺĺ.

Ŕãáâì j = n, âőčďă áãéěáâćőćăŋĺě ŕőáńěďőćăâěńìŋőáâĺ α_k ïćńïěâáï áńěďáâćĺěň áćőľáâćă 1) ŁŇĂ. Ŕàěďŕőńőęĺň, áőőâŋőèěŋĺě (1.8) ďőłăğăŋő ďńï j = n, n − 1, . . . , l + 1. Ŕőłăęěň ěčő ćëŕőńŋěŋĺě ďńï j = l. Őçěćĺďŋő,

(1.9) ϕ^{l−1}_2 (·N/L) = N−1∑ k=0 α_kϕ^l_1(·N/L − kN/L). Ŕěàĺőďĺğĺàãěň ńěćãî ĺ ŕàăćãî çăáâĺ ŕőáńěďŋěčő àăćěŋáâćă âăł, çâőąë őŋĺ áâăńĺ N -ŕěàĺőďĺçěáłĺňĺ äãŋłæĺïňĺ. Ďńï ńěćőľ çăáâĺ, áőčńăáŋő (1.1), ŕőńãçĺň N/L−1 ∑ k=0 ϕ^{l−1}_2 (·N/L + kN ) = N/L−1 ∑ k=0 φ^{n−1}(·kL) = φ^{l−1}(·N/L). Ŕěàĺőďĺğĺàãěň âěŕěàì ŕàăćãî çăáâì (1.9): N/L−1 ∑ m=0 N−1∑ k=0 α_kϕ^l_1(·N/L − kN/L + mN )

= N−1∑ k=0 α_k N/L−1 ∑ m=0 ϕ^l_1(·N/L − kN/L + mN )

= N−1∑ k=0 α_k N/L−1 ∑ m=0 φ^n(· − k + mL) = N−1∑ =0 α_kφ^l(·N/L − kN/L). Šăłĺň őąàăğőň, ňë ŕőłăğăńĺ áŕàăćěďńĺćőáâì ãâćěàęďěŋĺï ńěňňë 5 ŋă áěâłě mN/L, m = 0, 1, . . ., L/2− 1. Ğŋăçĺâ, ŕőáłőńìłã, áőčńăáŋő ńěňňě 4, ĺŋâěàŕőńïæĺőŋŋăï ğăďăçă ć ŕàőáâàăŋáâćě V^l őďŋőğŋăçŋő àăğàěèĺňă ŋă ďăŋŋőľ áěâłě, ňë ŕőńãçĺň ćëŕőńŋěŋĺě àăćěŋáâćă (1.8) ćő ćáěå âőçłăå.

Ĺğ ńěňňë 5, ć çăáâŋőáâĺ, áńěďãěâ, çâő ńîąőľ ŁŇĂ ŕàőáâàăŋáâćă C^N ŋě âőńìłő őďŋőğŋăçŋő őŕàěďěńïěâáï äãŋłæĺěľ φ^n ĺ ŕőáńěďőćăâěńìŋőáâìî {α_k}, őŕàěďěńïîéěľ ŕěàěåőď őâ ąăğĺáă ⃗φ^n ł ąăğĺáã ⃗φ^{−1}, ŋő ĺ ňőęěâ ąëâì ćőááâăŋőćńěŋ ŕő ŕàőáâőľ ĺ őďŋőàőďŋőľ ďńï ćáěå j äőàňãńě (1.8).

Šăłĺň őąàăğőň, ďńï ďĺáłàěâŋőčő ŕěàĺőďĺçěáłőčő áńãçăï ĺňěěâ ňěáâő âěőàĺï ŁŇĂ, áåőďŋăï ćő ňŋőčőň á ŁŇĂ ŕàőáâàăŋáâćă L^2(R^2). Ć çăáâŋőáâĺ, ńîąőľ ŁŇĂ ŕőàőęďăěâáï áďćĺčăňĺ ĺ àăáâïęěŋĺïňĺ őďŋőľ äãŋłæĺĺ.

Ŕőłăęěň âěŕěàì, łăł ňőęěâ ąëâì ŕőáâàőěŋ ŕàőĺğćőńìŋëľ ŁŇĂ ŕàőáâàăŋáâćă ~C^N . Śőčńăáŋő ńěňňě 2, ŁŇĂ ňőęěâ ąëâì ćőááâăŋőćńěŋ ŕő ńîąőňã ĺğ ŕàőáâàăŋáâć V^j . Ć çăáâŋőáâĺ, őŋ ňőęěâ ąëâì ćőááâăŋőćńěŋ ŕő ŕàőáâàăŋáâćã V^1, łőâőàőě ć áćőî őçěàěďì őŕàěďěńïěâáï áćőĺň ąăğĺáőň Ćĺŋěàă. Łăł ąëńő ŕőłăğăŋő ć ďőłăğăâěńìáâćě ńěňňë 2, ąăğĺá Ćĺŋěàă ŕàőáâàăŋáâćă V^1 áőáâőĺâ ĺğ äãŋłæĺĺ v^1_0 (·) ≡ const ≠ 0 ĺ äãŋłæĺĺ v^1 (·), ć áŕěłâàě łőâőàőľ ŕàĺáãâáâćãîâ ńĺèì ŋěçěâŋëě čăàňőŋĺłĺ. Řăğńĺçŋëľ, á âőçŋőáâìî ďő őąéěčő łőíääĺæĺěŋâă ŕàőŕőàæĺőŋăńìŋőáâĺ, ćëąőà łőíääĺæĺěŋâőć ^v^1 (2k + 1)^{def}= α_k, 0 ≤ k < N/2, ŕàĺ íâĺå čăàňőŋĺłăå ďăěâ àăğńĺçŋëě ŁŇĂ. Ŋăň őáâăěâáï âőńìłő őŕàěďěńĺâì ďőŕãáâĺňëě ŋăąőàë łőíääĺæĺěŋâőć.

Łăł ãęě őâňěçăńőáì, ć áńãçăě àăćěŋáâćă ŋãńî åőâï ąë őďŋőčő ĺğ çĺáěń ^v^j_k(k + mJ), 0 ≤ m < N/J, 1 ≤ k < j, 1 ≤ j ≤ n, áőőâćěâáâćãîéăï čăàňőŋĺłă őâáãâáâćãěâ ć ŕàőáâàăŋáâćě V^n, çâő ŕàőâĺćőàěçĺâ áćőľáâćã 1) ŁŇĂ. Šăłĺň őąàăğőň, ŋěőąåőďĺňő, çâőąë ąëńĺ őâńĺçŋë őâ ŋãńï ćáě çĺáńă ćĺďă 2p−1∑

k=0 α_{m+kN/2}p+1 , p = 0, 1, 2, . . ., n − 1.

Ŋěâàãďŋő ŕőłăğăâì, çâő íâĺ ãáńőćĺï ïćńïîâáï âăłęě ĺ ďőáâăâőçŋëňĺ.

Őçěćĺďŋő, ćáě ďőŕãáâĺňëě ŕőáńěďőćăâěńìŋőáâĺ {α_m}^{N/2−1}_{m=0} ňőęŋő ŕőáâàőĺâì áńěďãîéĺň őąàăğőň. Ćëąěàěň ŕő ĺŋďãłæĺĺ ŕőáńěďőćăâěńìŋőáâì ćěłâőàőć ⃗b^j ∈ C^J , j = 0, . . ., n − 1.

Ŕãáâì ⃗b^0 = 1. Ŕàěďŕőńőęĺň, çâő ňë ćëąàăńĺ ćěłâőàë {⃗b^k}^m_{k=0}, âőčďă ć łăçěáâćě ⃗b^{m+1} ćőğìňěň ŕàőĺğćőńìŋëľ ćěłâőà á őâńĺçŋëňĺ őâ ŋãńï łőňŕőŋěŋâăňĺ, ãďőćńěâćőàïîéĺľ ãáńőćĺî b^{m+1}_l + b^{m+1}_{l+2}m = b^m_l ďńï ćáěå l = 0, 1, . . ., 2^m − 1.

Ćěłâőà ⃗b^{n−1}, őçěćĺďŋő, ïćńïěâáï ďőŕãáâĺňëň, â.ě. ňőęěň ćğïâì α_k = b^{n−1}_k , k = 0, 1, . . ., N/2 − 1. Śőčńăáŋő âěőàěňě 1, ć ńîąőň ŁŇĂ ňőęŋő ćëąàăâì ąăğĺáë ŕàőáâàăŋáâć V^j, áőáâőïéĺě ĺğ àăáâïęěŋĺľ, ŕěàĺőďĺğăæĺľ ĺ áďćĺčőć őďŋőľ äãŋłæĺĺ, őďŋăłő, ćőőąéě čőćőàï, íâĺ ąăğĺáë ŋě őàâőčőŋăńìŋë. Śőčńăáŋő ńěňňě 3, ŕàĺ łăęďőň j ćőğňőęŋă ĺå őàâőčőŋăńĺğăæĺï, ŋő ŕàĺ íâőň ŋěïáŋő, ŕőàőęďăîâáï ńĺ ŋőćëě ąăğĺáë àăáâïęěŋĺïňĺ, ŕěàĺőďĺğăæĺěľ ĺ áďćĺčăňĺ őďŋőľ ďńï ćáěå j äãŋłæĺěľ. Őłăğëćăěâáï, ďăńěłő ŋě ćáě ŁŇĂ őąńăďăîâ ãłăğăŋŋëň áćőľáâćőň. Ŕěàěľďěň ł őŕĺáăŋĺî âăłĺå ŁŇĂ.

Ąãďěň čőćőàĺâì, çâő ďćă łőňŕńěłáŋëå çĺáńă őàâőčőŋăńìŋë, ěáńĺ őàâőčőŋăńìŋë ćěłâőàë, ĺğőąàăęăîéĺě ĺå ŋă łőňŕńěłáŋőľ ŕńőáłőáâĺ. Ůăáâőâë k ĺ k + N/2 ďńï ńîąőčő k ąãďěň ŋăğëćăâì áĺňňěâàĺçŋëňĺ âőçłăňĺ áŕěłâàă.

Ŕãáâì äãŋłæĺï φ^n ŕőàőęďăěâ őàâőčőŋăńìŋëľ ąăğĺá ŕàőáâàăŋáâćă V^n, ĺ v^n_k (m) = exp(2πikm/N ). Šőčďă, áőčńăáŋő ńěňňě 3, ćáě čăàňőŋĺłĺ äãŋłæĺĺ φ^n ĺňěîâ őďĺŋăłőćãî ăňŕńĺâãďã, â.ě.

φ^n(m) = N−1∑ k=0 α^n_k exp(2πikm/N ), |α_0| = |α_1| = · · · = |α_{N−1}|. Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ňőęěň áçĺâăâì, çâő íâă ăňŕńĺâãďă àăćŋă ěďĺŋĺæě. Ąãďěň âăłęě áçĺâăâì, çâő ąăğĺáë Ćĺŋěàă ć ŕàőáâàăŋáâćăå V^j ãďőćńěâćőàïîâ áőőâŋőèěŋĺïň (1.3) ĺ (1.4).

Śőčńăáŋő ńěňňě 4, áãéěáâćãěâ ěďĺŋáâćěŋŋăï äãŋłæĺï φ^{n−1} ∈ V^{n−1}, ãďőćńěâćőàïîéăï áőőâŋőèěŋĺî

(1.10) φ^{n−1}(2m)φ^n(m) + φ^n(m + N/2) = n/2−1∑

k=0 2α^n_{2k} = exp(2πi2km/N ).

Ć âő ęě ćàěňï äãŋłæĺï φ^{n−1} ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě ńĺŋěľŋőľ łőňąĺŋăæĺĺ

(1.11) φ^{n−1}(m) = N/2−1∑

k=0 α^{n−1}_k v^{n−1}_k (m)

äãŋłæĺľ ąăğĺáă Ćĺŋěàă ŕàőáâàăŋáâćă V^{n−1}, ŕàĺçěň α^{n−1}_k = 2α^n_{2k}. Ŕőáłőńìłã łőíääĺæĺěŋâë àăğńőęěŋĺï (1.11) àăćŋë ŕő ăąáőńîâŋőľ ćěńĺçĺŋě ďńï őàâőčőŋăńìŋőáâĺ łőňŕőŋěŋâ ćěłâőàă ⃗φ^{n−1}, ŋěőąåőďĺňő ĺ ďőáâăâőçŋő àăćěŋáâćő ŋőàň äãŋłæĺľ ąăğĺáă Ćĺŋěàă v^{n−1}_k (m) = b_k exp(2πikm/N ) + b_{k+N/2} exp(2πi(k + N/2)m/N ), â.ě.

|b_{N−1}|^2 + |b_{N/2}|^2 = |b_1|^2 + |b_{1+N/2}|^2 = · · · = |b_{N/2−1}|^2 + |b_{N−1}|^{2 def}= c.

Ŕőáłőńìłã b_{N/2} = 0, âő, áőčńăáŋő äőàňãńě (1.4), ĺňěěň b_0 = 1, ğŋăçĺâ, c = 1. Ś ďàãčőľ áâőàőŋë, áőčńăáŋő äőàňãńě (1.4),

b_1 + b_{1+N/2} = b_2 + b_{2+N/2} = · · · = b_{N/2−1} + b_{N−1} = 1.

Őçěćĺďŋő, ďńï őďŋőćàěňěŋŋőčő ćëŕőńŋěŋĺï ŋãęŋëå ŋăň ãáńőćĺľ ŋěőąåőďĺňő ĺ ďőáâăâőçŋő, çâőąë çĺáńă b_k ĺ b_{k+N/2}, k = 1, 2, . . ., N/2 − 1 ąëńĺ őàâőčőŋăńìŋë. Ŕàĺçěň ćáě íâĺ çĺáńă ďőńęŋë ąëâì őâńĺçŋë őâ ŋãńï.

Ńîąőě çĺáńő k, 1 ≤ k ≤ N/2 − 1, ňőęŋő őďŋőğŋăçŋő ŕàěďáâăćĺâì ć ćĺďě k = (2m + 1)2^p, 0 ≤ m < N/4P , 0 ≤ p < n−1. Ć áőőâćěâáâćĺĺ á íâĺň ŕàěďáâăćńěŋĺěň, áőčńăáŋő äőàňãńăň (1.3) ĺ (1.4), ŋěâàãďŋő ŕőńãçĺâì, çâő

N b_k = ^v^{n−1}_k = P −1∑

l=0 ^v^1 (1 + 2m + lN/P ), N b_{k+N/2} = ^v^{n−1}_{k+N/2} = P −1∑

l=0 ^v^1 (1 + 2m + lN/P + N 2P ).

§áŋő, çâő ãďőćńěâćőàïîéăï ŕőáńěďŋĺň ãáńőćĺïň äãŋłæĺï v^1 ïćńïěâáï ĺáłőňőľ ć àěèěŋĺĺ ŋăèěľ ğăďăçĺ. Řăááňőâàĺň ăńčőàĺâň, ŕàĺ ŕőňőéĺ łőâőàőčő ňőčãâ ąëâì ŕőńãçěŋë ćáě äãŋłæĺĺ, ãďőćńěâćőàïîéĺě ãłăğăŋŋëň áćőľáâćăň.

Ćőáŕőńìğãěňáï áåěňőľ, łőâőàăï ãęě ĺáŕőńìğőćăńăáì ŕàĺ ŕőáâàőěŋĺĺ ąăğĺáă Ćĺŋěàă ŕàőĺğćőńìŋőčő ŁŇĂ.

Ćëąěàěň ŕő ĺŋďãłæĺĺ ŕőáńěďőćăâěńìŋőáâì ćěłâőàőć ⃗b^j ∈ ~C^J , j = 0, . . ., n − 1. Ŕãáâì ⃗b = 1. Ŕàěďŕőńőęĺň, çâő ňë ćëąàăńĺ ćěłâőàë {⃗b^k}^m_{k=0}, âőčďă ć łăçěáâćě ⃗b^{m+1} ćőğìňěň ŕàőĺğćőńìŋëľ ćěłâőà á őâńĺçŋëňĺ őâ ŋãńï łőňŕőŋěŋâăňĺ, ãďőćńěâćőàïîéĺľ ãáńőćĺî b^{m+1}_l + b^{m+1}_{l+2}m = b^m_l , ĺ âăłőľ, çâő áńăčăěňëě ć ŕőáńěďŋěľ áãňňě őàâőčőŋăńìŋë, l = 0, 1, . . ., 2^m − 1.

Ćěłâőà ⃗b^{n−1}, őçěćĺďŋő, ïćńïěâáï ďőŕãáâĺňëň, â.ě. ňőęěň ćğïâì

^v^1 (1 + 2k) = b^{n−1}_k , k = 0, 1, . . ., N/2 − 1.

Ğăňěâĺň, çâő, ŕàěďŕőńăčăï ćëŕőńŋěŋĺě àăćěŋáâć (1.3) ĺ (1.4), ďńï j = 1, 2, . . ., n − 1 ŕőńãçĺň ^v^j_{J/2}(J/2 + kJ) = b^{n−j}_k , k = 0, 1, . . ., N/J − 1. §2. Őàâőčőŋăńìŋëě ŕàőáâàăŋáâćă ďĺáłàěâŋëå ŕěàĺőďĺçěáłĺå ćáŕńěáłőć

Ŕãáâì {V^j}^n_{j=0} ŕàőĺğćőńìŋëľ ŁŇĂ ŕàőáâàăŋáâćă ~C^N . Ğďěáì ĺ ć §3 ŕàőáâàăŋáâćőň ćáŕńěáłőć W^j ąãďěň ŋăğëćăâì őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě ŕàőáâàăŋáâćă V^j ďő ŕàőáâàăŋáâćă V^{j+1}. Šăłĺň őąàăğőň, ŕàőáâàăŋáâćő ~C^N ňőęŋő ŕàěďáâăćĺâì ć ćĺďě ŕàïňőľ áãňňë

(2.1) ~C^N = V^0 ⊕ W^0 ⊕ W^1 ⊕ · · · ⊕ W^{n−1},

łőâőàăï ć ŋăèěň áńãçăě ïćńïěâáï ěéě ĺ őàâőčőŋăńìŋőľ.

Ďńï âőčő çâőąë ŕőłăğăâì, çâő ć łăęďőň ĺğ ŕàőáâàăŋáâć ćáŕńěáłőć ŋăľďěâáï äãŋłæĺï, çìĺ áőőâćěâáâćãîéĺě áďćĺčĺ őąàăğãîâ ąăğĺá, ŕőłăęěň áãéěáâćőćăŋĺě ć łăęďőň ĺğ ŕàőáâàăŋáâć ąăğĺáőć W^j ąăğĺáőć Ćĺŋěàă. Ŕőáłőńìłã ďńï łăęďőčő k = 1, 2, . . ., 2^j − 1 ďńï ŋěłőâőàëå α ĺ β áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

(2.2) v^j_k = αv^{j+1}_k + βv^{j+1}_{k+J} ,

âő ć łăçěáâćě íńěňěŋâőć ąăğĺáă Ćĺŋěàă ňőęŋő ćğïâì äãŋłæĺĺ

w^j_k = —βv^{j+1}_k ‖v^{j+1}_{k+J} ‖^2 − —αv^{j+1}_{k+J} ‖v^{j+1}_k ‖^2

ĺ äãŋłæĺî w^j_J = v^{j+1}_J . Ć ďăńìŋěľèěň ąãďěň ŕàěďŕőńăčăâì, çâő íńěňěŋâë ąăğĺáőć Ćĺŋěàă ć ŕàőáâàăŋáâćăå V^j ĺňěîâ ěďĺŋĺçŋãî ŋőàňã, âőčďă ŕőáńěďŋïï äőàňãńă ğăŕĺáëćăěâáï ć ćĺďě

(2.3) w^j_k = —βv^{j+1}_k − —αv^{j+1}_{k+J} .

Ŕàĺ íâőň, áőčńăáŋő (2.2), |α|^2 + |β|^2 = 1, â.ě. ŕőńãçĺň őàâőŋőàňĺàőćăŋŋőáâì íńěňěŋâőć ąăğĺáă Ćĺŋěàă ŕàőáâàăŋáâć W^j . Ćğăĺňŋăï őàâőčőŋăńìŋőáâì äãŋłæĺľ w^j_k ĺ ĺå őàâőčőŋăńìŋőáâì ŕàőáâàăŋáâćã V^j őçěćĺďŋë. Ğăňěâĺň, çâő ŋãňěàăæĺî íâĺå äãŋłæĺľ ňë ŋăçĺŋăěň ŋě á ŋãńï, ă á ěďĺŋĺæë, ŕőáłőńìłã ŕàĺ ěáâěáâćěŋŋőľ ŋãňěàăæĺĺ íńěňěŋâőć ąăğĺáă Ćĺŋěàă őłăğëćăěâáï, çâő čăàňőŋĺłă á ŋőňěàőň, àăćŋëň ŋĺęŋěňã ĺŋďěłáã, ŕàĺáãâáâćãěâ ć áŕěłâàě äãŋłæĺĺ. Ŋãńěćăï ęě čăàňőŋĺłă ŕàĺáãâáâćãěâ ńĺèì ć ŕàőáâàăŋáâćě V^0. Ćŕàőçěň, íâő ŋěáãéěáâćěŋŋő, ŕőáłőńìłã ć ďăńìŋěľèěň ěáâěáâćěŋŋő áçĺâăâì, çâő w^j_{k+J} ≡ w^j_k. Řăááňőâàĺň ăńčőàĺâň àăğńőęěŋĺï ŕàőĺğćőńìŋőľ äãŋłæĺĺ f ĺğ ~C^N ŕő ąăğĺáã, áőáâőïéěňã ĺğ őąêěďĺŋěŋĺï ąăğĺáőć Ćĺŋěàă ŕàőáâàăŋáâć W^j . Ĺŋëňĺ áńőćăňĺ, ŋăľďěň ăńčőàĺâň ćëçĺáńěŋĺï łőíääĺæĺěŋâőć ć äőàňãńě f(·) = n−1∑ j=0 J∑ k=1 p^j_kw^j_k(·) + q^0.

Łăł őąëçŋő, ňë ŕőáńěďőćăâěńìŋő ŋăľďěň ŕàěďáâăćńěŋĺï äãŋłæĺĺ f ć ćĺďě f(·) = 2m−1∑

k=0 q^m_k v^m_k (·) + n−1∑ j=m J∑ k=1 p^j_kw^j_k(·) ŕàĺ m = n, n − 1, . . ., 1, 0. §áŋő, çâő łőíääĺæĺěŋâë q^n_k (áńãçăľ m = n) á âőçŋőáâìî ďő ňŋőęĺâěńï 1/ √ N ćëçĺáńïîâáï ŕàĺ ŕőňőéĺ ĎŔŤ äãŋłæĺĺ f.

Ŕőáńě âőčő łăł ćëçĺáńěŋë ćěńĺçĺŋë q^{j+1}_k , łőíääĺæĺěŋâë q^j_k ĺ p^j_k, áőčńăáŋő (2.2) ĺ (2.3), ćëçĺáńïîâáï ŕő äőàňãńăň

(2.4) q^j_0 = q^{j+1}_0 , q^j_k = αq^{j+1}_k + βq^{j+1}_{k+J} , k = 1, . . ., J − 1,

p^j_J = q^{j+1}_J , p^j_k = βq^{j+1}_k − —αq^{j+1}_{k+J} , k = 1, . . ., J − 1,

čďě α ĺ β ćğïâë ĺğ (2.2) ĺ, áńěďőćăâěńìŋő, àăğńĺçŋë ďńï àăğŋëå k ĺ j.

Őçěćĺďŋő, ĺğ (2.2) ĺ (2.3) ŕőńãçăîâáï âăłęě äőàňãńë àěłőŋáâàãłæĺĺ äãŋłæĺĺ f, łőâőàëě ňőčãâ ąëâì ğăŕĺáăŋë ć ćĺďě:

(2.5) q^{j+1}_0 = q^j_0, q^{j+1}_k = —αq^j_k + βp^j_k, k = 1, . . . , J − 1, q^{j+1}_J = p^j_J , q^{j+1}_{k+J} = —βq^j_k − αp^j_k, k = 1, . . . , J − 1. Ŕőáńě àěăńĺğăæĺĺ łőâőàëå ďńï ćőááâăŋőćńěŋĺï äãŋłæĺĺ f ŋãęŋő ćëçĺáńĺâì ŐĎŔŤ ćěłâőàă ⃗q^n ĺ àěğãńìâăâ ãňŋőęĺâì ŋă √ N . Šăłĺň őąàăğőň, ăńčőàĺâňë àăğńőęěŋĺï äãŋłæĺĺ ŕő ąăğĺáăň Ćĺŋěàă ĺ ěě ćőááâăŋőćńěŋĺï ĺňěîâ áńőęŋőáâì ŕőàïďłă O(N log N ).

Řăááňőâàĺň âěŕěàì ąăğĺáë ć ŕàőáâàăŋáâćě ćáŕńěáłőć, áőáâőïéĺě ĺğ áďćĺčőć őďŋőľ äãŋłæĺĺ, łőâőàëě őąëçŋő ïćńïîâáï ĺáåőďŋëňĺ ŕàĺ ććěďěŋĺĺ ŕàőáâàăŋáâć ćáŕńěáłőć.

Ňë ãęě ğŋăěň, çâő ńîąőľ âăłőľ ąăğĺá ć ŕàőáâàăŋáâćě W^j ňőęěâ ąëâì ŕőáâàőěŋ łăł ńĺŋěľŋăï łőňąĺŋăæĺï íńěňěŋâőć ąăğĺáă Ćĺŋěàă á ŋěŋãńěćëňĺ łőíääĺæĺěŋâăňĺ. Őďŋăłő áãéěáâćãěâ ďàãčőľ ŕőďåőď, ŕàĺ łőâőàőň ŋěâ ŋěőąåőďĺňőáâĺ ğŋăâì ąăğĺáë Ćĺŋěàă.

Ŕãáâì ďćě äãŋłæĺĺ φ^j ĺ φ^{j+1} âăłőćë, çâő ŋăąőàë áďćĺčőć {φ^j(·−kN/J)}^{J−1}_{k=0} ĺ {φ^{j+1}(·−kN/2J)}^{2J−1}_{k=0} ïćńïîâáï ąăğĺáăňĺ áőőâćěâáâćěŋŋő ŕàőáâàăŋáâć V^j ĺ V^{j+1};

λ_k^{def}= (φ^j (·), φ^{j+1}(· − kN/2J)).

Šěőàěňă 2. Ŕãáâì

(2.6) ϕ^j(m + N/2J) = 2J−1∑

n=0 (−1)^n —λ_nφ^{j+1}(m + nN/2J).

Šőčďă áĺáâěňă äãŋłæĺľ {ϕ^j(m − kN/J)}^{J−1}_{k=0} (ć ďăńìŋěľèěň ćěłâőà á ďăŋŋëňĺ łőňŕőŋěŋâăňĺ ąãďěň őąőğŋăçăâì çěàěğ ⃗ϕ^j(·)) őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă W^j .

Ğăňěçăŋĺě. Ťőàňãńă (2.6) ŕő ćŋěèŋěňã ćĺďã áőćŕăďăěâ á åőàőèő ĺğćěáâŋőľ ďńï ŁŇĂ ŕàőáâàăŋáâćă

L^2(R) äőàňãńőľ àăğńőęěŋĺï äãŋłæĺĺ ϕ^j ŕő ąăğĺáã, áőáâőïéěňã ĺğ łőňŕőŋěŋâ ćěłâőàă ⃗φ^{j+1}, ŕàĺ ãáńő-

ćĺĺ, çâő íâĺ łőňŕőŋěŋâë őąàăğãîâ őàâőŋőàňĺàőćăŋŋëľ ąăğĺá. Ťăłâĺçěáłĺ, äőàňãńă (2.6) ãâőçŋïěâ áňëáń łőíääĺæĺěŋâőć. Ć łăłőň-âő áňëáńě äőàňãńã (2.6) ňőęŋő áçĺâăâì ĺğćěáâŋőľ ďńï âěőàĺĺ ćáŕńěáłőć ŕàőáâàăŋáâćă L^2(R). Ćő ćáïłőň áńãçăě, ěě ăŋăńőč ŋěâàãďŋő ŕőńãçĺâì ĺğ äőàňãńë (5.4) àăąőâë [6].

Ďőłăğăâěńìáâćő âěőàěňë 2. Ŕőłăęěň ŕàĺŋăďńěęŋőáâì áďćĺčőć äãŋłæĺĺ ϕ^j ł ŕàőáâàăŋáâćã W^j. Őçěćĺďŋő, ďńï íâőčő ŋăň ďőáâăâőçŋő ŕőłăğăâì ĺå őàâőčőŋăńìŋőáâì äãŋłæĺĺ φ^j . Ďěľáâćĺâěńìŋő, ďńï ńîąőčő k ĺňěěň (φ^j (·), ϕ(· − kN/)) = 2J−1∑

n=0 (−1)^nλ_n(φ^j(·), ϕ(· − (2k + 1 − n)N/2J)) = 2J−1∑

n=0 (−1)^nλ_nλ_{2k+1−n} = J−1∑ n=0 λ_{2n}λ_{2k+1−2n} − J−1∑ n=0 λ_{2n+1}λ_{2k−2n} = J−1∑ n=0 λ_{2n}λ_{2k+1−2n} − J−1∑ m=0 λ_{2k+1−2m}λ_{2m} = 0.

Ŕőłăęěň ńĺŋěľŋãî ŋěğăćĺáĺňőáâì łőňŕőŋěŋâ ćěłâőàă ⃗φ^j (x). Śŋăçăńă àăááňőâàĺň ćáŕőňőčăâěńìŋãî ňăâàĺæã ˘^j = (⃗φ^j, ⃗φ^{j+1}). Ěě ŕěàćőľ áâàőłőľ ïćńïěâáï ćěłâőà (λ_0, λ_1, . . . , λ_{2J−1}). Ă łăęďăï ŕőáńěďãîéăï áâàőłă ŕőńãçăěâáï ĺğ ŕàěďëďãéěľ æĺłńĺçěáłĺň áďćĺčőň ŋă ďćě ŕőğĺæĺĺ. Ććĺďã âőčő çâő łőňŕőŋěŋâë ćěłâőàă φ^j őąàăğãîâ ąăğĺá ć ŕàőáâàăŋáâćě V^j , łőâőàőě ïćńïěâáï ŕőďŕàőáâàăŋáâćőň V^{j+1}, ŕőńãçĺň, çâő àăŋč ňăâàĺæë ˘^j àăćěŋ J. Ć âő ęě ćàěňï, áőčńăáŋő (2.6), ňăâàĺæă ¯^j = (⃗ϕ^j , ⃗φ^{j+1}) ïćńïěâáï ŕàőĺğćěďěŋĺěň ďćãå ňăâàĺæ. Ŕěàćăï ĺğ ŋĺå (őąőğŋăçĺň ěě θ^j ) ĺňěěâ ŕőàïďőł (J × 2J) ĺ őâńĺçăěâáï őâ ňăâàĺæë ˘^j áőŕàïęěŋĺěň íńěňěŋâőć ĺ ĺğňěŋěŋĺěň ğŋăłă ć çěâŋëå áâőńąæăå. Ćâőàăï | á âőçŋőáâìî ďő ŋěćëàőęďěŋŋëå ŕàěőąàăğőćăŋĺľ áőćŕăďăěâ á ňăâàĺæěľ Čàăňă łőňŕőŋěŋâ ćěłâőàă ⃗φ^{j+1}, łőâőàăï, ěáâěáâćěŋŋő, ŋěćëàőęďěŋă, ććĺďã âőčő çâő łőňŕőŋěŋâë ⃗φ^{j+1} őąàăğãîâ ąăğĺá ŕàőáâàăŋáâćă V^{j+1}. Śńěďőćăâěńìŋő, àăŋč ŕàőĺğćěďěŋĺï őŕàěďěńïěâáï àăŋčőň ňăâàĺæë θ^j . Łőâőàëľ, őçěćĺďŋő, áőćŕăďăěâ á àăŋčőň ňăâàĺæë ˘^j ĺ ŕőâőňã àăćěŋ J.

Ąăğĺáë ŕàőáâàăŋáâć W^j, ŕőàőęďěŋŋëě áďćĺčăňĺ őďŋőľ äãŋłæĺĺ, ňë ąãďěň ŋăğëćăâì ąăğĺáăňĺ ćáŕńěáłőć.

Řăááňőâàĺň ăńčőàĺâňë àăğńőęěŋĺï ŕàőĺğćőńìŋőľ äãŋłæĺĺ f ∈ ~C^N ŕő ąăğĺáăň ⃗φ^j ĺ ěě àěłőŋáâàãłæĺĺ.

Ŕěàěåőď őâ łőőàďĺŋăâ ć ąăğĺáě ćáŕńěáłőć ł łőőàďĺŋăâăň ć ąăğĺáě Ćĺŋěàă ĺ őąàăâŋő őáãéěáâćńïěâáï áőőâćěâáâćěŋŋő ŕàĺ ŕőňőéĺ ŕàïňőčő ĺ őąàăâŋőčő ĎŔŤ ĺ, ąëâì ňőęěâ, ŕőłőőàďĺŋăâŋőčő ãňŋőęěŋĺï ć çăáâőâŋőľ őąńăáâĺ. İâőâ őçěćĺďŋëľ äăłâ áńěďãěâ ĺğ âőčő, çâő ďńï ńîąőľ äãŋłæĺĺ f ∈ W^j ĺňěěň f = ⃗φ^{jT} ⃗α = 1 J ⃗φ^{jT} F^∗_J F_J ⃗α = ⃗w^{jT} F_J F^∗_J⃗b/J, čďě ⃗α ĺ ⃗b | ćěłâőàë łőőàďĺŋăâ äãŋłæĺĺ f áőőâćěâáâćěŋŋő ć ąăğĺáăå ⃗φ ĺ ⃗w^j. Ŕőáłőńìłã łőňŕőŋěŋâë ąăğĺáă Ćĺŋěàă őŕàěďěńïîâáï őďŋőğŋăçŋő á âőçŋőáâìî ďő ŋěŋãńěćëå ňŋőęĺâěńěľ, âő ŕőłőőàďĺŋăâŋőě ãňŋőęěŋĺě ć çăáâőâŋőľ őąńăáâĺ ňőęěâ ŕőïćĺâìáï, ěáńĺ ňë ćëąàăńĺ ąăğĺá Ćĺŋěàă, őâńĺçŋëľ őâ —w^j. Ěáâěáâćěŋŋő, ăŋăńőčĺçŋëě äőàňãńë áŕàăćěďńĺćë ďńï ŕàőáâàăŋáâć V^j ĺ ąăğĺáőć ⃗φ^j ĺ ⃗v^j .

Šăłĺň őąàăğőň, ăńčőàĺâňë àăğńőęěŋĺï äãŋłæĺľ ŕàőáâàăŋáâćă ~C^N ŕő ąăğĺáăň ćáŕńěáłőć ⃗φ^j ĺ ĺå àěłőŋáâàãłæĺĺ, ĺáŕőńìğãîéĺě ŕěàěåőď ł ąăğĺáăň Ćĺŋěàă, ĺňěîâ áńőęŋőáâì ŕőàïďłă O(N log N ) ŋěğăćĺáĺňő őâ âőčő, łăłĺň ąëńő ĺáåőďŋőě ŕàěďáâăćńěŋĺě äãŋłæĺĺ | ć ěě ěáâěáâćěŋŋőň ćĺďě f(·), ć ćĺďě áŕěłâàă ĺńĺ ć ćĺďě ěě àăğńőęěŋĺï ŕő ŋěłőâőàőňã ąăğĺáã ⃗φ^n.

§3. Ćáŕńěáłĺ á ńőłăńìŋëň ŋőáĺâěńěň

Ăńìâěàŋăâĺćőľ á âőçłĺ ğàěŋĺï íłőŋőňĺçŋőáâĺ ăńčőàĺâňăň ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ, ĺáŕőńìğãîéĺň ŕěàěåőď ć çăáâőâŋãî őąńăáâì, ňőčãâ áńãęĺâì ăńčőàĺâňë ďńï ćáŕńěáłőć á ńőłăńìŋëň ŋőáĺâěńěň. Ňë ąãďěň ĺáŕőńìğőćăâì âěàňĺŋ \ńőłăńìŋëľ ŋőáĺâěńì" (àăğňěàă p, áçĺâăï, çâő őŋ áőőâćěâáâćãěâ áńãçăî, łőčďă ŋăľďěâáï âăłăï äãŋłæĺï φ^n, ŕőàőęďăîéăï ąăğĺá ŕàőáâàăŋáâćă V^n, çâő äãŋłæĺĺ, őŕàěďěńěŋŋëě àěłãààěŋâŋő ŕő äőàňãńăň (1.8), ĺňěîâ ŋőáĺâěńì, ŕàĺŋăďńěęăéĺľ őâàěğłã [0, pN/J], čďě p << N . Ĺğ äőàňãńë (2.6), ć çăáâŋőáâĺ, áńěďãěâ, çâő ąăğĺá ćáŕńěáłőć ⃗φ^j ć ŕàőáâàăŋáâćăå W^j ňőęŋő ćëąàăâì âăłĺň őąàăğőň, çâő äãŋłæĺĺ ϕ^j âăłęě ĺňěîâ ńőłăńìŋëľ ŋőáĺâěńì. Őďŋĺň ĺğ ĺáâőçŋĺłőć ŕěàĺőďĺçěáłĺå ćáŕńěáłőć á ńőłăńìŋëň ŋőáĺâěńěň ïćńïîâáï ŕěàĺőďĺğăæĺĺ ŋěŕěàĺőďĺçěáłĺå ŁŇĂ, ąăğĺáë łőâőàëå ĺňěîâ łőňŕăłâŋëľ ŋőáĺâěńì.

Ŋăŕőňŋĺň, çâő áŕńăľŋőň p-čő ŕőàïďłă ňĺŋĺňăńìŋőčő ďěäěłâă á ãğńăňĺ ć æěńőçĺáńěŋŋëå âőçłăå ŋăğëćăěâáï p = 1 àăğ ŋěŕàěàëćŋő-ďĺääěàěŋæĺàãěňăï äãŋłæĺï, ïćńïîéăïáï ŋă ĺŋâěàćăńăå ćĺďă (k, k + 1), čďě k | æěńőě, ŕőńĺŋőňőň p-čő ŕőàïďłă.

B-áŕńăľŋőň ŋăğëćăěâáï (ŋěćëàőęďěŋŋëľ) áŕńăľŋ, ĺňěîéĺľ ňĺŋĺňăńìŋő ćőğňőęŋëľ ŋőáĺâěńì. Ĺğ áŕńăľŋőć ŋěâàãďŋő áłőŋáâàãĺàőćăâì ďĺáłàěâŋëľ ŁŇĂ á ąăğĺáăňĺ, ĺňěîéĺňĺ ńőłăńìŋëľ ŋőáĺâěńì. Ŕãáâì p | æěńőě ŋěőâàĺæăâěńìŋőě çĺáńő ğăďăîéěě ŕőàïďőł áŕńăľŋă, p < N . Ć łăçěáâćě φ^n ćőğìňěň äãŋłæĺî, çìĺ ğŋăçěŋĺï áőćŕăďăîâ áő ğŋăçěŋĺïňĺ B-áŕńăľŋă ć ãğńăå. Ťãŋłæĺĺ ęě φ^j ąěàãâáï ãďőćńěâćőàïîéĺňĺ àěłãààěŋâŋëň áőőâŋőèěŋĺïň (1.8), ĺáåőďï ĺğ âőčő ãáńőćĺï, çâő äãŋłæĺï φ^j ŕàĺ m = 0, 1, . . ., N − 1 áőćŕăďăěâ á ŕěàĺőďĺğăæĺěľ B-áŕńăľŋă ŕőàïďłă p á ãğńăňĺ ć âőçłăå ćĺďă kN/J, k = 0, 1, . . ., J −1. Ŕàĺ íâőň ąăğĺáë ćáŕńěáłőć ć ŕàőáâàăŋáâćăå W^j ňőčãâ ąëâì őŕàěďěńěŋë ŕő äőàňãńě (2.6).

Őáâăŋőćĺňáï âěŕěàì ŋă ćëçĺáńĺâěńìŋëå ăáŕěłâăå ŕàőæěďãà àăğńőęěŋĺï ĺ ćőááâăŋőćńěŋĺï äãŋłæĺľ ŕő ćáŕńěáł-ąăğĺáăň á ńőłăńìŋëň ŋőáĺâěńěň.

Ŕőłăęěň, çâő ŕàőæěďãàë àăğńőęěŋĺï ŕàőĺğćőńìŋőľ äãŋłæĺĺ ŕő ąăğĺáăň ćáŕńěáłőć á ńőłăńìŋëň ŋőáĺâěńěň ĺ ŕàőæěďãàë ěě ćőááâăŋőćńěŋĺï ňőčãâ ąëâì àěăńĺğőćăŋë ğă O(pN ) ăàĺäňěâĺçěáłĺå őŕěàăæĺľ, čďě p | ććěďěŋŋëľ ćëèě ŕăàăňěâà, åăàăłâěàĺğãîéĺľ àăğňěà ŋőáĺâěńï ąăğĺáŋëå äãŋłæĺľ. Ąãďěâ ćĺďŋő, çâő íâĺ ăńčőàĺâňë áőáâőïâ ĺğ őŕěàăæĺľ àěèěŋĺï áĺáâěň ńĺŋěľŋëå ãàăćŋěŋĺľ á æĺàłãńïŋâŋëňĺ ňăâàĺæăňĺ, ĺňěîéĺňĺ O(p) ŋěŋãńěćëå ďĺăčőŋăńěľ, ĺ őŕěàăæĺľ őąőąéěŋŋëå áćěàâőł á őłŋăňĺ àăğňěàă O(p).

Ĺâăł, ŕãáâì {φ^j}^n_{j=0} | ŋăąőà äãŋłæĺľ á ńőłăńìŋëň ŋőáĺâěńěň àăğňěàă p, ãďőćńěâćőàïîéĺå ãáńőćĺïň âěőàěňë 1, {ϕ^j}^{n−1}_{j=0} | ŕőńãçěŋŋëě ŕő äőàňãńě (2.6) äãŋłæĺĺ, őŕàěďěńïîéĺě ąăğĺáë ćáŕńěáłőć.

Ŋăň ŋãęŋő ŕőńãçĺâì ăńčőàĺâň àăğńőęěŋĺï ŕàőĺğćőńìŋőľ äãŋłæĺĺ f ∈ ~C^N ć áãňňã ćĺďă f(·) = f_k(·) + ∑_{n−1} m=k g_m(·), čďě f_k ∈ V^k, g_m ∈ W^m, k = 0, 1, . . ., n; âőçŋěě, ňë ďőńęŋë ŋăľâĺ łőíääĺæĺěŋâë àăğńőęěŋĺï f_k ĺ g_k ŕő áőőâćěâáâćãîéĺň ąăğĺáăň áďćĺčőć. Ŕőáâàőěŋĺě ŕàőćěďěň őąàăâŋőľ ĺŋďãłæĺěľ ŕő k, ŋăçĺŋăï á k = n.

Ŕőáłőńìłã f_n(·)^{def}= f(·) = ⃗α^{nT} ⃗φ^n(·), čďě ⃗α^n | ĺáłőňëľ ćěłâőà łőíääĺæĺěŋâőć, âő, őçěćĺďŋő, ⃗α^n ïćńïěâáï àěèěŋĺěň áĺáâěňë ńĺŋěľŋëå ãàăćŋěŋĺľ á p-ďĺăčőŋăńìŋőľ æĺàłãńïŋâŋőľ ňăâàĺæěľ (ŋăŕőňŋĺň, çâő ⃗φ^n(·) ňőęŋő áçĺâăâì ńĺąő ćěłâőà-äãŋłæĺěľ, ńĺąő ňăâàĺæěľ àăğňěàă n × n.

Ŕàěďŕőńőęĺň, ňë ãęě ŋăèńĺ àăğńőęěŋĺě äãŋłæĺĺ f_{k+1}(0 ≤ k < n) ŕő ąăğĺáã ⃗φ^{k+1}(·), âőčďă áŕàăćěďńĺćë àăğńőęěŋĺï

(3.1) f_{k+1}(· = (⃗α^{k+1})^T ⃗φ^{k+1}(·) = f_k(·) + g_k(·) = ⃗α^{kT} ⃗φ^k(·) + ⃗b^{bT} ⃗φ^k(·).

Ďőňŋőęĺć (3.1) áłăńïàŋő áŕàăćă áŋăçăńă ŋă łőňŕőŋěŋâë ćěłâőàă ⃗φ(·), ă ğăâěň ŋă łőňŕőŋěŋâë ⃗φ^k(·), ŕőńãçĺň (⃗α^{k+1})^T (⃗φ^{k+1}(·), ⃗φ^k(·)) = ⃗α^{kT} (⃗φ^k(·), ⃗φ^k(·)), (3.2) (⃗α^{k+1})^T (⃗φ^{k+1}(·), ⃗ϕ^k(·)) = ⃗b^{kT} (⃗ϕ^k(·), ⃗ϕ^k(·)). (3.3)

Ńěčłő ćĺďěâì, çâő ńěćëě çăáâĺ (3.2) ĺ (3.3) ňőęŋő àăááňăâàĺćăâì łăł áćěàâłĺ ⃗α^{k+1} á őłŋăňĺ àăğňěàă O(p), ă ćěłâőàë łőíääĺæĺěŋâőć ⃗α^k ĺ ⃗b^k ïćńïîâáï àěèěŋĺïňĺ áĺáâěň ńĺŋěľŋëå ãàăćŋěŋĺľ á æĺàłãńïŋâŋëňĺ ňăâàĺæăňĺ, ĺňěîéĺňĺ O(p) ďĺăčőŋăńěľ.

Ăńčőàĺâňë ćőááâăŋőćńěŋĺï äãŋłæĺĺ f âăłęě ňőčãâ ąëâì ŕőńãçěŋë ĺğ äőàňãń (3.1). Ďěľáâćĺâěńìŋő, ğŋăï ćěłâőàë łőíääĺæĺěŋâőć ⃗α^k, ⃗b^k ŕàĺ 0 ≤ k < n, ňë ňőęěň ŋăľâĺ ⃗a^{k+1}, ďőňŋőęĺć àăćěŋáâćő

(⃗α^{k+1})^T ⃗φ^{k+1}(·) = —α^{kT} —φ^k(·) + ⃗b^{kT} ⃗φ^k(·)

ŋă ⃗φ^{k+1}(·) ĺ ŕőńãçĺć ŕàĺ íâőň őâŋőáĺâěńìŋő ćěłâőàă ⃗α^{k+1} áĺáâěňã ńĺŋěľŋëå ãàăćŋěŋĺľ

(⃗α^{k+1})^T (⃗φ^{k+1}(·), ⃗φ^{k+1}(·)) = ⃗α^{kT} (⃗φ^k(·), ⃗φ^{k+1}(·)) + ⃗b^{kT} (⃗ϕ^k(·, ⃗φ^{k+1}(·)).

Ğăňěâĺň, çâő ďńï àěèěŋĺï áĺáâěňë L ńĺŋěľŋëå ãàăćŋěŋĺľ á m-ďĺăčőŋăńìŋőľ ňăâàĺæěľ ŋěőąåőďĺňő ćëŕőńŋĺâì âàěãčőńìŋőě àăğńőęěŋĺě ňăâàĺæë, ğăâàăâë ŋă ćëŕőńŋěŋĺě łőâőàőčő ĺňěîâ ŕőàïďőł O(m^2L). Őďŋăłő ć íâĺå ćëçĺáńěŋĺïå ŋě ãçăáâćãěâ äãŋłæĺï, çìě àăğńőęěŋĺě ŕő ąăğĺáã ćáŕńěáłőć ňë ĺéěň.

Šăłĺň őąàăğőň, őąéĺě ăàĺäňěâĺçěáłĺě ğăâàăâë ŋă àăğńőęěŋĺě ĺ ćőááâăŋőćńěŋĺě ŕàőĺğćőńìŋőľ äãŋłæĺĺ f ŋě ŕàěćëèăîâ O(pN ).

§4. Ŋěőàâőčőŋăńìŋëě ŕàőáâàăŋáâćă ćáŕńěáłőć

Ğďěáì ňë àăááňőâàĺň ěéě őďŋő őŕàěďěńěŋĺě ćáŕńěáł-ŕàőáâàăŋáâć, ŕàěĺňãéěáâćő łőâőàőčő áőáâőĺâ ć âőň, çâő ďńï ŋěčő áãéěáâćãěâ ćőğňőęŋőáâì ŕőáâàőěŋĺï ăńčőàĺâňőć ďěłőňŕőğĺæĺĺ ĺ àěłőŋáâàãłæĺĺ, ć łőâőàëå ŕőńãçěŋĺě łőíääĺæĺěŋâőć àăğńőęěŋĺï ŋă łăęďőň ãàőćŋě àěăńĺğőćăŋő łăł áćěàâłă á őďŋĺň ĺ âěň ęě őłŋőň. Ŕàĺçěň ć ŋěłőâőàëå ŕàăłâĺçěáłĺ ćăęŋëå çăáâŋëå áńãçăïå ňőęěâ ąëâì ćëąàăŋő őłŋő àăğňěàă p << N . Ć íâőň áňëáńě ďăŋŋëľ ăńčőàĺâň áåőďěŋ á ăńčőàĺâňőň Ĺ. Ďőąěèĺ, àěăńĺğőćăŋŋëň ěî ďńï őàâőčőŋăńìŋëå ąăğĺáőć ćáŕńěáłőć ŋă ŕàïňőľ. Ŕàĺ íâőň áâőĺâ ğăňěâĺâì, çâő ŋě áãéěáâćãěâ őàâőčőŋăńìŋőčő ąăğĺáă ĺğ ďĺáłàěâŋëå ćáŕńěáłőć á ńőłăńìŋëň ŋőáĺâěńěň łàőňě ŕàőáâěľèěčő áńãçăï, łőčďă ŋőáĺâěńì ąăğĺáă áďćĺčőć ć ŕàőáâàăŋáâćě V^j ĺňěěâ àăğňěà ňěŋìèĺľ 2^{n−j}.

Ć őŕàěďěńěŋŋőň áňëáńě áåőďŋëě ĺďěĺ ąëńĺ àěăńĺğőćăŋë ć [10]. Ć ãłăğăŋŋőľ àăąőâě ăćâőàë ďńï ŕàőĺğćőńìŋőčő őŕàěďěńěŋŋőčő ŋă ŕàïňőľ áŕńăľŋ ŕàőáâàăŋáâćă S (ć âőň çĺáńě ĺ á ŋěàăćŋőňěàŋőľ áěâłőľ ãğńőć) ŕőłăğăńĺ ćőğňőęŋőáâì ěčő àăğńőęěŋĺï ć ŕàïňãî áãňňã áŕńăľŋ-ŕàőáâàăŋáâćă S_1 á ŕàőàěęěŋŋőľ áěâłőľ ãğńőć ĺ ŋěłőâőàőčő ŕàőáâàăŋáâćă S_2 ⊂ S, ćëąàăŋŋőčő âăł, çâő áőőâćěâáâćãîéĺě őŕěàăâőàë ŕàőěłâĺàőćăŋĺï ŋă ŕàőáâàăŋáâćă S_1 ĺ S_2 ćďőńì áőőâćěâáâćěŋŋő ŕàőáâàăŋáâć S_2 ĺ S_1 ńőłăńìŋë.

Ďăńěě ğŋăçőł ⊕ őąőğŋăçăěâ ŕàïňãî (ćőőąéě čőćőàï, ŋěőàâőčőŋăńìŋãîê áãňňã ńĺŋěľŋëå ŕàőáâàăŋáâć.

Őŕàěďěńěŋĺě 2. Ŕãáâì ŕőáńěďőćăâěńìŋőáâì ńĺŋěľŋëå ŕàőáâàăŋáâć {V^j }^n_{j=0} őąàăğãîâ ŁŇĂ ŕàőáâàăŋ-

áâćă ~C^N , φ^j, 0 < j ≤ n, | äãŋłæĺĺ ĺğ äőàňãńĺàőćłĺ âěőàěňë 1, ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ {ψ^j }^{n−1}_{j=0} őŕàěďěńěŋă ŕő äőàňãńě

ψ^j (·) = N−1∑ k=0 b_kφ^j (· − kN/J).

Ąãďěň čőćőàĺâì, çâő ŕàőáâàăŋáâćă {W^j}^{n−1}_{j=0} , őŕàěďěńïěňëě łăł ńĺŋěľŋëě őąőńőçłĺ łőňŕőŋěŋâ ⃗ψ^j , ŕőàőęďăîâ ćáŕńěáł-ďěłőňŕőğĺæĺî ŕàőáâàăŋáâćă ~C^N , ěáńĺ őŋĺ ãďőćńěâćőàïîâ ãáńőćĺî

V^0 ⊕ W^0 ⊕ W^1 ⊕ · · · ⊕ W^{k−1} = V^k, k = 1, 2, . . ., n.

Ŕőłăęěň, çâő ďńï âőčő çâőąë ŕàőáâàăŋáâćă {W^j}^{n−1}_{j=0} ĺğ őŕàěďěńěŋĺï 2 ŕőàőęďăńĺ ćáŕńěáłďěłőňŕőğĺæĺî ŕàőáâàăŋáâćă ~C^N , ďőáâăâőçŋő ćëŕőńŋěŋĺï ńĺèì ãáńőćĺï ~C^N = V^{n−1} ⊕ W^{n−1}.

Ďőłăğăâěńìáâćő ŕàőćěďěň ŕő ĺŋďãłæĺĺ. Ŕàěďŕőńőęĺň, çâő ŋăňĺ ďőłăğăŋő áőőâŋőèěŋĺě V^{k+1} = V^k ⊕ W^k ďńï ŋěłőâőàőčő k < n. Ŕőłăęěň áŕàăćěďńĺćőáâì àăğńőęěŋĺï V^k = V^{k−1} ⊕ W^{k−1}. Ďńï íâőčő ŋăň ŋãęŋő ãąěďĺâìáï, çâő łőňŕőŋěŋâë ćěłâőàă ⃗ψ^{k−1} ńĺŋěľŋő ŋěğăćĺáĺňë ĺ áàěďĺ ĺå ńĺŋěľŋëå łőňąĺŋăæĺľ őâáãâáâćãîâ íńěňěŋâë ŕàőáâàăŋáâćă V^{k−1}.

Ŕőáłőńìłã ďńï ńîąőčő l = 0, i, . . ., K − 1 ććĺďã (1.1) ĺňěěň ψ^k(· + lN/K) + ψ^k(· + lN/K + N/2) = N−1∑ m=0 b_mφ^{k+1}(·mN/2K + lN/K) + N−1∑ m=0 b_mφ^{k+1}(· + mN/2K + lN/K + N/2) = N−1∑ m=0 b_m(φ^{k+1}(· + mN/2 + lN/K) + φ^{k+1}(· + mN/2K + kN/K + N/2)) = N−1∑ m=0 b_mφ^k(2(· + mN/2K + lN/K)) = ψ^{k−1}(2(· + lN/K)), âő ć áńãçăě ńĺŋěľŋőľ ğăćĺáĺňőáâĺ łőňŕőŋěŋâ ćěłâőàă ⃗ψ^{k−1} ďńï ŋěłőâőàőčő ŋăąőàă çĺáěń {α_j}^{K/2−1}_{j=0} , ŋě àăćŋëå őďŋőćàěňěŋŋő ŋãńî, ŕőńãçĺň 0 ≡ K/2−1∑

j=0 α_jψ^{k−1}(2(· + jN/K))

= K/2−1∑

j=0 α_j(ψ^k(· + jN/K) + ψ^k(· + jN/K + N/2)),

çâő ŕàőâĺćőàěçĺâ ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ łőňŕőŋěŋâ ćěłâőàă ⃗ψ^k.

Ăŋăńőčĺçŋëň őąàăğőň ŕőńãçĺň, çâő ć áńãçăě ćëŕőńŋěŋĺï ãáńőćĺï 0 ≡ K/2−1 ∑ j=0 β_j φ^{k−1}(· + 2jN/K) + K/2−1 ∑ j=0 γ_j ψ^{k−1}(· + 2jN/K)

ďńï ŋěłőâőàőčő ŋěćëàőęďěŋŋëå ŋăąőàőć çĺáěń {β_i} ĺ {γ_i}, áőčńăáŋő ćëąőàã äãŋłæĺľ {φ^j}, 0 ≡ K/2−1 ∑ j=0 β_j φ^{k−1}(2 · +2jN/K) + K/2−1 ∑ j=0 γ_+ jψ^{k−1}(2 · +2jN/K)

= K/2−1 ∑ j=0 β_j (φ^k(· + jN/K) + φ^k(· + jN/K + N/2)

= K/2−1 ∑ j=0 γ_j (ψ^k(· + jN/K) + ψ^k(· + jN/K + N/2)),

çâő ŕàőâĺćőàěçĺâ ãęě ďőłăğăŋŋőňã äăłâã, çâő áãňňă ŕàőáâàăŋáâć V^k ĺ W^k ïćńïěâáï ŕàïňőľ.

Ŋăň ŕőŋăďőąïâáï ćáŕőňőčăâěńìŋëě ãâćěàęďěŋĺï.

Ńěňňă 6. Ŕãáâì P1, P2, R | ăńčěąàăĺçěáłĺě ŕőńĺŋőňë áâěŕěŋĺ áőőâćěâáâćěŋŋő m, nu < m + n,

ŕàĺçěň ŕőńĺŋőňë P_1 ĺ P_2 ŋě ĺňěîâ őąéĺå łőàŋěľ. Šőčďă ŋăľďãâáï âăłĺě ŕőńĺŋőňë Q_1 ĺ Q_2 áâěŕěŋĺ ŋě ćëèě n − 1 ĺ m − 1, çâő (4.1) P_1(x)Q_1(x) + P_2(x)Q_2(x) = R(x).

Ŕőńĺŋőňë Q_1 ĺ Q_2 őŕàěďěńïîâáï őďŋőğŋăçŋő.

Ğăňěçăŋĺě. Ďăŋŋăï ńěňňă ć çãâì ňěŋěě őąéěľ äőàňě ŕàĺćőďĺâáï Ĺ. Ďěąěèĺ ć ([1], á. 169) ĺ [7]. Ŋăèě ďőłăğăâěńìáâćő őáŋőćăŋő ŋă ďàãčőľ ĺďěě ĺ ŋěáłőńìłő łőàőçě.

Ďőłăğăâěńìáâćő ńěňňë 5. Ŕãáâì {x_i}^m_{i=1} | ŋãńĺ ŕőńĺŋőňă P_1. Šőčďă ŕőńĺŋőň Q_2 őŕàěďěńïěâáï ĺğ ãáńőćĺľ Q_2(x_i) = R(x_i)/P_2(x_i), čďě àăćěŋáâćő ćëŕőńŋïěâáï á łàăâŋőáâìî łőàŋï x_i. Ďěńěŋĺě ğďěáì őŕàěďěńïěâáï łőààěłâŋő, ŕőáłőńìłã P_2(x_i) ≠ 0. Ŕőńĺŋőň Q_1 ŋăåőďĺâáï ăŋăńőčĺçŋëň őąàăğőň ŕő ğŋăçěŋĺïň ć âőçłăå {y_i}^n_{i=1} | ŋãńïå ŕőńĺŋőňă P_2.

Ćëŕőńŋěŋĺě àăćěŋáâćă (4.1) áńěďãěâ ĺğ ěčő ćëŕőńŋěŋĺï á ãçěâőň łàăâŋőáâĺ ć n + m âőçłăå, ŕőáłőńìłã ěčő ńěćăï ĺ ŕàăćăï çăáâĺ | ŕőńĺŋőňë ŕőàïďłă ŋě ćëèě n + m − 1.

Ŕőńĺŋőňë Q_1 ĺ Q_2 őŕàěďěńïîâáï őďŋőğŋăçŋő ććĺďã ěďĺŋáâćěŋŋőáâĺ àěèěŋĺï ĺŋâěàŕőńïæĺőŋŋőľ ğăďăçĺ (ćőőąéě čőćőàï, á łàăâŋëňĺ âőçłăňĺ).

Ńěňňă 7. Ŕãáâì ďńï ŋěłőâőàőčő ŁŇĂ ć ŕàőáâàăŋáâćăå V^j ćëąàăŋë ąăğĺáë ⃗φ^j, ãďőćńěâćőàïîéĺě

(1.1) ĺ (1.8). Šőčďă ďńï ďăŋŋőčő ŁŇĂ áãéěáâćãîâ âăłĺě ąăğĺáë ⃗φ^j, âăłęě ãďőćńěâćőàïîéĺě (1.1) ĺ (1.8), â.ě. ďńï ńîąëå j_1, j_2, 0 ≤ j_1 < j_2 ≤ n,

ϕ^{j1} (2^{j2−j1}m) =

2j2�j_{1 −1} ∑ k=0 ϕ^{j2}(m + k2^{n−j2+j1} ),

ĺ ďńï ńîąőčő j, 0 ≤ j < N ,

ϕ^{j−1}(·) = N−1∑ l=0 b_lϕ^j(· − lN/J), çâő ďńï åăàăłâěàĺáâĺçěáłĺľ ŕőńĺŋőňă

P_ϕ(z)^{def}= N−1∑ l=0 b_lz^l ąăğĺáőć ⃗φ^j ĺňěěň |P_ϕ(z)|^2 + |P_ϕ(z)|^2 > 0 ďńï ćáěå z. Ŕàĺ íâőň áâěŕěŋì ŕőńĺŋőňă P_ϕ ŋě ŕàěćëèăěâ áâěŕěŋĺ P_φ.

Ăŋăńőč ńěňňë 7 ďńï ŁŇĂ ŕàőáâàăŋáâćă L^2(R) ňőęŋő ŋăľâĺ, ŋăŕàĺňěà, ć àăąőâě Ů. Ůãĺ ĺ Ę. Ćăŋčă [8].

Ďőłăğăâěńìáâćő ńěňňë 7. Ŋěőąåőďĺňőáâì. Ěáńĺ åăàăłâěàĺáâĺçěáłĺľ ŕőńĺŋőň

P_φ(z)^{def}= K∑ l=0 α_lz^l, čďě K < N , ŋě ĺňěěâ ŕăà łőàŋěľ ćĺďă ±c ĺ P_φ(0) ≠ 0, âő ãâćěàęďěŋĺě ńěňňë 7 ćëŕőńŋěŋő. Ŕãáâì çĺáńă z = ±c_0 ïćńïîâáï łőàŋïňĺ ŕőńĺŋőňă P_φ, C = c^2_0. Šőčďă áŕàăćěďńĺćő ŕàěďáâăćńěŋĺě

(4.2) P_φ(z) = (C − z^2) K−2∑ l=0 d_lz^l Řăááňőâàĺň ŕàőæěďãàã ŕěàěåőďă ł ŋőćëň ąăğĺáŋëň äãŋłæĺïň ⃗ϕ^j_1, łőâőàăï ŕőğćőńïěâ ãňěŋìèĺâì ŋă ěďĺŋĺæã ŕőàïďőł åăàăłâěàĺáâĺçěáłőčő ŕőńĺŋőňă P_φ. Ććěďěň ć àăááňőâàěŋĺě äãŋłæĺî

(4.3) ϕ^{j−1}_1 (·) = K−2∑ l=0 d_lφ^j(· − lN/J). Ŕőáłőńìłã, áőčńăáŋő (4.2), φ^{j−1}(·) = Cϕ^{j−1}_1 (·) − ϕ^{j−1}_1 (· − 2N/J), âő ŋăąőà äãŋłæĺľ ϕ^{j−1}_1 (· − l2N/J), l = 0, 1, . . ., J/2 − 1, őąàăğãěâ ąăğĺá ŕàőáâàăŋáâćă V^{j−1} ďńï j > 0, ŕàĺ íâőň ďńï j < n äãŋłæĺĺ ϕ^j_1 őŕàěďěńïîâáï ŕő äőàňãńě (4.3), ă ďńï j = n áãéěáâćőćăŋĺě ĺáłőňőľ äãŋłæĺĺ ϕ^n_1 áńěďãěâ ĺğ âěőàěňë 1 ĺ ńěňňë 5.

§áŋő, çâő áćïğì ňěęďã ąăğĺáŋëňĺ äãŋłæĺïňĺ ŕàĺ àăğńĺçŋëå j ćëàăęăěâáï àăćěŋáâćăňĺ

ϕ^{j−1}_1 (·) = K−1∑ l=0 α^′_lϕ^j_1(· − lN/J), čďě łőíääĺæĺěŋâë a^′_l őŕàěďěńïîâáï ŕő äőàňãńě K−1∑ l=0 a^′_lz^l = (C − z) K−2∑ l=0 d_lz^l. Ąãďěň ŕőćâőàïâì ãłăğăŋŋãî ŕàőæěďãàã ďő âěå ŕőà, ŕőłă ŕőńãçěŋŋëľ ć ĺâőčě åăàăłâěàĺáâĺçěáłĺľ ŕőńĺŋőň ĺňěěâ łőàŋĺ ćĺďă ±c. Ŕőáłőńìłã łăęďëľ àăğ ňë ŕőŋĺęăěň áâěŕěŋì åăàăłâěàĺáâĺçěáłőčő ŕőńĺŋőňă ŋă ěďĺŋĺæã, âő ğă łőŋěçŋőě çĺáńő èăčőć ŕàĺďěň ł ĺáłőňőňã ąăğĺáã ⃗φ^j∗ Ěáńĺ P_φ�(0) ≠ 0, âő ŕőńăčăěň ⃗φ^j = ⃗φ^j_∗. Ć ŕàőâĺćŋőň áńãçăě ⃗φ^j(·) = ⃗φ^j_∗(· + N/J).

Ŕěàěľďěň ŋěŕőáàěďáâćěŋŋő ł ŕőáâàőěŋĺî ăńčőàĺâňă ďěłőňŕőğĺæĺĺ äãŋłæĺľ. Ŕãáâì áőćőłãŕŋőáâì ŕàőáâàăŋáâć {V^j} őŕàěďěńïěâ ŁŇĂ ŕàőáâàăŋáâćă ~C^N , {⃗φ^j} | ŋăąőà ąăğĺáőć íâĺå ŕàőáâàăŋáâć, ŕàĺçěň íâĺ ąăğĺáë ãďőćńěâćőàïîâ áőőâŋőèěŋĺî (1.1), ĺ áőőâćěâáâćãîéĺľ åăàăłâěàĺáâĺçěáłĺľ ŕőńĺŋőň, çìĺ łőíääĺæĺěŋâë őŕàěďěńïîâáï ĺğ (1.8), ĺňěěâ ŕőàïďőł K < N , ĺ |P_ϕ(z)|^2 + |P_ϕ(z)|^2 > 0 ďńï ćáěå z.

Ňë ŕőłăęěň, çâő áãéěáâćãěâ àăğńőęěŋĺě ŕàőáâàăŋáâćă ~C^N Wć ŕàïňãî, ŋő, ćőőąéě čőćőàï, ŋěőàâőčőŋăńìŋãî áãňňã ćáŕńěáł-ŕàőáâàăŋáâć {W^j}^{n−1}_{j=0} , ďńï łőâőàëå (ć ŋěłőâőàőň ąăğĺáě) ăńčőàĺâňë ďěłőňŕőğĺæĺĺ ŕàőĺğćőńìŋőľ äãŋłæĺĺ ĺ ěě àěłőŋáâàãłæĺĺ őáãéěáâćńïîâáï łăł ďĺáłàěâŋăï áćěàâłă á őłŋőň àăğňěàă ŋě ąőńěě K + 1. Ąőńěě âőčő, áćěàâëćăîéĺě őłŋă, ğăďăîéĺě ŕàőěłæĺĺ ŋă ŕàőáâàăŋáâćă W^j ĺ V^j ĺ ćőááâăŋăćńĺćăîéĺě äãŋłæĺî g ∈ V^{j+1} ŕő ěě ŕàőěłæĺïň ŋă íâĺ ŕàőáâàăŋáâćă, ňőčãâ ąëâì ćëąàăŋë ŋěğăćĺáïéĺňĺ őâ j. İâő őğŋăçăěâ, çâő ďńï ŕàőĺğćőńìŋőľ äãŋłæĺĺ f(·) = N−1∑ m=0 c^n_mφ^n(· − m) ∈ ~C^N ňőęŋő ćëŕőńŋĺâì àăğńőęěŋĺï f(·) = J−1∑ m=0 c^j_mφ^j (· − mN/J) + n−1∑ l=j L−1∑ m=0 d^l_mψ^l (· − mN/L), čďě ⃗φ^l | ąăğĺáë ŕàőáâàăŋáâć W^l, ĺ łőíääĺæĺěŋâë {{c^j_m}^{J−1}_{m=0}}^{n−1}_{j=0} ĺ {{d^j_m}^{J−1}_{m=0}}^{n−1}_{j=0} ňőčãâ ąëâì ćëçĺáńěŋë ŕő àěłãààěŋâŋëň äőàňãńăň

(.4.4) c^{j−1}_m = ξ+K∑ l=ξ c^j_{l+2m}r_l, d^{j−1}_m = ζ+K∑ l=ζ c^j_{l+2m}s_l, čďě ξ, .ζ ∈ Z. Ďăńěě ąãďěâ ŕőłăğăŋő, çâő ćěàåŋĺľ ŕàěďěń áãňňĺàőćăŋĺï ć ŕěàćőľ äőàňãńě ňőęěâ ąëâì ãňěŋìèěŋ ŋă ěďĺŋĺæã. Ŕőáńěďőćăâěńìŋőáâĺ c^j_m ĺ d^j_m ïćńïîâáï J-ŕěàĺőďĺçěáłĺňĺ ŕő ŋĺęŋěňã ĺŋďěłáã, ă ŕőáńěďőćăâěńìŋőáâĺ r_l ĺ s_l ňőęŋő áçĺâăâì őŕàěďěńěŋŋëňĺ ďńï ćáěå æěńëå ĺŋďěłáőć, ŋő őâńĺçŋëňĺ őâ ŋãńï âőńìłő ŕàĺ l = ξ, ξ +1, . . . , ξ +K −1 ďńï ŕěàćőľ ŕőáńěďőćăâěńìŋőáâĺ ĺ ŕàĺ l = ζ, ζ +1, . . . , ζ +K | ďńï ćâőàőľ. Ć ďăńìŋěľèěň ňë ŕőńăčăěň ζ = ξ, ěáńĺ ξ + K | ŋěçěâŋő, ĺ ζ = ξ − 1 | ć ŕàőâĺćŋőň áńãçăě. Śőåàăŋïï àăğňěà őłőŋ, ňë ňőęěň ŕěàěňěéăâì ĺå ŕãâěň ĺğňěŋěŋĺï ŕăàăňěâàă ξ, ŕőńãçăï ŕàĺ íâőň ŋőćëě àěèěŋĺï ŋăèěľ ğăďăçĺ. Ěďĺŋáâćěŋŋőě âàěąőćăŋĺě ŋă àăáŕőńőęěŋĺě őłŋă r_l ğăłńîçăěâáï ć âőň, çâő őŋő ďőńęŋő ĺňěâì ŋěŕãáâőě ŕěàěáěçěŋĺě á őâàěğłőň [0, K] ĺńĺ á ěčő áďćĺčőň ŋă lN , čďě l ∈ Z. Ć ŕàőâĺćŋőň áńãçăě ŕěàćëľ ĺğ őŕěàăâőàőć (4.4) ŕàĺ j = n őâőąàăğĺâ äãŋłæĺî φ^{n−1} ŋă äãŋłæĺî ćĺďă N/2−1∑

l=0 α_lφ^{n−1}(· − 2l), čďě α_0 = 0, çâő ŋěćőğňőęŋő, ŕőáłőńìłã íâő őŕěàăâőà ŕàőěłâĺàőćăŋĺï ŕàőáâàăŋáâćă V^n ŋă V^{n−1}. Ňë ŕőńăčăěň, çâő ξ | ńîąőě æěńőě çĺáńő, ŕàĺŋăďńěęăéěě őâàěğłã [1 − K, K].

Ąãďěň łőŋáâàãĺàőćăâì ŕàőáâàăŋáâćă W^j , ĺáåőďï ĺğ ãáńőćĺľ, çâő ĺå ąăğĺáë ⃗φ^j őŕàěďěńïîâáï áőőâŋőèěŋĺïňĺ ψ^{j−1}(·) = K∑ m=0 b_mφ^j (· − mN/J), čďě ŕőáâőïŋŋëě b_m ŋăň ŕàěďáâőĺâ őŕàěďěńĺâì. Ŕőáłőńìłã áőőâŋőèěŋĺï (4.4) ğăďăîâ őŕěàăâőàë ŕàőěłâĺàőćăŋĺï ŋă ŕàőáâàăŋáâćă V^{j−1} ĺ W^{j−1}, âő ďńï m = 0, 1, . . ., N/2 − 1 áŕàăćěďńĺćë àăćěŋáâćă

δ_{0m} = ξ+K−1 ∑ l=ξ a_{l−2m}r_l, (4.5)

δ_{0m} = ζ+K∑ l=ζ b_{l−2m}s_l , (4.6)

0 = ζ+K∑ l=ζ a_{l−2m}s_l, (4.7)

0 = ξ+K−1 ∑ l=ξ b_{l−2m}r_l, (4.8)

(ğďěáì ňë, ěáâěáâćěŋŋő, ŕőńăčăěň, çâő ŕőáńěďőćăâěńìŋőáâĺ {α_l}, {b} ïćńïîâáï N -ŕěàĺőďĺçěáłĺňĺ ĺ ćŋě áćőĺå ěáâěáâćěŋŋëå őąńăáâěľ őŕàěďěńěŋĺï ďőőŕàěďěńïîâáï ŋãńïňĺ). Ţőàőèő ĺğćěáâŋő (áň., ŋăŕàĺňěà, [8] ĺ [9]) ĺ ŋěâàãďŋő ŕàőćěàĺâì, çâő ďńï àěèěŋĺï ŕőńãçěŋŋőľ áĺáâěňë ãàăćŋěŋĺľ ć áćěàâłăå ďőáâăâőçŋő ŋăľâĺ àěèěŋĺě áĺáâěňë ãàăćŋěŋĺľ A(z)R(z) + A(−z)R(−z) ≡ 2, (4.9) B(z)S(z) + B(−z)S(−z) ≡ 2, (4.10) A(z)S(z) + A(−z)S(−z) ≡ 0, (4.11) B(z)R(z) + B(−z)R(−z) ≡ 0, (4.12) čďě A(z) = K∑ l=0 α_lz^l, B(z) = K∑ l=0 b_lz^l,

R(z) = ξ+K−1 ∑ l=ξ r_lz^{−l} = z^{−ξ−K+1} K−1∑ l=0 r_{ξ+K−1−l}z^{l def}= z^{−ξ−K+1} »R(z),

S(z) = ζ+K∑ l=ζ s_lz^{−l} = z^{−ζ−K} K∑ l=0 s_{ζ+K−l} l^{def}= z^{−ζ−K} »S(z). Şàăćŋěŋĺï (4.9){(4.12) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě A(z) »R(z) + (−1)^{ξ+K−1} A(−z) »R(−z) = 2z^{ξ+K−1}, (4.13) B(z) »S(z) + (−1)^{ζ+K} B(−z) »S(−z) = 2z^{ζ+K} , (4.14) A(z) »S(z) + (−1)^{ζ+K−1} A(−z) »S(−z) = 0, (4.15) B(z) »R(z) + (−1)^{ξ+K−1}B(−z) »R(−z) = 0. (4.16)

Śőčńăáŋő ńěňňě 6 ĺ ćëąőàã ξ, áãéěáâćãěâ ěďĺŋáâćěŋŋăï ŕăàă ŕőńĺŋőňőć Q_1 ĺ Q_2 ŕőàïďłă ŋě ćëèě K − 1, ãďőćńěâćőàïîéăï ãàăćŋěŋĺî A(z)Q_1(z) + (−1)^{ξ+K−1} A(−z)Q_2(z) = 2z^{ξ+K−1}.

Ŕàĺ íâőň, őçěćĺďŋő, Q_1(z) = Q_2(−z). Šăłĺň őąàăğőň, ŕőńĺŋőň »R(z) = Q_1(z) ãďőćńěâćőàïěâ ãàăćŋěŋĺî (4.13).

Ěáńĺ ξ + K | ŋěçěâŋő, âő ŋěâàãďŋő ŕàőćěàĺâì, çâő äãŋłæĺĺ B(z) = z »R(−z) ĺ »S(z) = A(−z) ãďőćńěâćőàïîâ ãàăćŋěŋĺïň(4.13){(4.16). Ć áńãçăě ęě çěâŋőčő ξ + K àěèěŋĺïňĺ íâĺå ãàăćŋěŋĺľ ïćńïîâáï äãŋłæĺĺ B(z) = »R(−z) ĺ »S(z) = −A(−z).

Ŋěáňőâàï ŋă łăęãéĺľáï ŕàőĺğćőń ŕàĺ ćëąőàě ŕőńĺŋőňőć B ĺ »S, ŕàőáâàăŋáâćă W^j ŕőńŋőáâìî őŕàěďěńïîâáï ćëąőàőň ŕőńĺŋőňă »R, ŕőáłőńìłã łőíääĺæĺěŋâë íâőčő ŕőńĺŋőňă ŕőńŋőáâìî őŕàěďěńïîâ őŕěàăâőà ŕàőěłâĺàőćăŋĺï ŋă ŕàőáâàăŋáâćő V^j ćďőńì ŕàőáâàăŋáâćă W^j.

Ďńï âőčő çâőąë ŕőłăğăâì, çâő ŕőńãçěŋŋëě ŕàőáâàăŋáâćă W^j , ďěľáâćĺâěńìŋő, ĺňěîâ àăğňěàŋőáâì J, ďőłăęěň áŕàăćěďńĺćőáâì äőàňãńë àěłőŋáâàãłæĺĺ

(4.17) c^j_m = N−1∑ l=0 c^{j−1}_l a_{m−2l} + N−1∑ l=0 d^{j−1}_l b_{m−2l} łőâőàăï ŕő őâŋőèěŋĺî ł őŕěàăâőàã ŕàőěłâĺàőćăŋĺï ŕàőáâàăŋáâćă V^j ŋă ŕàőáâàăŋáâćă W^{j−1} ĺ V^{j−1} ïćńïěâáï őąàăâŋëň őŕěàăâőàőň. Ğŋăçĺâ,

dim W^{j−1} = dim V^j − dim^{j−1} = J − J/2 = J/2.

Ć áŕàăćěďńĺćőáâĺ ęě äőàňãńë (4.17) ďőáâăâőçŋő ãąěďĺâìáï ŕàĺ j = n. Őąőğŋăçĺň çěàěğ A ňăâàĺæã àăğňěàă 2^{n−1} × 2^n, ŕěàćăï áâàőłă áőáâőĺâ ĺğ íńěňěŋâőć α_0, α_1, . . ., ă ŕőáńěďãîéĺě ŕőńãçăîâáï ĺğ ŕàěďëďãéěľ æĺłńĺçěáłĺň áďćĺčőň ćŕàăćő ŋă ďćě ŕőğĺæĺĺ. Ăŋăńőčĺçŋëň őąàăğőň ŕőáâàőĺň ňăâàĺæë B, R, S. Šőčďă áĺáâěňă ãàăćŋěŋĺľ (4.5){(4.8) ňőęěâ ąëâì ğăŕĺáăŋă ć ňăâàĺçŋőň ćĺďě ( A B ) (R^T S^T ) = E.

Śńěďőćăâěńìŋő, ňăâàĺæă (R^T S^T ) ĺňěěâ őąàăâŋãî (_A B ) , ğŋăçĺâ, őŋă ŋěćëàőęďěŋă ĺ őŕěàăâőà àěłőŋáâàãłæĺĺ äãŋłæĺĺ ğăďăěâáï äőàňãńőľ (4.17).

Řăğãňěěâáï, łőčďă K ćěńĺłő, ąőńěě ŕàĺćńěłăâěńìŋëň őłăğëćăěâáï őŕĺáăŋŋëľ ć §2 ŕőďåőď, őáŋőćăŋŋëľ ŋă ŕěàěåőďě ł ąăğĺáăň Ćĺŋěàă. Ŕőáłőńìłã ďńï ńîąőčő j = 1, . . ., n ĺ ńîąőčő l, łăł ĺ ć őàâőčőŋăńìŋőň áńãçăě, ńĺŋěľŋëě őąőńőçłĺ ŕăà äãŋłæĺľ v^j_l , v^j_{l+J/2} ĺ v^{j−1}_l , w^{j−1}_l áőćŕăďăîâ, âő äőàňãńë (2.2){(2.5) ŕěàěŋőáïâáï (łőŋěçŋő, á ďàãčĺňĺ łőíääĺæĺěŋâăňĺ) ŋă áńãçăľ ŋěőàâőčőŋăńìŋëå ŕàőáâàăŋáâć ćáŕńěáłőć.

Śŕĺáőł ńĺâěàăâãàë

1. Daub«echies I., Ten lectures on wavelets, CBMS{NSF Regional Conf. Ser. in Appl. Math., 61, SIAM, Philadelphia, 1992. 2. Zheludev V. A., Periodic splines and wavelets, Mathematical Analysis, Wavelets, and Signal Processing (Cairo, 1994), Contemp. Math., 190, Amer. Math. Soc., Providence, RI, 1995, pp. 339{354.

3. Ęěńãďěć Ć. Ă., Őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě, áćïğăŋŋőě á ŕěàĺőďĺçěáłĺňĺ áŕńăľŋăňĺ, ĎĂŊ ŚŚŚŘ 313 (1990), no. 6, 1309{1315.

4. Perrier V. and Basdevant C., Periodical wavelet analysis, a tool for inhomogeneous ˛eld investigation. Theory and algorithms, Rech. A«erospat. (English Edition) 1989, no. 3, 53{67.

5. Chui C. K., Mhaskar H. N., On trigonometric wavelets, Constr. Approx. 9 (1993), no. 2{3, 167{190. 6. de Boor C., DeVore R. A., Ron A., On the construction of multivariate (pre)wavelets, Constr. Approx. 9 (1993), no. 2{3, 123{166.

7. Daubechies I., Orthonormal basis of compactly supported wavelets, Comm. Purt Appl. Math. 41 (1988), 909{996. 8. Chui C. K., Wang J. Z., A general framework of compactly supported splines and wavelets, J. Appr. Th. 71 (1992), 263{304. 9. Chui C. K., An introduction to wavelets. Wavelet analysis and its applications, 1, Academic Press, Inc., Boston, MA, 1992. 10. Dahmen W., Micchelli C. A., Banded matrices with banded inverses, II: Locally ˛nite decomposition of spline spaces, Constr. Approx. 9 (1993), no. 2{3, 263{281.

Ś.-Ŕěâěàąãàčáłőě őâďěńěŋĺě Ňăâěňăâĺçěáłőčő ĺŋáâĺâãâă ĺň. Ć. Ă. Śâěłńőćă ŘĂŊ, 191011, Śăŋłâ-Ŕěâěàąãàč, ŋăą. Ťőŋâăŋłĺ, 27